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PINH Li PIEM BAT PONG KEP CHO ANH XA CO SUY RONG
TREN KHONG GIAN 5 -METRIC THU TU BO PHAN

e ThS. Nguyén Trung Hiéu", ThS. Huynh Ngoc Cam®

Tém tit
Trong bai bdo nay, chiing téi thiét Idp va chitng minh mot s6 dinh i diém bat dong kép cho dnh
xa co suy rong trén khong gian b-métric thit tw bé phan. Cdc két qud nay la sw md rong cia cdc két
qud chinh trong [5]. Pong thoi, chiing t6i xdy dung mot s6 vi du minh hoa cho két qud dat duoc.
Tir khéa: diém bat dong kép, dnh xa co suy rong, khdng gian b-métric.

1. Gidi thiéu

Métric 1a mot khdi niém quan trong trong
gidi tich. Tr khdi niém métric, nhiéu tdc gia da
xay dung nhitng métric suy rong. Nim 1998,
Czerwik da gidi thi€u mdt khai ni€ém métric
suy rong la b-métric nhu sau.

Pinh nghia 1.1 ([3]). Cho X 1la tdp hgp
khdc rdong va s6 thyc s>1.
d: XxX —[0,+00) dugc goi la b-métric
trén X néu cac diéu kién sau dudc thda min
v6i moi z,y,z € X.

(1) d(z,y) = 0 khi va chi khi z = y;
(2) d(z,y) = d(y, z);
(3) d(z,y) < s(d(,2) + d(z,y)).
Cip (X,d) dudc goi la khong gian b-métric.

Ham

Hién nhién, v6i s = 1 thi b-métric 1a métric.

Tur d6, viéc nghién cttu nhitng tinh chat clia
khong gian b-métric cling nhu thi€t l1ap nhitng
dinh 1i diém b4t dong trén khong gian b-métric
thu hit mot s6 tdc gid quan tam [2], [7], [8].

Trong li thuyé&t diém bat dong, viéc nghién
cttu dinh 1i diém bat dong kép ciing dugc nhiéu
tac gid quan tam. Khdi niém diém bit dong kép
dugc Bhaskar va Lakshmikantham giGi thi€éu
trong [1]. Pong thdi, trong [1], cdc tdc gid cling
gi6i thiéu khdi niém 4nh xa don diéu hdn hop va
thiét 1ap mot sd dinh li diém bat dong kép cho
4nh xa don diéu hdn hgp trén khong gian métric,
xem [1, Theorem 2.1] va [1, Theorem 2.2]. Khai
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niém diém bat dong kép va dnh xa don diéu hdn
hdp dugc gidi thi€u nhu sau.

Pinh nghia 1.2 ([1]). Piém (z,9) € X x X
dugc goi la diém bdt déong kép cla 4nh xa
F:XxX— X néu F(z,y) =z va F(y,z) =y.

Pinh nghia 1.3 ([1]). Cho (X,<) la tap
sdp thit tw bd phan va dnhxa F: X x X — X.
Anh xa F dugc goi 1a don diéu hén hop néu
cic diéu kién sau dugc théa min véi moi
T,Y, T, T,, Y, Y, € X.

() Néu z, <z, thi F(z,y) < F(z,,y);

(2) Neu y, <y, thi F(z,y,) > F(z,y,).

Viéc nghién cfu md rong cic két qud
chinh ctia [1] thu hdt nhiéu tic gid quan tim
nghién ctu [4], [9]. Cung hudng nghién citu
nay, trong [5], Luong va Thuan di thi€t l1ap
mot s6 két qui vé di€m bat dong kép cho 4nh
xa co suy rong trén khong gian métric thd tu bd
phan. Trong phin ti€p theo, ching tdi gidi
thiéu lai k&t qua chinh trong [5].

Ki hiéu ¢ 1la tdp hdp cac ham
¢ :[0,400) — [0,+00) thda min cdc didu kién:

(1) ¢ lién tuc va don diéu khong gidm;

(2) ¢(t) = 0 khi va chi khi ¢ = 0;

(3) @(t +5) < @(t) + ¢(s) v6imoi

s,t € [0,400).

