TRUONG DAI HOC PONG THAP

Tap chi Khoa hoc s6 16 (11-2015)

VAN DUNG PHUONG PHAP LUGNG GIAC HOA
GIAI MOT SO BAI TOAN PAI SO - GIAI TICH
TRONG CHUONG TRINH TOAN TRUNG HQOC PHO THONG

e Pham Trong Thu!

Tém tit
Bai viét gidi thiéu phuong phdp luong gidc héa va van dung trong gidi mot s6 bai todn dai s6 -
gidi tich thudc chuong trinh todn trung hoc phd thong va cdc vi dy minh hoa tiéu biéu.
Tir khéa: Phuong phdp lugng gidc héa, dai so, gidi tich.

1. Gidi thiéu

Trong chuong trinh todn trung hoc phd
thong ching ta thudng gip rat nhiéu dang bai
todn dai s6 va gidi tich khdc nhau nhu: gidi
phuong trinh (PT), hé phuong trinh (HPT), bat
phuong trinh (BPT), chitng minh bat ding thifc
(BPT), tim gi4 tri 16n nhat (GTLN) va gia tri
nhé nhit (GTNN) cda biéu thitc. C6 rat nhiéu
phuong phép gidi cic dang bai todn trén, ching
han phuong phap th&, phuong phép st dung bi€u
thic lién hdp, phuong phap st dung cic BT
quen thudc, phuong phdp ham s6... Trong céc
phuong phdp gidi d6 c¢6 phuong phap “lugng
gidc h6a”. Noi dung cia phuong phap nay la tr
nhitng bai todn khé khong chita nhitng yé&u t6
lugng gidc, biang phép ddi bi€n phii hop ta c6
thé chuyén bai todn da cho tir pham vi dai s&
sang pham vi lugng gidc nhim gidp ta tim dudgc
15i gidi cho bai todn rat ngdn gon, doc ddo va
thd vi. Van dé diang quan tAm cda hoc sinh 1a
nhitng bai todn nao thich hgp cho viéc lugng
gidc hod. Trong bai vi€t nay, thong qua mot s6
vi du dién hinh, chiing t6i mudn lam rd cich van
dung phuong phdp luong gidc héa dé gidi mot
16p bai todn dai s - gidi tich da néu trén.

2. Phuong phap lugng giac hoa

2.1. DAu hié¢u nhan biét

Ching ta c6 thé sit dung phuong phip
lugng gidc hda d€ gidi cac bai todn c6 dau hiéu
sau day:

-Né&u xe[-a; a] vi a>0 thiludn tdn tai

T
ae|——;

a €[0; 7] sao cho X=acosa.

T . o a )
E} sao cho x=asina; hoidc ton tai

® Ci nhan, Trudng Trung hoc phd thong chuyén Nguyé&n
Quang Diéu, Pong Thép.
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- N&u |x|>a v6i a>0 thi ludn ton tai

ae{—%; %}\{0}

a . LA
sao cho X=——; hodc ton

SnNa
tai a €[0; ﬁ]\{z} sao cho x= :
2 Ccosa
e < A A . T T
- Néu xeR thi ludn ton tai ae(—z; EJ

sao cho x=tana.

- Trong dé bai xudt hién xX—-a;\&—x;

Jatx; a?+x%: 24 -1 4% -3x X - .
132" 1-38

X*Y. .. (a>0).

1-xy’

Trong mot s§ bai toan thi cdc ddu hiéu nay
khong xuat hién ngay tir dau, ngudi gidi phai tim
cach bién d6i cac diéu kién hoic cac ham so da
cho d& 1am xuét hién cdc ddu hiéu d6.

Sau day chiing ta xét cdc bai todn bing
phuong phdp trén qua céc vi du tiéu biéu.

2.2. Vidu

2X

Vidu 1. Giai PT x+ _® D.
VX2 -4
Loi giai
Cdch 1. Piéu kién d€ PT (1) c6 nghia la
X > 2.

