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PINH Li PIEM BAT PONG CHUNG CHO HAI ANH XA TRON YEU
TREN KHONG GIAN b-METRIC

e ThS. Nguyén Thi Thanh Ly

Tém tit
Trong bai bdo nay, dinh li diém bdt dong cho hai dnh xa tron yéu trén khéng gian b-métric

duoc chitng minh ma khong can diéu kién lién tuc ciia b-métric. Cdc két qud nay la mé rong ciia

mot s6 két qud trong [2] tir khéng gian métric sang khong gian b -métric. Dong thoi, mét sé vi du

ciing xdy dung dé minh hoa cho két qud chinh ciia bai bdo.
Tir khéa: diém bat dong chung, b -métric, dnh xa tron yéu.

1. Gidi thiéu

Nam 1998, Czerwik [4] gii thi€u khai
niém khong gian b-métric va nghién citu di€m
bat dong cla 4nh xa co phi tuyén trén khong
gian nay. Nam 2010, Khamsi va Hussain [8]
gi6i thiéu lai khdi niém khong gian b-métric
vdi tén goi khong gian ki€u-métric va nghién
ctu dnh xa KMM trén khong gian nay.

Dinh nghia 1.1 ([4]). Cho X 1a tap khic
rong, K >1va ham D:Xx X —[0,+0) sao
cho v6i moi X,y,ze€ X,

(1) D(X,y) =0 khi va chi khi x=y;

(2) D(x,y) = D(y.x);

(3) D(x,2) <K[D(x,y)+D(y, 2)].

Khi d6 D dugc goila b-mérric trén X va
(X,D,K) dugc goi la khdong gian b -métric.

Ciing trong ndm 2010, Khamsi [7] da gi6i
thiéu mot dinh nghia khdc cta khong gian kiéu-
métric vdi diéu kién (3) trong Pinh nghia 1.1
dugc thay bdi bat ding thic khic va ciing chitng
minh dugc mot s& k&t qua vé dinh li diém bat
dong ctia d4nh xa co trén khong gian nay.

Pinh nghia 1.2 ([7, Definition 2.7]). Cho
X 1a tap khic réng, K=1 va ham
D:XxX —>[0,+©) sao cho v6i moi
XY Yoreen Vs ZE X,

(1) D(X,y) =0 khi va chi khi x=;

(2) D(x,y) = D(y,x);

(3) D(x,2 <K[D(x,y;) +D(¥1, ¥,) +--+ D(¥,, 2)].

Khi 6 D dudc goi 1a kiéu-métric trén X
va (X, D,K) dudc goi 1a khong gian kiéu-métric.
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Nam 2014, Dung va cdng sy [5] cling da
dwa ra mot s6 vi du chitng minh b-métric va
kiéu-métric c6 thé khong lién tuc va ton tai b-
métric khong 13 ki€u-métric.

Gan day, chiing toi thi€t 1ap dinh 1i di€ém
bat dong cho hai 4nh xa tron yé&u trén khong
gian ki€u-métric [9]. Tuy nhién, gid thi€t cda
dinh li cin tinh lién tuc cda ki€u-métric. Trong
bai bdo nay, ching toi xdy dung dinh 1i di€ém
bat dong cho hai 4nh xa tron yé&u trén khong
gian b-métric ma khong can di€u kién lién tuc
clia b-métric. Cdc két qua nay 12 md rong cla
mdt s6 két qud trong [2] tir khong gian métric
sang khong gian b-métric.

Trudc hét, ching toi trinh bay mot s6 khai
niém va k&t qua bd trg cho k&t qua chinh cia
bai vi€t nay.

Pinh nghia 1.3 ([4]). Cho (X,D,K) la
khong gian b-métric.

(1) Day {x,} trong X dugc goi 1a hdi tu
dén xe X, ki hiéu X, — X hay limx, =x, n€u

N—+w0

limD(x ,x)=0. Khi d6 x dudc goi la diém

gidi han cua day {X}.

(2) Day {x} trong X dugc goi la diy
Cauchy néu ) Li_rHOOD(Xn, x.)=0.