Ki hiéu ¥ 1a tip hdgp cdc ham
¥ :[0,400) — [0,400) thda man lim)(t) > 0

t—r

v6imoi r >0 va lim (t) = 0.

t—07"
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Pinh li 1.4 ([5]). Cho (X,d) la khong gian
métric ddy dii vdi thit tu bé phdn < va

PP (a,), F(1,0) < 5 ld(a,) + d(p0) — 6

Vi moi x,y,u,v € X ma x> u va y < v
(2) F la dnh xqa lién tuc hodc X co tinh
chat: vdi (x) la day khong gidm va (y ) la day

khong tang sao cho lim rz =x va limy =y
n—+oo n—oo "

thi x <zvay >y véimoinecN;
n n
(3) Ton tai zy, € X

z, < F(,,9,), ¥, = F(y,,z,)-

Khi dé, dnh xa F c6 diém bdt dong kép.

Gin day, trong [6], Mursaleen va céc
cong sy da giGi thiéu khdi niém ham o -chap
nhan dugc nhu sau.

Pinh nghia 1.5 ([6]). Cho X 1a tdp hdp
khédc rong, 4nh xa F: X x X — X va 4nh xa
a: X’ xX* —]0,+00). Khi d6, 4nh xa F
dudc goi 1a «-chdp nhdn dugc n€u v6i moi
z,y,u,v € X sao cho o((z,vy),(u,v))>1 thi
o((F(z,y), F(y,)),(F(u,v), F(v,u))) > 1.

Pong thdi, trong [6], bing cich st dung
ham o -chip nhan dugc, Mursaleen va céc cong
sy da xdy dung mot s6 dang dinh 1i di€m bat
dong kép 1a m& rong cdc két qud chinh ctia [1].

D((x1>y1)>($27y2)) =
Ménh dé 1.8 ([2]). Cho (X,d) la khong

sao cho

gian b-métric. Khi do, néu day () trong X

hoi tu thi gidi han ciia né la duy nhat.

Pinh nghia 1.9. Cho X Ia tdp hdp khic
rong, 4nh xa F:XxX — X va 4nh xa
a: X’ xX® —1[0,+00). Khi d6, 4nh xa F
dugc goi 1a «-chdp nhén dugc dang tam gidc
néu cdc diéu kién sau dugc thda mian véi moi
T, Y, U, 0,8, € X.

(1) F 1a 4nh xa «-chdp nhan dugc;

1

(@), (1, 0))p (A F(z,9), F(u,))) < =

2

108

d(z,u) + d(y,v)

F: XxX— X la anh xa don diéu hon hop théa man
(1) Ton tai ham ¢ € ® vaham 1 € ¥ sao cho

d(z,u) + d(y,v)
) (1.1)

Trong bai bdo nay, bing cdch st dung
ham «-chdp nhin dudc, ching toi thi€t 1ap
mot s dinh 1i diém bat dong kép cda 4nh xa
co suy rong trén khdong gian b-métric thu ty
bo phian. Cdc két qud nay l1a sy md rong cic
két qud chinh cda [5]. Hon nita, ching toi
cling xdy dung mdt s6 vi du minh hoa cho két
qua dat dugc.

Tru6c hét, ching toi trinh bay mot s6 khdi
niém va k&t qua co ban dugc st dung trong bai
bdo nay.

Pinh nghia 1.6 ([2]). Cho (X,d) 1a khong
gian b-métric. Khi dé

(1) Day (z ) dugc goi la hgi tu d€n = n€u

lim d(z ,z) =0, ki hiéula lim z =z

n—+00 n—-+00

(2) Day () dugc goi la day Cauchy néu
lim d(z ,z )=0.

n,m—~+00 n’
(3) Khong gian (X,d) dudgc goi la ddy di
néu mdi day Cauchy trong X 1a diy hoi tu.
Chua y 1.7. Topd trén khong gian b-métric
(X,d) la topd sinh bdi sy hdi tu cla né. Hon
nifa, X x X clng la mot khong gian b-métric
v4i b-métric xdc dinh béi

d(z,,z,) + d(y,,y,) v6imoi (z,,y,),(z,,y,) € X x X.

(2) N&u af(z,y),(u,v)) >1 va
a((u,v),(s,t)) > 1 thi a((z,y),(s,t)) > 1.

2. Cac két qua chinh

Tru6c hét, ching toi thi€t 1ap dinh 1i vé su
tdn tai di€m ba't dong kép.