Nhin xét véi x<—2 thi v€ trdi cda (1) 1a
s6 Aam nén (1) khong c6 nghiém trén (—w; —2).
V61 x> 2, PT (1) tuong duong v6i PT:

6x(\/x2—4+2)—35\/ X2 -4
< 2(3x— 10)\/x —4+3(4x 5V X2 — )
0

o 23x—10X2 — 4 4+ S20=9T) 9") _
P
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- (10_3)(){ 3(10+3x) _odx2_4 ~0 Vi t>0 nén PT trén c6 hai nghi€ém t=—
Ax+5Vx% -4 3
10 hodc t=—-
x=" (thod) 2 .
. 8 0 .
o . V6i t== thi Vx®-4="x=+—- D0i
3(10+?;x) _a) 3 3 3
AX+5VX° -4 chi€u véi diéu kién x> 2,ta nhan x=—-
PT (*) twong dudng 10x° —9x—70+8xy X2 —4=0 3 (a3 .
§i t== thi _4-"x=+2. PGi
e 8V X2 — 4 —30+5(2x2 — 7x+5) +13(2X—5) = 0 Vor t=5 th \x7-d=sox==5- Dol
2,2 . .
B4X7(X _4)_900+5(x—1)(2x—5)+13(2x—5):O chiéu véi dieu kién x> 2, ta nhin X=g~
8x/x%—4+30 0 5
2 Vay PT (1) ¢6 hai nghiém la x=—, x=—-
SACDBLI) o o 6 132x-5 =0 ) 9 3 2
8xx%—4+30 Cdch 3. Pidu kién d€ PT (1) c6 nghia 1a
x> 2.
4(2x +5)(4x% +9) | )
< (2x-5) Ve a +5X+81=0 Nhan xét véi x<-2 thi v& trdi ciia (1) Ia
Bxyx"-4+30 ) s6 Aam nén (1) khong c6 nghiém trén (—oo; —2).
e . 4(2x+5)(4x~ +9)
Khi d6 ta cé +5x+8>0, e a2 T
ax /X2_4+30 Vé6i x> 2, ta dat X—Cost,te(o, 2)
v61 moi X> 2, tor d6 suy ra PT (*) ¢6 nghiém la
5 PT (1) trG thanh 2 + 4 _>5
X=—- oot cost\/4 -4 °
2 10 oot
D6i chi€u véi di€u kién ta thay X== va o L 1.3
5 cost sint 12
XZE l1a nghiém cda PT (1). < 12(sint + cost) = 35sint.cost (*).
Cdch 2. Didu kién d€ PT (1) ¢6 nghia 12 Lai dat y=sint+cost (1< y<+2)
2 —
— sint.cost =7 > 3

x> 2.
Nhan xét véi x<—2 thi vé& trdi cia PT (1) 1a

6 am nén (1) kho 6 nghiém trén (—oo; —2).

s am nén (1) khong co nghiem en( * ) PT (*) trd thanh 35y?-24y-35=0< y=—

Vé6i x>2, PT (1) tuong duong v6i PT
hodc y:—g (loai).

BX(V X2 — 4 +2) =35V x% - 4.
bit X2 —4 =t, t >0 thi PT trén trG thanh: ) 7 1 1 35
35t Sntreost=¢ ot Tost 12
6tXx+12x-35t =0 x = *). = PN .
6t +12 . 12 1 1 25
R > sint.cost =— —_— =
Thay (*) vao vx“—4 =t ta dugc PT: 25 sint cost 12
3t )2 2 o Khi @6 i va 1 la nghiém cta PT
—t*=4(*). sint  cost
6t +12 5 10
Khai trién (**) va rit gon lai ta dugc u= 2 x=§
12u? - 350+ 25=0 < = :
5 5
u=— X=—
3 2

36t4 +144t° — 937t2 + 576t + 576 =0
& (3t —8)(2t — 3)(6t2 + 49t + 24) = 0.
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DP6i chi€u v6i diéu kién ta thay le—:,
X:g la nghiém cda PT (1).