(3) Khong gian (X,D,K) dugc goi 1a ddy
dii n€u mdi diy Cauchy trong X 12 mot diy
hoi tu.

B6 dé 1.4. Cho (X,D,K) la khéng gian
b-métric va {x}, {y.} la hai day trong X.
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Néu {x.} la day Cauchy va nlLanD(Xn’ y.)=0

thi {y,} la day Cauchy. Hon nita, néu X, — Z
thi y, —> 2

Chiing minh. V6i moi n,meN,

D(Y, V) < KD(Y, %)+ KID(X,, %) + DXy, Y] (1.1)

Cho n,m—+oo trong (1.1), ta dudc

lim D(y,,Y,)=0 hay {y,} la diy Cauchy. Mt

n,m—+o0

ta co

khac, ta co:

D(Y,,2) <K[D(Y,, %) + D(x,, 2)].

Cho n—>+oo trong (1.2), ta
limD(y,,z)=0.Vay y, >z

B6 dé 1.5 ([1, Lemma 1]). Cho (X,D,K)
la khong gian b-métric va {x}, {y,} la hai
day trong X théa limx =a va limy, =h.
Khi do,

(1) —D(a b)<||m|nf D(x,,V,) <limsupD(X,,Y.)

N—+0w

(1.2)
dudc

<K? D(a,b).
(2) Voimoi Yy € X, ta co:
—D(a,y) < I|m|nf D(x,,y) <limsupD(x ,y) < KD(a,y).

N—+w

Pinh nghia 1.6 ([3]). Cho X la tdp khac
réng va hai dnhxa S, T: X — X.

(1) Piém Xxe X dudc goi 1a diém tring
cia Sva T néu Tx=X

(2) Piém ye X dugc goi la gid tri tring
cia S va T néu tdn tai di€m tring Xe X cda
Sva T saocho y=Tx=

(3) Hai énh xa S va T dudc goi la ruwong
thich yéu ngdu nhién néu ton tai Xe X 1a diém
tring cia S va T va STXx=TX.

Bd dé 1.7 ([6, Lemma 1]). Cho X la tdp
khdc réong va S, T la hai dnh xa tuong thich yéu
ngdu nhién trén tdp X. Khi dé, néu S va T ¢6
duy nhdt mot gid tri trung W= X=TX thi W la
diém bdt dong chung duy nhdt ciia S va T.

2. K&t qua chinh

Tir khdi niém 4nh xa tron y&u va tinh dit
chinh clia bai todn di€m bAt dong chung trén
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khong gian métric trong [2] va [9], ching to1
gi6i thi€u khéi ni€ém tudng ty trén khong gian
b -métric.

Dinh nghia 2.1. Cho khong gian b -métric
(X,D,K) va hai dnh xa F,T:X — X. Khi d6,

(1) F va T dugc goi la tron yéu néu ton
tai ddy {x} trong X théa di€u kién
,!LTOD(FX”’TX") =0.

(2) Bai todn diém bat dong chung clia
{F,T} dugc goi la ddt chinh néu céc diéu kién
sau dugc théa man

() F va T c6 duy nhit diém bat dong
chung X trong X, nghia 13, ton tai duy nhat
di€m Xe X saocho Fx=Tx=X.

(b) V6i mdi day {x} trong X va x la
di€m ba't dong chung duy nhit cia F va T néu
lim D(x,,Fx,)=0= lim D(x,,Tx) thi limD(x,,x)=0

Pinh li sau 12 diéu kién dd d€ hai 4nh xa
tron y€u trén khong gian b -métric c6 duy nhat
di€m bA't dong chung.

Dinh 1y 2.2. Cho khéng gian b-métric
(X,D,K), hai dnh xa F,T:X — X va ham s6
@ :[0,+0) x[0,+0) — [0, +0) théa man

(1) F(X) la khong gian con ddy dii ciia X;

(2) ® lién tuc va O(t,00=0=d(0,t) vai
moi t €[0,+o0);

(3) Ton tai cdc hing s6 M >0,4,,4, €[0,))
sao cho vdi moi X,y e X,

31( y)

D(TxTy) <, (¢ )(DFx . DIFYTY) + A2 DR (5 1)

+@ (D(Fx T + D(Fy,Ty)) +¥ (D(Fx,Ty) +D(FY,TY),
trong do a(x,y)20, i=0123 va
(X y) <M,
B (% y)+a(X,y) <4,
as( Y) . L

(2.2)

a(xy)+———

(4) Hai dnh xa F va T tron yéu va tuong
thich yéu ngdu nhién.