Pinh i 2.1. Cho (X,d) la khong gian b-
métric ddy di véi thit tw bé phin < va
F:XxX — X la dnh xa don diéu hén hop
théa mdn

(1) Ton tai ham o : X* x X* — [0,+00),
ham ¢ € ® va ham ¢ € VU sao cho

= ¢(d(x, u) + d(y,v)

2.1
. 5 ) @D
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voi moi z,y,u,v € X ma x > u va y < v;

(2) F la dnh xa o -chdp nhdn duoc dang
tam gidc,

(3) F la dnh xa lién tuc hodc X théa man
gid thiet (H) sau:

Néu (z ) va (y ) 1a hai ddy trong X sao

cho lim z =z, lim y =yva

n—+00 n—-+00

Oé(<xn+1’ y71,+1)7 (In’ y’n)) Z 1’
o(y,,z,), (Y, »2,,,)) =1 véi moi n € N thi
a(z,,y,),(z,y) > 1,
a((y”,:zzn),(y, r)) >1 véimoi n € N;

(4) Ton tai

r <z, y =y va

T,y, € X sao cho

z, < F(x,,9,), ¥, > F(y,,z,) va

a((F(299) F (W 7,))5 (55, 9,)) = 1 al(yy2,), (B, 7,), F(2,,9,))) > 1.

Khi dé, dnh xa F c6 diém bdt dong kép.
Chiing minh. Ta xét day hai (z ),(y,)
trong X xdc dinh bdi:
z  =F,y)va y  =Fy,r ) véi moi
n €N, (2.2)
trong d6, z,y, dugc xdc dinh bdi gia thiét (4).
Khi dé, st dung tinh don diéu hdn hdp clia 4nh
xa F, bing qui nap, ta chitng minh dugc
T, ST,
Mit khac, vi
(2 9): () = A (Flay, ), Fly ) (2, 9)) = 1

pld(z,,,,,) < p(s°d(z, ,,2,))

vay >y . v6imoin €N,

n+1

(2.3)

va F' 13 4nh xa a-chdp nhan dugc nén ta c6
a((Fz,,y,), Fy, ), (F(zy,9,), F(y,,7,))) =1
hay o((2,,9,),(z,,9,)) = 1.
Tiép tuc qud trinh nay, ta nhan dugc
oA(z,,5Y,,,):(x,,y,)) >1 véimoi n € N. (2.4)
Tuong tu, ta cling chitng minh dudc
o(y,,2,),(Y,,,2,,,) >1 véimoi n € N.  (2.5)

Khi d6, tir (2.1), (2.2), (2.3), (2.4) va tinh

don diéu khong gidm cliia ham ¢, ta c6

=p(s’d(F(z .,y ),F(z,_ .y )
<aol(z,,y)(z,_y, )edF(z,y ), Flz .y )

1 dz,z, ) +dy,y, )

d(xn’ :[nfl) + d(y'ﬂ’ ynfl)

< —¢( ) — ¥ ). (2.6)
2 S 2
Tuong tu, tir (2.1), (2.2), (2.3), (2.5) va tinh don diéu khdng gidm ctia ham ¢, ta c6
1 dly, y,)+dz, =) d(y, y,) +d, 7))
w(d(y,,y,.,)) SESO( : 10) — qp(—= : ). (2.7)
Tir (2.6) va (2.7) ta dudc
dz,x,_)+dy,y, )
pld(z, .z,)) + ey, ,.y,) < @ = PE— =)
d d
_2w( (yn717 yn) —; (znfl’ xn )) (2.8)
Miit khdc, tir tinh chat (3) clia hAm ¢, ta c6
Sp(d(x/,H,l’ I") + d(y/n+1’ yn)) S Sp(d(anrl? xn)) + @(d(yn+1’ yn))' (2'9)
Do @6, tir (2.8) va (2.9), ta dudc
dzx, ) +dy,.y, )
SO(d(wn-%-l’:l:n) + d(y7L+1’y7L)) S SO( ' : ' = )
d(y, . d(z, |,
_21/)( (ynfl yn) + (xnfl wn))‘ (210)

2
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Tw (2.10) va tinh khdng 4m cia ham ), ta c6
d(xn’ :[7171) + d(y'ﬂ’ ynfl)

eld(z, ,z,)+dy,,,y,)) < @ )
S (‘O(d(mn’ :[n—l) + d(yn’ yn—l)>' (21 1)
Tw (2.11) va tinh don diéu khdng gidm cia ham ¢, ta nhan dugc
d(x7l+17 ) + d( n+1’ yn) S d(l’n, :L‘nfl) + d(yn7 ynfl)' (212)
bat 6 =d(z .,z )+d(y,,,y,) véi moi 6>0 sao cho lim § =¢. Ta s& chiing minh
Y | n—-+00

n € N. Khi do, tir (2.12), tasuy ra (§) la day s0 § = 0. Giasir § > 0. Khid6, cho n — +oo trong
don diéu khong tang va khong am. Do do, tn tai  (2.10) va st dung tinh chit cia ham ¢, ), ta dugc

n—+400

o6) < o) 2 Tim 9() < 0(8) 2 lim BEL) < ol6).