Nhan xét

Su c6 mit cta 3 161 gidi cia cing mot bai
todn chidc chin chuwa phai 12 t8i da doi vé6i
ngudi yéu thich gidi todn. Trong mot bai todn
néu bi€t cdch nhin, cdch phan tich bai todn
dudi moi “géc”, “canh”, ta c6 thé thu dugc
nhi€u 15i gidi khdc nhau. Ldi gidi cdch 1 va
cich 2 c6 tinh chdt miu muc, gin giéng sich
gido khoa nhung khong hap din vi 15i gidi dai
va qud khé, con 16i gidi cach 3 néu ta bi€t khai
thdc cdi riéng cla bai todn (chd y dé€n diéu
kién x*—4>0) thi ta s& nghi dén viéc dit
x=—2_, te(O; ﬁj. Lic d6 bai todn dd cho

cost 2
dugc chuyén sang dang lugng gidc c6 cch gidi
dé hon.

Vi dy 2. Gidi PT (714123 =(6-/3] 3@
Loi gidi
Ta thay:
(6+35)(6- 35) -1
(71+12J£)X _ (6+J§)2X,
(6-vas)' -
(6+ \/%)
Pit 2t =(6+\/£)X >0 (*). Khi d6 PT (2)

trd thanh 4t =%+3 o a3 =% (**).

Gidi PT (**) trong pham vi dai s6 thi rat
khé, nhung nhd vao v€ trai clia PT (*¥*) gitip ta
lién tudng dén cong thitc ludng gidc da biét
400s> o — 3cosa = cos3a va tir d6 dat t=oo0se,
a € (0; 7). Khi d6 PT (**) tr& thanh:

4cos3 a —3C0sa = 1

<:>cos3a:l.
2
<:>a:i£+k2—ﬂ, keZ
9 3
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Vi a (0 7Z'):>a€{£; 5—ﬂ; 7—”} Do d6
9 9 9
tdp nghiém clia PT (**) 1a D={t; ty; t3} vdi

tlzcos£>0, t2:cos5—7z<0, t3:cos7—”<0.
9 9 9

Tir d6 ta ¢6 2cos% - (6+J£)X

= 205~
= x=10gg, /55| 2005 |.
Vay PT (2) ¢6 mot nghiém duy nhat la

=| 205
x=l0gg, 135 COS§ :
Vi du 3. [3, tr. 102] Trong cidc nghi€ém
x2+y2 =1
7242 =2

Xt +yz>+/2

(X y; zt) cta hé (3), hay tim
nghiém sao cho tong y+t 13 nhé nhat.
Loi giai
Cdch 1. Ap dung BDT Bunyakovsky, ta c6
(xt+ yz)2 < (x2+y2)(22+t2) =2=>X+yz< J2. Ma
xt+yz=~/2 cho nén xt+yz=+/2 (*). K&t hop
PT (*) v6i hai PT dau clia hé ta suy ra dudc

(22 H{t~24"=0¢. Do (z-V2y’20 va

2
(t —\/Ex) >0 nén tr (**) ta suy ra dugc:

{z=x/§y_
t=+/2x

Lai ti€p tuc 4p dung dung BDT

Bunyakovsky, ta c6:
2
(y+t)2 :(y+ \/Ex) < 3(y2+x2) =3.

=>y+t=> /3.
Ding thitc x3y ra khi:

y+t:—\/§ y=—§

3
t =
J2y=x=—
y=x="p | __ 28

3
Tuw d6 ta co

X=\/§y=—§, Z:ﬁy:-@.
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Vay min(y+t)=—/3, dat dudc khi va chi

khi (X y; z 1) = —ﬁ; —ﬁ; —ﬁ; _23)
3 3 3 3
Cdch 2. Sy xuit hién c@a hai hé thic dau
trong gia thi€t (3), cho phép ta c6 thé chuyén bai
toan sang pham vi ludng gidc. Cu thé nhu sau:
Tir diéu kién x%+y? =1 suy ra chon dudc «
duy nhat sao cho x=cosa, y=sina, a<[0; 2z].
Tuong tuw z2+t? =2 suy ra chon dugc £ duy
nhit sao cho z=+/2cosp, t=~/2sinB, Be [0 27].
Thay X, vy, z, t vao xt+ yzZ\E ta co
J2cosasinB++/2snacosB>+/2 hay sin(a + 8) =1
=sn(a+p)=1
:a+ﬂ=%+k27z, keZ.

Do d6 ta c6 sina =cosp, cosa =sing va
y+t=sina +/2sinB = sina +~/2cosa

= ﬁ(isina +£005a].