Khi do,

(1) F va T c6 duy nhdt diém bat dong
chung trong X;
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(2) Bai todn diém bdat dong chung ciia
{F,T} 6 tinh ddt chinh;

(3) Néu F lién tuc tai diém bdt dong chung
thi T ciing lién tuc tai diém do.

Chitng minh. (1) Vi F va T tron y€u nén
ton tai ddy {x } trong X sao cho:

lim D(Fx,,Tx,) =0. (2.3)
V6imdi neN, dat y, =Tx, va z,=Fx, . Ta

s€ chitng minh {y,} va {z} 1a cic day Cauchy.
St dung diéu kién (2.1), ta c6:
D(Y: Ym) = D(T,, TX) < ao(xn,xn)d>(D(F><n,Txn), D(Fxm,Txm)

n ai(ﬁlz)ﬂn) D(Fx,,Fx.) +w (D(F)%,T)ﬂ,l) + D(F)ﬂn,T)ﬂn))

+%(D(Fxn:xm) + D(Fx,, Tx,))-

Tu Pinh nghia 1.1 (3) va (2.2), ta dugc:
D(yn,ym)ﬁao(xwxn@(D(F&,T&), D(Fm,Txn))
+81(>ﬂ1,>4n)(% D(F,,T,)+ (T, Tx,)+ D(T, )

+% (D(F,, T)+ D(F,, )

. % (D(Fx,, T5) + DT, )+ (P, Tx,) + DT, )
:%(mmq)(D(zn,yn),D(aw&%(%(m&%%)wmyn)
% (@065 + 2% %) (D o) + DAY 20)

106,65 D 2)+ DY)
<M(D(Z,,Y,). Dz Y0) + DXV Yo +/4 (DY) + DYy 7))
+2,(2 D0, 2) D0 2)

Tu do, ta co:
0<(1-/,) DYy, Yo) <MD(D(Z,Y,). Dz Yr)
+21(D(2 Y0+ D0y 70) + 2o D7)+ Dl 7))

Cho n,m—> +w trong bit ding thic trén,
st dung (2.3) va diéu kién lién tuc cia ® tai
(0,0), ta dudgc:

lim D(Yy. Vo) =O. (2.4)

n,M— -+
Do d6 {y,} 1a ddy Cauchy. Vi F(X) day
dd nén ton tai y=FveF(X), ve X sao cho

lim y, =y=Fv. Ti€p tuc st dung (2.3) va B&

n—+w

dé 1.4 ta dugc {z} la ddy Cauchy va

limz =y=Fv.

N—+o0

Tiép theo, ta s& ching minh y 1a gid tri

(2.5)

trung duy nhat cta F va T. Trudc hét, ta
chitng minh Tv=Fv, tic la, D(Fv,Tv)=0. That
vay, stt dung di€u kién (2.1), ta c6

01, ) <5, D(P, T, D) + 2055 o
+w (D(rx, T, + D(Fv,Tv))+w (D(Fx, ™)+ D(FV.Tx,))

< ao(xn,v)(D(D(Fxn,Txn), D(Fv,Tv)) +%D(Fxn, Fv)

+ a?(:;"’v) (D(Fxn,Txn) + D(Fv,Tv)) +W(D(TV, Fv) + D(Fv, Fxn))
+7a3(|:“2’v) D(Tx,, Fv).

Vi vay,
Dy, T) <30, Dz, ¥,), Dy T) + (ai(w 280)ogz,

P2 gy (B0, A V))D(y,Tv>+aﬁ"(K‘;’ Yoty

sMcb(D(zn,yn),D(y.Tv))+ﬂzD(zn,y)+ﬂlD(zn.yn)+% DY, T+ 4D(%,.Y)-
Tu d6 suy ra
liminf D(y,, Tv) < Ma(limsupD(z,,Y,), D(y,Tv))

N—+00

+4, limsupD(z,,y) + 4, limsupD(z,, y,,)

N—+o0 N—+o0

+% D(y,Tv) + 4 limsup D(y,, y).