Piu nay 1a mau thuin. Do do, 6=0hay va hai didy con W) W) cla (y,) véi
nlirflooé =0. (2.13) n(k) nhd nhdt thda man n(k) > m(k) >k va
Ti€p theo, ta chiing minh (z ) va (y ) la d(xn(k>,:1:m(k>) + d( b Yo ) > (2.14)
hai day Cauchy. Gid st (z ) hodc (y, ) khong Do d6
la day Cauchy. Khi dé, d(xn(k) ) + d( Yo ) < e (2.15)
mlni_)nioo(d(xn,xm) +d(y,,y )) = 0. Do d6, ton Khi do, tr (2.14) va dleu kién (3) trong
tai € > 0, hai ddy con (xn<k>), (xm(k)) cla (z ) Binh nghta 1.1, ta 6
e <d(@,,,%,0) + Y, 0 Vi)
= 671(k +826m(k +s (d( n(k)— 1’ )+ d( 71(k 17ym )) (216)
Cho k — +oo trong (2.16) va st dung (2.13), ta dugc
3 .
7 S TSl 1 2) + Ay Y ) @.17)

Tur (2.15) va diéu kién (3) trong Dinh nghia 1.1,tacé

Az, T 0 0) T AW 0 Y ) < 8@ 102, 00) + AW, 0 1Y)
+8(d( i Toniy1) Y Yri)
<es+ 36m<k)_1. (2.18)
Cho k£ — 400 trong (2.18) va st dung (2.13), ta dugc
ligfzp(d(zw)_l,zm(k)_l) + d(yn(k)_l,ym<k>_l)) < gs. (2.19)

Tir (2.17) va (2.19) ta dugc

— < lim sup(d(z
s

k——+o00

i) T AW, 00 1Y) < €5 (2.20)

71(k)
Mot cach tuong ty, ta chitng minh dugc

% < lim inf(d(x ) T AW V) < €8 (2.21)
s

k—400

n(k)-1 T

110



TRUONG DAI HOC DONG THAP Tap chi Khoa hoc s6 10 (10-2014)

Vi n(k) > m(k) nén T > . va cta Pinh nghia 1.9 ta chitng minh dugc
o a((z .y ..)(x .y ))>1. Dodo,tr (2.1)
Y. <y .. Mitkhdc, tir (2.4) va diéu kién (2) \(( £) "“”? @y Imisy)
nk) = Zm(k) va (2.2),ta cé

( Qd( +17 (k)ﬂ)) = @(82d(F(£L'n(k),yn(k>),F(.’Em(k>,ym<k))))
S a/((:l:n(k)’ yn(k)) ( m(k)? y ))¢(82d(F(xn,(k:)’ yn(k)) ) F(xm(k)’ ym(k'))))

1 d(l’n(k), l’m(k>) + d(yn(k)a ym(k))
— ¢ )
2 S
d(z +d(y
X P 5 oty Vo) (222)
Tuong ty, ta chitng minh dugc
1 Y0 Ye) T A2, 7,)
( 2d( +1’y )) < 590( (k)? In(k) (k) (k) )
S
ym 7yn + d xm ?n
—( ( ) 5 S ““))). (2.23)
Twr (2.22), (2.23) va tinh chat (3) cia ham ¢, ta c6
Az, 00) + Y, Yoy
n(k)? ““m(k) n(k)? Y m(k)
@(82(d($ (k)+1’ m( )+ d( IL +17ym +1))) S ('0( S )
0 Toy) A 0 Yo
Cho k — +oo trong (2.24) va st dung (2.20), (2.21), ta dugc
(p(&?) 80(8 8_) < 90(5 hkmfllp(d( (k)+17 ) + d( +1’y )))
dlz .,z +dy ..,y
< go(hmsup ( n(k) m(k)) ( n(k) m(k)))
k—-+00 S
Az, %, 00) T Y, 00V
—9%im inf ’l/}( ( rn(k)) ( n(k) rn(k)))
k—+o00 2
Az, 4, 2,00) + Y, 00 Yy
< (e) 2hm mf U m 5 Uiy Y ) < (e).
Piéu nay l1a mau thudn. Do d6, (z n) V& limaz =zva limy =y (2.25)
n—-+00 n—-+0o0