NN
2 2
1 J2 .
Vi|—| +|—=| =1 nén ton tai gbc
(@] [@] i ge ¢
1 . J2
sao cho cosp=—, Sinp=—-
VRN

Khi d6 y+t=+/3sin(a +¢) dat GTNN biing
—/3 khi va chi khi sin(a +¢) =-1

©a+¢:—%+n27z, neZ.

Tu doé ta co:

: 1 43

3 3
« z=+/2c0sp =/2sina :_\/Ecosgpz_g.
2.3

. t =~/25inB =/2cosa =—\/§Sin(0=_T.

Vay min(y+t)=—/3, dat dugc khi va chi

khi (X;MZ;t)=£ ‘%; ﬁ; ﬁs; 2@}

3 3 3 3
Nhan xét 3
L&i gidi cdch 1 ¢6 tinh chdt mAu muc, gan
gidng sach gido khoa nhung khong hip din vi

viéc tim ra dudc 16i gidi 1a cuc ky kho; bdi 1€
bai todn s dung nhiéu 1an BDT Bunyakovsky
c6 k&t hdp phuong phdp danh gid, con 15i gidi
cach 2 né€u ta bi€t khai thdc cdi riéng cla bai
todn (chd y dén hai phuong trinh dau trong hé
da cho) thi ta s& nghi d&€n viéc dit 4n phu (muc
2.1). Liic d6, bai todn da cho dugc chuyén sang
dang lugng gidc c6 cdch gidi dé hon.
Vidu 4. [1, tr. 110] Giai BPT sau:

1 3X
> -1(4).
1-x J1-x2
Loi gidi

Cdch 1. Diéu kién d€ BPT (4) c6 nghia 1a
|| <1.

Véi diéu kién trén BPT da cho tuong
duong véi 3xvV1- X2 <2-x? *).

Ta thdy v6i —1< x<O0thi v& trdi cda (*) 1a
s0 Am va v€ phdi cia (*) 1a s6 duong nén BPT
(*) ¢6 tap nghiém 1a S = (-1 0].

Vé6i 0< x<1 thi BPT da cho tuong dudng
v6i 9x?(1- X%) < (2- x?)?

< 10x* —13x% + 4> 0

2
5

Da&i chi€u vé6i diéu kién 0< x<1 ta suy ra

. J2 (2 j
BPT (*) c6 tip nghiém 1la S=[{0 — |U| —: 1|
(*) c6 tap nghié Sz( > Y5

Vay BPT (4) c6 tdp nghi€ém la

S:S!LUSZZ(—]J g}k{% 1)-

Cdch 2. Diéu kién d€ BPT (4) c6 nghia 1a
-l<x<1
Ta thdy trong BPT c¢6 xuit hién ddu hiéu

V1-x% cho phép ta dit x=snt, te(—%; Z]-

2
Khi d6 BPT (4) trd thanh:
1 3sint

>
cos’t  cost
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& 1+tan?t > 3tant -1
o tan®t—3tanr+2> 0

tant <1

tant > 2

_£<t<£ (*)
- 2 4

arctan2<t<%(**)

NG

Tu (*) ta duge —1< x<7«
Giai (**): Bat a =arctan2
sna _,
_ Cosa
= Sna = 2cosa
= sina =4(1-sin’a)

=tana =

. 2
=>SnNa=—7=-

J5

Do d6 tur (**) ta dudc i< x<1.

J5
J2 (2 J .
Viy S=|-1 — |u|—; 1| la tip nghiém
y L 5 75 p ng

cua BPT (4).

Nhan xét

Bai todn trén la bai todn khd don gian va
c6 1& nhiéu hoc sinh khong may khé khin dé
giai bai todn nay. Tuy nhién, trong 15i gidi
cach 1 sai 1am thudng gip cda hoc sinh 13 sit
dung bién ddi:

Iq<1 {M <1
IS M.
M1 <22 (%) |9CL-x3)<(2-x3)?