N—-+0
Ap dung BS d& 1.5 trong bit ding thic
trén, ta dugc:
1

K D(y,Tv) < % D(y,Tv).

Vi 4 €[01) nén ta c6 D(y,Tv)=0 hay
D(Fv,TV)=0. Do d6, y=Tv=Fv hay v la di€m
truing cua F va T.

Bay gid, ta sé chitng minh ring néu tdn tai
ze X saocho z=Tu=Fu v6i ue X thi z=y.
That vay, st dung gid thiét (3), ta ¢
D(y,z) = D(Tv,Tu)

<ay(v, u)CD(D(Fv Tv), D(Fu, Tu)) + = ai( ) D(Fv, Fu)
+%(D(FV,TV) +D(Fu,Tu)) +%(D(FV,TU) +D(Fu,Tv))

- 2 (3w +22,00)00.2

<4,D(y, 2).
Vi 4,e[0)) nén D(y,2)=0, tic Iz y=z
Vay y la gid tri trang duy nhit cia F va T.
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Ti€p tuc st dung BS dé 1.7, ta dugc y 1a di€m
bat dong chung duy nhat ciia F va T.

(2) Goi y la diém bat dong chung duy
nhit cia F va T. Gid st day {x} trong X
thda diéu kién:

nILrPOO D(x,,Tx,)=0= nILrPOO D(x,,Fx,). (2.6)

Ta cin ching minh lim D(x,y)=0. That

N>+

vay, st dung Pinh nghia 1.1 (3), ta c6:

0< D(Tx,, Fx,) < K[ D(Tx,,x,) + D(x,,Fx,)].
Cho n—+oo trong bat ding thic trén va
st dung (2.6), ta dugc:
lim D(Tx,, Fx) =0. (2.7)
nN—+0
Tuong tu nhu trong ching minh (1), v&i
mdi neN, dit y,=Tx, vd z, =Fx,. Khi d6
{y.} va {z} la hai day Cauchy. Vi F(X) day
dd nén tOn tai Xx=Fv, ve X sao cho limz, =x.
N—o0
S dung (2.7) va B6 dé 1.4, ta dugc:
lim Tx, = lim Fx, =x (2.8)
N—+0 n—+wo
Theo chiing minh (1), ta c6 x 1 diém bat
dong chung duy nhit cia F va T. DPiéu nay
suy ra X=Y. St dung Pinh nghia 1.1.(3), ta c6:
D(x,, ¥) < K[D(x,, Fx,) + D(Fx,, y)].
Cho n—+oo trong bit ding thic trén va
st dung (2.6), (2.7), ta dugc lim D(x,,y)=0.
N—>+0
(3) Goi y 1a diém bat dong chung duy nhat
cia F va T. V6imdi day {u,} ma limu, =y,
nN—+0
ta cAn chitng minh lim Tu, =Ty. That vay, si

N—-+oo

dung gid thi€t (3), ta c6
D(Tun' Y) = D(Tun vTY)

<3 (Uy Y)® (D(Fu,,Tu,), D(FY,Ty)) +

ai(lliﬂz’ y) D(Fun‘ Fy)

+ 20 (g Tuy+ D(EYTY)) + 2% (bR, Ty)+ D(Fy.Tu
K (Fu,,Tu,) + D(Fy,Ty) K2 (Fu,, Ty) + D(Fy,Tuy)

2yt )@ (O(Fu, T4, 0(.9) + 28V peu, y)

+M(D(Fu ,Tu,)+ D(y, y))+M(D(Fu,1 y)+ D(y,Tu, ))

& (U, y)D( ag(w y)

—(am Y+t 1)) DR, )+ R, T+ 2P gy

*(@(Lh,)’)Jras(%)’))D(FUm)’)+32(H1-V)[EXF141,W+EXMT%)]

+aS(:“2’ Y Dy, u,)

(AU AU o o )otr, 9+ (9 + 2 oty
D Y AP T).
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Piéu nay din dén
0<(1-4)D(Tu,,y) < (4 +4,)D(Fu,,y). (2.9)
Vi limu,=y=Fy va F li€éntuctai y

N—+o0

nén ta dugc lim D(Fu,,y) = I|m D(Fu,,Fy) =0.