(y,) la hai day Cauchy trong X. Vi X Ila

khong gian b-métric diy di nén ton tai Gid s F' la dnh xa lién tuc. Khi do, tf

z,y € X sao cho (2.2) va (2.25),ta co
r= limz = lim F(z,_,y ,)=F(limz ,limy )= F(zy)
n—+00 n—+00 ! n—-+00 Y n—+00 :
va

y= limy = lim F(y ,z )= F( hm y o, lim 2z )= F(y,z).

n—+00 n—-+00 n— n—+00
Suy ra (z,y) la di€m bat dong kep cla z, S zova oy >y a((z,y ), (z,y)>1 va
anh xa F. 3 .
Gia sit gia thi€t (H) dugc théa man. Khi  ((¥,,%,),(3;2)) =1 v6imoi n € N.
d6, tit (2.4), (2.5) vd (2.25) ta suy ra Do dé
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e(d(z, F(z,y))) < (sd(z,z, )+ sd(z,, , F(z,y)))
< p(sd(z,z,,,)) + p(sd(F(z,,y,), F(z,9)))
< (sd(n,1,,,)) + o (z,,9,),(@5) WS A(F 2,3, ), Pz 9)
d(x d(y , d(z, d(y,,
< glod(a,z,,,)) + 3 oD T W)y WD)+ A1),
< p(sd(z,z,,)) + %so(d(x”’ D)+ Ay v)) (2.26)
Cho n — +o0 trong (2.26), st dung (2.25) cho (u,v) so sédnh dugc v6i (z,y) va (z,t). Ta

va ta dudc
o(d(z, F(z,y))) = 0. Do @6, d(z,F(x,y))=0
hay =z = F(x,
dugc y = F(y,z). Do d6, (z,y) la di€m bat
[]
Ti€p theo, chiing toi thi€t 1ap dinh 1i vé sy

tinh li€n tuc cia ham ¢,
y). Tuong ty, ta cling chitng minh

dong kép ctia 4nh xa F.

tdn tai duy nha't diém bat dong kép.

Gid st (X,<) la tap sdp thd tu bd phan.
Khi d6, quan hé thd ty bd phdn trén X x X
dugc xdc dinh bdi: (z,y),(u,v) € X x X,
(x,y) < (u,v) khi va chikhi z < u,y > v.

Pinh i 2.2. Gid sit

(1) Cdc gia thiét ciia Dinh I 2.1 dugc théa man;

(2) V6i méi (w,y), (2.t) € X x X, tn tai
(u,v) € X X X sao cho (u,v) so sdnh dugc vdi
(z,9), (2,t) va of(z,y),(u,0)) > 1,
a((v,u),(y, ) 2 1, ol(2,1),(u,0)) = 1,
a((v,u),(t,2)) > 1.

Khi do, dnh xa F c6 duy nhdt diém bat
dong kép.

Chitng minh. T chitng minh cia Pinh 1i
2.1, ta suy ra F c6 diém bat dong kép. Ta s&
chitng minh tinh duy nhét clia diém bit dong kép.
Gid st (z,y) va (z,t) 1a hai diém bat dong kép
clia F. Theo gia thiét, ton tai (u,v) € X x X sao

pld(z,u, ) < @(s"d(F(z,

xétday (u ) va (v ) xédc dinh bdi:
=F(u v,

=F(v,,u

n’

U, = Uy U v ) va

0 7 n+l

Vo= 0,0 ) véimoi n € N,

0

Vi (u,

n+1

v) so sdnh dudc véi (x,y) nén ta ¢
> (u,v) =
st dung tinh don diéu hon hgp cta F', ta chitng
minh dugc (z,y) > (v ,v ) v6imoi n € N.

Mit khéc, vi a((z,y),(u,v)) > 1,
a((v,u),(y,z)) >1 va F 1a a-chdp nhian dudc
nén ta c

a((F(z,y), F(y,z)),(F(u,v), F(v,u)
va o (F(v,u), F(u,0)),(F(y, ), F(z,9)))

Vi u, =u va v, = v néntacod
a((F(z,y), Fy, ), (Fuy,v,), F(vy,u,))) 21
va o (F(v,, 1, ), Fluy,v.)), (F(y, ), F(z,9))) = 1.