Khi d6 s€ tim dugc tdp nghi€ém:

(2N 2 23

Piy 13 bi€n ddi sai, lam mat di mot doan
nghiém {—i —%} Sai 1Am & chd khi binh

75
phuong hai v€ cia (*) ta pha1 nhé dit diéu kién
cho hai v& BPT clng diu. J 15i g1a1 cich 2,
né€u ta bi€t khai thdc cdi riéng clia bai todn
(chd y trong BPT c¢6 xudt hién dau hiéu

V1-x%) ta sé nghi dén viéc dit x=sint,

/1

te(—E; Ej Lic dé bai todn da cho dudgc
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chuyén sang dang lugng gidc cé cich gidi dé
hon va it bi sai 1am.

Vidu 5. Cho a, b, ¢ 1a cdc so thyc dudng
thda man 4ab+2bc+3ca=24. Tim GTLN cua

bi€u thitc P= 24 + 9 + 16
a +4 b2+9 c2+16
Li gidi

Pé€ bai todn dd cho c6 thé trd thanh bai
to4n c6 15i gidi ngin gon va dé hiéu, ta chi can
phdt hién cdch dit 4n phu. Cu thé nhu sau:

bat a=2x, b=3y, c=4z

Tu diéu kién cla gid thi€t ta suy ra
X, ¥, z>0 v Xxy+yz+2zx=1(*). Khi d6, bi€u
1 1 1

+

2

thitc P trd thanh P = > 5
X“+1 y°+1 z°+1

Cdch 1.

Ta co:
P:(x2+1)—x2+(y2+1)—y (2 +1) 72
X2 +1 y2+1 22 +1

2 )2 22
=3 St
X“+1 y*+1 z°+1

Ap dung BPT Cauchy-Schwarz dang phan

thic, ta dugc:
2 2 2 2
AT Febreb ey et

X“+1 y“+1 z°+41 X°+y°+2z2°+3

T (x-y)2 +(y-2)%+(z-%?=>0

:>x2+y2+222xy+yz+zx(2).

Mit khac xy+ yz+zx=1 nén tu (2) ta suy
ra x2+y2+22+8(xy+yz+zx)29

<:>4(x2+y2+22+2(xy+ yzZ+ zx))23(x2+y2+22+3)

S AX+y+ z)2 23(x2 + y2 + 2 +3)

(X+y+ z)2 ZE 3).

XC+y>+z2+3 4
¥ . 7.3
Tu (1) va (3) suy ra
X2+ y2+1 22+1 4
Tu d6 ta co PS%
Ping thic x3dy ra khi va chi khi
X=y= z_ghaya—i b=+/3, ¢ 4[
R 9
Viy maxP=—-
4
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Cdch 2.
Nho (*) ta lién tudng dén cong thitc lugng
g B 7

g1actan tan2 + tanZtanL + tanLtan L =1
2 2 2 2 2

2
A . R e o (04 ,B
nén ta co thé ti€p tuc dat X:tanE, y:tanE,

Z=tang véi a, pf, ye(O; 7z)

Khi dé, tir (*) ta c6:
p B.. 7 Yian% 1

tanZtanZ + tan 2 tan L + tanLtan < =
2 2 2 2 2

2
:>tan£tan(3+1j=1
2 2" 2

Hay inZ sin[ 2+ 2= cosZ .cos| 47
2 2 2 2

Do d6, ta co6:
P:00523+0032£+0052Z
2 2 2

ra 1 1
=c0S”— +—(1+cos ) +—(1+ cos
5 +5 1+ 00sp) + (L+ cosy)

=1+ cosz%+ 1(cosﬂ + C0Sy)

Bty B-v
2

Ccos
2

B-y
2

=1+ cos + CoS

2¢

=2-9n“=+sn 2cos

2ﬁ'7(
2

_2+ cos a 1
4

2
sm———cos’B_y
2 2 2

—p<2+ico?lV<p, 1 9
4 4 4

Do d6, GTLN ctia P bing %, dat dugc khi

a+p+y=rx

Sjngzlcosu
2 2 2
o274

w|N

w|$|

2\/7 b=+3 ¢ 4\[
3 3

Nhdn xét

Pay la bai todn khé, doi hdi hoc sinh phai
biét van dung cic BPT quen thudc dé ddnh gia
nhung dai da s& hoc sinh khodng gidi theo
huéng cdch 1 bdi 1& cidch nay con khi€m
khuyé&t do bai todn k&t hop qud nhiéu BDT,
trong d6 c6 BPT Cauchy-Schwarz dang phan
thic. BDT nay chi ¢6 trong tai liéu chuyén
todn, hoc sinh khong theo hoc chuong trinh
nay, muén 4p dung phdi chitng minh lai.