N>+

Do dé, khi cho n— +w trong (2.9), ta dugc
lim D(Tu,,y)=0. Vay I|m Tu, =Yy hay

N—+o0

lim Tu, =Ty.

nN—+o0
Hé qua 2.3. Cho khéng gian b-métric
(X,D,K) va hai dnh xa F,T:X —> X théa man
cdc diéu kién sau
(1) F(X) la khong gian con day dii cia X;
(2) Ton tai a>0, B<[0,1) sao cho vdi moi
X, ye X,
min{ D(Fx Tx),D(Fy,Ty)} + D(Fx Tx)D(Fy,Ty)
1+ D(x,Y)

D(Tx,Ty) <«

B

+F D(Fx, Fy); (2.10)

(3) Hai 4nh xa F va T tron y€u va tuong
thich y€u ngiu nhién.

Khi do,

(1) F va T c¢6 duy nhdt diém bdt dong
chung trong X;

(2) Bai todn diém bdt dong chung clia
{T,F} 6 tinh ddt chinh,

(3) Néu F lién tuc tai diém bat dong chung
thi T ciing lién tuc tai diém do.

Chiing minh. Chon O(st)=

moi S,t€[0,4+00) va dat

[mm{st +st] véi

véi moi x,ye X.

3 (%, y)=m

Véi a=pa=2=0, M=1 4=4=p st
dung Pinh 1i 2.2, ta dugc diéu phai chitng minh.

Hé qua 2.4. Cho khéng gian b-métric
(X,D,K) va hai dnh xa F,T:X —> X théa man
cdc diéu kién sau

(1) F(X) la khéng gian con ddy dii ciia X;

(2) Ton tai p,q,r >0,q+r <1, p+%<1 sao

cho voi moi X,ye X,
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D(TXTY) sK—pz D(Fx, Fy) + %[D(FX,TX) +D(Fy,Ty)]

+%[D(Fx,Ty) +D(Fy, Tx)] .

(3) Hai dnh xa F va T tron yéu va tuong
thich yéu ngdu nhién.

Khi do,

(1) F va T ¢6 duy nhdt diém bdt dong
chung trong X,

(2) Bai todn diém bdt dong chung ciia
{F,T} co tinh ddt chinh;

(3) Néu F lién tuc tai diém bdt dong chung
thi T ciing lién tuc tai diém do.

Ching minh. Chon ®(st)=0 v&i moi

ste[0,0) va &a=0a=p a=0 a=r M=]
A=0+1,4, = p+% trong Pinh 1i 2.2, ta dugc

diéu phdi chitng minh.

Nhan xét 2.5. Vi mdi métric 12 mot b-
métric v6i K=1 nén tit Pinh 1i 2.2, Hé qua 2.3
va Hé qua 2.4 ta 1an lugt suy ra [2, Theorem
3.2], [2, Theorem 6.2], [2, Corollary 4.2] va [2,
Corollary 4.3].

Vi du sau day ching minh DPinh li 2.2 la
tong quat clia cic két qua chinh trong [2] va [9].

Trudc hét, ching t6i xay dung vi du minh
hoa di€m bat dong chung cda hai 4nh xa trén
khong gian b-métric (X,D,K) nhung khong la
khong gian ki€u-métric véi moi K >1. Do d6,
ciac k&t qud chinh trong [2] va [9] khong 4p
dung dugc cho vi du nay.

Vidu 2.6. Cho X =R, D(x,y) = (x-Y)* véi
moi X,ye X va haidnh xa F, T: X — X dugc
xdc dinh bdi Tx=x*—X Fx=4(x*-X) véi
moi Xe X. Khi d6,

(1) D 1a mot b -métric v6i K = 2. Tuy nhién,
D khong 13 mdt kiéu-métric véi moi K >1.