Do d6 of(z,y),(u,v,)) > 1 va
a((v,v)),(y,2)) = 1.

Ti€p tuc qua trinh nay, ta chiing minh dugc
of(.y).(u,,0,)) > 1 va a((v,.0,).(5.2)) > 1
v6imoi n € N.  (2.27)

Khi d6, tr (2.1), (2.27) va tinh don diéu

khong gidm ctia ham ¢, ta c6

y),F(u,,v,)))

thé gid st (z,y) (u,,v,). Bing cich

)

)>1
> 1.

< a((9), (1,0, )P(AF (), Flu, 0,)))
Ll i), o)), g
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Tuong ty, ta cling cé
1 d ,y)+d(z ,u)

d(v,,y) +d(z,,u)

). (2.29)

e(d(v ,,,y) < 530(

Tu (2.28) va tinh chat cda ham ¢, , ta ¢6

) =

d(z,u,) + d(y;v,)

2

eld(z,u,, ) +d, ) < o :

d(z,u, )+ d(y,v, )

) —2¢(

< ¢

< o(d(z,u) +d(y,v,)).

T (2.30) va tinh don diéu khong gidm cua
©, tacd
d(z,u,,,)+d(v,,,y) < d(z,u,)+dyv,) hay
(d(z,u )+ d(y,v, )) 1a ddy s6 khong 4m va don

1

n+1’y

)
(2.30)

diéu khong ting. Do d6, ton tai A > 0 théa man
lim (d(z,u )+ d(y,v )) = A\ (2.31)

n—+00

Gid st A > 0. Cho n — +oo trong (2.30)
va st dung (2.31), ta dugc

d(z, un) + d(y, vn) by

o) < so@ 2 lim

n—+00

Piéu nay la mau thudin. Do do,
lim (d(z,u )+d(y,v ))=A=0. Suy ra
n—-+00
lim d(z,u ) =0 va lim d(y,v ))=0. Suyra
n—-+00 n—-+00
lim v =z va lim v =y. (2.32)
n—+00 n—+oo

Lap ludn tuong ty nhu trén khi (u,v) so
sanh dugc véi (z,t), ta chitng minh dugc

lim v =2zva lim v =1t (2.33)

n—-+00 n—-+00

Tir (2.32), (2.33) va tinh duy nhat clia gi6i

a((z,y),(u,0)Jp(d(F(z,y), F(u,0))) < %#)(d(% u) + d(y, v)) —

vdi moi z,y,u,v € X ma x > u va y < v;

(2) F la dnh xa «-chdp nhan duoc dang

tam gidc;

(3) F la dnh xa lién tuc hodc X théa man

gid thiét (H);
(4) Ton tai z,,y, € X sao cho
z, < F(z,9,): ¥y = F(y,,7,),
a((F(zy,y,), F(yy:2,)), (2,,9,)) 2 1 va
(Y, 2, ), (F(yy, 7)), F(,9,))) = 1.
Khi dé, dnh xa F c6 diém bdt dong kép.

) < (=) < p(N).

8
han, ta suy ra (z,y) = (2,t). Vay F' c6 duy nhat
di€m ba't dong. ]

Vi métric 1a trudng hgp dic biét cta b-
métric nén tr Pinh 1i 2.1 va Pinh 1i 2.2 ta nhin
dudgc 2 hé qua sau.

He qua 2.3. Cho (X,d) la khong gian métric
day di véi thit tw bo phin < va F: X x X — X
la dnh xa don diéu hon hop théa man

(1) Ton tai ham o: X* x X* — [0,+00),
ham ¢ € ® va ham ¢ € U sao cho
d(z,u) + d(y,v)

2

) (2.34)

Hé qua 2.4. Gid sit

(1) Cac gid thiét ciia He qua 2.3 dugc théa mén;

(2) Voi mbi (z,y), (2,t) € X x X, ton tai
(u,v) € X x X sao cho (u,v) so sdnh dugc vdi
(7.9), (2,1) va o(,9),(w,0)) > L o(ww),(12) >1,
al(z,t),(w,0)) > 1, a((v,u),(t,2)) > 1.

Khi do, dnh xa F c6 duy nhdt diém bat
dong kép.