Nhdc lai BPT Cauchy-Schwarz dang
phdn thitc

Néu &, a,, a3 1a cdc s6 thyc va by, b, by
1 cdc s6 thyc du’dng, thi

2 2
a1+a2_|_ M()

bp b, by b+b+b
Ping thic x3dy ra khi va chi khi

&4 _%_33
by b, by

Chiing minh

Xét hai b s (h;ybyibs) v2 (% % %J

(2]

.5
&

Ap dung BPT Bunyakovsky c6

«ﬂﬂfnwﬂ(](

z[ﬁ.%+@.%+@.%}

Suy ra diéu phai chitng minh

2

Ping thic trong (*) x4y ra khi
a_%H_%
by b, by

Bai tap tuong tu

1. [5, tr. 123] Gidi PT x3+,/1 x2 x/

2. [5, tr. 123] Gidi PT 3x+ 1-x% =453,
3. Gidi HPT sau:
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{)(2+2y2 =1
165 —20C +5x-+ 64/ 2 Zy5 —40f2y3 +5f2y+\/§:0.

aGiaippr VAT PXrY=2
x+y2+6 9—y2:20
x(1—322)+z(22—3):0

5. Gidi HPT y(l— 3x2)+ x(x2 —3) -0.
z(l—3y2)+y(y2—3):0

35

X
>,
21 2
7. Cho hai s6 thuc X, y khong Am thay ddi.
Tim GTLN va GTNN ciia bi€u thic

( . y2013) (1_ Xy2013)

2
@+ x)2 1+ y2013
8. Cho X, Y, z 1a cdc sd duong thda min
Xy + yz+ zx=1. Tim GTLN ctia bi€u thiic

o 14{1—y2)(1—22)@<2 1+(1—22)(1—><2)\/E2
_ = ¥ 7
1+ (1) (1-y2 N1+ 22 |

9. Cho hai s x, y thay ddi va thda min
hé thitc 2x% +y? =1. Tim GTLN va GTNN cda

6. [2, tr. 99] Gidi BPT x+

P=

+Z

4(x2+3\/§Xy)
1+ 2\/§xy+ 2y2 .
10. Chitng minh ring véi moi sO thuc
X, Y, ztuy ytaco
ed ey
V151581512 205+ 2 5+y2 200542 205+
11. Cho a, b, cla cic so thyc duong thda
min a+b+c=abc. Chitng minh ring:

a1-7)(1-¢?) +b{1-a) 1P| + {10 1-1) 4

(a+b+0? 27
12. [4, tr. 49] Cho a, b, ¢ 1a cdc so thuc
duong. Chiing minh ring:
(a2 +2)(b2 +2)(c2 +2)29(ab+ be + ca).

3. Két luan

Thong qua hé thdng vi du vira néu trén ta
thdy phuong phdp lugng gidc héa td rd hiéu
qua trén mot s& bai todn dai s6 - gidi tich ma
viéc st dung phuong phap khic cé thé khong
thuin 1gi bing. Tuy nhién dé st dung dudc
phuong phdp nay, doi hdi ban doc dau tu suy
nghi, linh hoat sdng tao, bi€n d8i bai todn, dua
bai todn vé dang c6 thé dp dung dudc phuong
phdp luong gidc héa. Ching ta c6 thé ki€m
nghiém phudng phdp trén vd6i 12 bai tip tu
luyén ma ching t6i dé xuadt. Chdng tdi hy
vong, ban doc s& tim ra nhiéu 15i gidi hay, doc
ddo cho phuong phdp lugng gidc hdéa ddi vé6i
bai todn trén.

bi€u thitc P =
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USING THE TRIGONOMETRIC METHOD TO SOLVE SOME ALGEBRA -
ANALYSIS PROBLEMS IN HIGH SCHOOL MATHEMMATICS CURRICULUM

Summary
This paper addresses and uses the trigonometric method in solving some algebra -analysis
problems in high school mathematics curriculum with typical examples for illustration.
Keywords: the trigonometric method, algebra, analysis.
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