(2) F va T théa min cdc gid thi€t cda
Dinh 11 2.2.

Chitng minh. (1) Xem [5, Example 2.4].

(2) V6i moi X,ye X, D(I'x,Ty):%D(Fx, Fy).

Khi d6, chon ®(sit)=st véi moi St>0 va

M=14=4 =%,al(x,y)=%,ao(x, y)=8,(x )

=a,(x,y) =0 v6i moi x,ye X thi gid thi€t
(3) cia Pinh 1i 2.2 dugc thdéa man. Mit khéc, vi
FO=TO=0,FTO=TFO=0 nén néu ta chon
x =0 neN thi ta dugc
lim D(Fxn,Txn):JLrEOD(O,O):O. Do d6, F

va T 1a tron yéu va tuong thich y&€u ngiu
nhién. Hon nita, cdc gid thi€t con lai cia Pinh
li 2.2 cling dugc théa man nén Pinh 1i 2.2 4p
dung dugc cho bai todn nay.

Vi du sau minh hoa cho su ton tai di€m
bat dong chung ctia hai 4nh xa trén khdng gian
b-métric (X,D,K) v6i D 1a dnh xa khong
lién tuc. Do d6, cdc két qua chinh trong [2] va
[9] cling khong 4p dung dudc cho vi du nay.

1 1
Vi du 27. Cho X ={0,1,—,...—...}, ham
n

v6i  moi

D dudc dinh nghia nhu sau
0 néu xX=y

1 néu x,ye{0,1},x#y

D(x,y)=1Ix-yl néu x,ye{O,L,L},xq&y
2n 2m
L <
n céc trudng hgp con lai.

va hai dnh xa F,T: X — X dugc xdc dinh bdi
T0=T1:Ti:O,T 1 =i,
2n 2n+1 96n
F0=F1=Fi=O,F ! =i
2n 2n+1 2n

véi moi ne N,n>1. Khi do,
(1) D 1a mot b-métric khong lién tuc véi
K =4. Hon nita, D khong 1a mot métric trén X.
(2) Binh 1i 2.2 4p dung dugc cho vi du nay.
Chitng minh. (1) Tuwong tg nhu [5,
Example 2.2].
(2) Vi diéu kién (2.1) c6 tinh d6i xting doi
v4i x va y nén ta chi cin xét cdc trudng hdp sau.

. 1
Néu xye{0BU{_~IneN.n>1 thi
n

c6 D(Tx,Ty) =0.
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. 1 1

N&u xe{OBU{—|neN,n>F vd y=———, Do d6, D(Tx, Ty) = D(Fx, Fy) véi moi
{01 {2n| Jvay P (Tx,Ty) 3K (Fx, Fy)
me N,m>1 thi ta c6: X, y€ X. Chon ®(s,t)=st véi moi s,t>0 va
1 1
D(Tx,Ty):i va D(FX, Fy):i. M=L4=%4=_,a(XY)=7,8(XY)=a(x}y)

96m 2m 3 3 ;
’ 1 1 =a,(X,y¥) =0 v6i moi x,ye X thi gid thiét
N€u a MNeN, 3y cha Pinh 1i 2.2 dudc thda min. Hon nita,

= A% y:
2n+1 2m+1
m,n >1 thi ta co:

111 1
D(TX,Ty)=—|———
(™) 96‘n m

tudng ty nhu trong chitng minh cua Vi du 2.6

thi cdc gid thi€t con lai cia Dinh Ii 2.2 ciing

va D(Fx, Fy) :l l_i dudgc théa mén nén Pinh 1i 2.2 4p dung dugc
n m cho bai todn nay.
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A COMMON FIXED POINT THEOREM FOR WEAKLY TANGENTIAL MAPS
IN b-METRIC SPACES

Summary
In this paper, a common fixed point theorem for two weakly tangential self-maps in b -metric
spaces is proven without the continuity of b-metric. This result extends the main results of [2] in
metric spaces into b -metric spaces. Also, some examples are given to illustrate the results obtained.
Keywords: common fixed point, b -metric, weakly tangential map.
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