Nhan xét 2.5. Bing cdch lap luin nhu
trong ching minh cua [10, Theorem 3.4], [10,
Theorem 3.5], tirt H&é quéd 2.3 ta nhin dugc [5,
Theorem 2.1].
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Cudi cling, ching t6i xay dung vi du minh
hoa cho céc két qud dat dugc. Vi du sau 1a mot
minh hoa cho su ton tai di€m bat dong kép clia

1
Fla,y) = < (@ =) v6i moi (2.y) € X x X,

Pinh 1i 2.1.

Vidu 2.6. Xét X = R vdéi thit ty thong
thudng va b-métric xdc dinh bdi dzy)=(x—1)
v6i moiz,y € X. Khi d6, (X,d) 1a b-métric
day di véi s = 2. Xét 4nh xa

ol(2,y), (u,v) Jp(s"d(F(x, ), F(u,v))) =

ORISR

Nhu vay diéu kién (2.1) dugc théa man.
Hon nita, khi a((z,y),(u,v)) =1tacéd z > u
va y <wv. Suyra F(z,y) > F(u,v) va
F(y,z) < F(v,u). Do d6
a((F(z,y), F(y,x)),(F(u,v), F(v,u))) = 1.

Suy ra F' 1a 4nh xa «-chdp nhan dugc.
Dong thdi, cdc gia thi€t con lai cda Pinh 1i 2.1
déu thda man. Do dé6, ta ¢6 thé 4p dung Pinh Ii
2.1 cho 4nh xa F nay. Hon nita, (0,0) 1a di€m
bat dong kép.

Vi du sau ching t6 ring Hé qua 2.3 manh
hon Pinh 1i 1.4 ([5, Theorem 2.1]).

Vidu 2.7. Xét X = [0, 400) véi thit tu thong
thudng va métric xdc dinh bdi d(z,y) = |z — y|
v6i moiz,y € X. Khi d6, (X,d) 1a métric day
di. Xét anh xa F(z,y) =2z —yl v6i moi
(r,y) € XxX. Chon (z,y)=(6,1) va (uv)=(52).
Ta c6 d(F(x,y),F(u,v)) = d(10,6) = 4 va

ham ¢(t) = 4t, ¥(t) =t véimoi ¢t > 0 va anh
xa a: X> x X* —[0,4+00) xdc dinh bdi
I nux>uvay<v
a((x,y),(u,v)) = o .
0 trong cic trudng hgp con lai.
Khi d6, v6i z>u va y<wv, ta co
a((z,y),(u,v)) = 1. Do d6

1

(@ —u)+(v—y) < Sl u)’ + (v —y)")

d(z,u) + d(y,v)

- w(d(x, u) + d(y,v)

S 2 )
d(x,u) + d(y,v) = 2. Gia st di€u kién (1.1) trong
Pinh 1i 1.4 ([5, Theorem 2.1]) dugc théa man.
1
Khi do, ta phdi c6 ¢(4) < 590(2) — (1) < ¢(2).
Diéu nay 12 miu thuin vdi tinh don diéu khdng
gidm ctia ham . Do d6, diéu kién (1.1) trong
DPinh li 1.4 ([5, Theorem 2.1]) khong thda man.

Do d6, ta khong thé dp dung Binh 1i 1.4 ([5,
Theorem 2.1]) cho 4nh xa F' nay. Bay gid, ta xét

ham (1) = t, (t) =

xa a: X° x X? — [0,4+00) xdc dinh bdi:
1 né&u (x,y,u,v)=(0,0,0,0)

a((x,y),w,v)=41
g néu (x,y,u,v)=(0,0,0,0).

t . .
5 v6éi moi t > 0 va anh

Khi d6, v6i z>u va
(z,y,u,v) = 0 thi hién nhién diéu kién (2.34)
théa min. Do d6, ta chi can xét trudng hop

(x,y,u,v) = 0. Khi d6

y<v ma

o (2,0). (10Dl Pl ), F(w))) = 12 = sl = of] < -l = ] =)

_ %gp(d(x, w) + d(y,v)) —

Nhu vay didu kién (2.34) duge thda man.
DPong thdi, cdc gid thiét khic ctia Hé qua 2.3
déu thda min. Do d6, ta c6 thé 4p dung Hé
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d(z, u) + d(y, U))
> :
qué 2.3 cho 4nh xa F . Hon nita, (0,0) 1a di€ém

bat dong kép.
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