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VE PINH Li PIEM BAT PONG CHO LGP ANH XA MEIR-KEELER ¢.-CO
TREN KHONG GIAN KIEU-METRIC

e ThS. Nguyén Trung Hiéu ), H6 Quéc Ai

Tém tit

Trong bai bdo nay, chiing toi gidi thiéu khdi niém dnh xa Meir-Keeler a -co, Meir-Keeler o -co

t16ng qudt, cdp dnh xa Meir-Keeler a -co tong qudt, dnh xa Meir-Keeler a - f -co va dnh xa Meir-

Keeler a - f -co tong qudt trén khong gian ki€u-métric. Pong thoi, chiing téi thiét lap va chiing minh
mot s6 dinh li diém bt dong cho cdc logi dnh xa nay. Cdc két qud nay la sw mé rong ciia cdc dinh li
diém bdt dong trong bai bdo [1]. Ngodi ra, chiing t6i xdy dung vi du minh hoa cho két qud dat duoc.

Tir khéa: diém bdt dong, Meir-Keeler a -co, kiéu-métric.

1. Giéi thiéu

Trong bai bao [5], Khamsi da giGi thi€u mdt
khai ni€ém métric suy rOng nhu sau.

Pinh nghia 1.1 ([5], Definition 2.7). Cho X
12 mot tap hop khac rong, K >1 la mot s6 thuc
va D:XxX —[0,00) 12 mOt 4nh xa thda méan
cac diéu kién sau.

1) D(x,y) =0 khi va chi khi x = y.

2) D(x,y)=D(y,x) v6imoi x,y e X.

3) D(x,z)<K[D(x,y,)+D(y,,y,)+..+D(y,,2)]
v6imoi X,,,¥,,...,¥,,2z€ X va neN.

Khi d6, D dudc goi l1a kiéu-métric trén X
va (X, D,K) dudc goila khong gian kiéu-métric.
RO rang, (X,d) lakhong gian métric khi va chi
khi (X,d,1) 1a khong gian ki€u-métric.

Trong bai bdo [2] va [4], cac tac gia da xét
khong gian kiéu-métric khic, trong d6 diéu kién
(3) trong Pinh nghia 1.1 dudc thay bdi diéu kién sau

D(x,z) < K[D(x,y)+ D(y,z)] v6i moi
x,y,z€ X.

Trong bai bdo nay, ching to61 xét khong gian
ki€u-métric nhu trong Dinh nghia 1.1. C4c khai
niém day hoi tu, ddy Cauchy va tinh day di cda

) Khoa Su pham Todn — Tin, Trudng Pai hoc Pong Thap.

khong gian kiéu-métric dugc gidi thiéu trong [5]
nhu sau.

Dinh nghia 1.2 ([5], Definition 2.8). Cho
(X,D,K) la mot khong gian ki€u-métric va {x }
la mdt day trong X . Khi d6

1) Day {x,} dudc goila hoi tu dén xe X,

vi€tla limx, = x, n€u lim D(x,,x) =0. Piém x
dugc goi 1a di€m gidi han cta ddy {x }.
2) Day {x, } dugc goila didy Cauchy n€u
lim D(x,,x,)=0.

3) Khéng gian (X,D,K) dugc goi la ddy
dii n€u moi ddy Cauchy trong (X,D,K) la ddy
hoi tu.

Ménh dé 1.3. Cho (X,D,K) la mét khéng
gian kiéu-métric. Néu day {x,} hoi tu thi diém
gidi han ciia né la duy nhat.

Ching minh. Gid st {x } 1a mot day trong
khéng gian ki€u-métric (X,D,K)va tdn tai

p,q€ X saocho limx =p va limx, =gq. Khi

n—>0 n—>0

do, ta co

D(p,q) < K[D(p,x,)+D(x,,q)]

¢ Sinh vién, Khoa Su pham Toén — Tin, Trudng Pai hoc Pong Thép.

101



TRUONG DAI HOC DPONG THAP

Tap chi Khoa hoc s6 09 (6-2014)

Cho n — o ta dudc D(p,q)=0 hay p=q. Vay
{x } hoi tu @&&€n mot phdn t& duy nhat. [

Nhan xét 1.4. Trong khong gian ki€u-métric
(X,D,K), topd dudc hiéu 1a topd cAm sinh bdi sut
hdi tu cia né. Piu nay c6 nghia 1a tip G mé trong
khong gian ki€u-métric (X, D, K) khi va chi khi

v6imdi x € G, moiday {x,} ¢ X ma limx, =x
n—>0

thi ton tai n, € N saocho x, € G v6imoi n>n,.
Khi d6, ki€u-métric D: X x X —[0,00) lién tuc

tai (x, y) n€u va chi n€u lim D(x,, y,) = D(x, y)
véimoiday {x }, {y,} trong X ma limx, =x

va limy, =y.
n—>0

Nhan xét 1.5. Anh xa ki€u-métric D 12 4nh
xa khong lién tuc, xem [3, Example 2.1].

Trong bai bao [1], Abdeljawad da gidi thi€¢u
khdi niém dnh xa Meir-Keeler «a -co, Meir-
Keeler «a -cotong qut, cip 4nh xa Meir-Keeler

a -co téng quit, 4nh xa Meir-Keeler « - f -co

va 4nh xa Meir-Keeler « - f -co tdng quét trén
khong gian métric. Lép cdc dnh xa nay 1a su md
rong clia cic loai anh xa Meir-Keeler « -co trong
céc tai liéu tham khao cda [1]. Pong thdi, trong
bai bdo [1], tic gid da thi€t 1ap dinh 1i di€ém bat
dong cho cac 16p 4nh xa dugc dinh nghia nhu trén
va dat dugc nhitng k&t qué nhu [1, Theorem 8],

M ;(x, y)=max{d(x, y),d(x, fx),d(y, ),

3)Capanhxa (f,g) dudc goila Meir-Keeler
a -co téng qudt néu véimoi € >0 téntai § >0

M, (x,y)=max{d(x,y),d(x, fx),d(y,g),

Pinh nghia 1.9 ([1], Definition 13-14).
Cho (X,d) 1a m6t khong gian métric, 4nh xa
[ X>XvageC,v6iC,={g: X —> X sao
cho fg=gf va gX c fX} . Khidé
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[1, Corollary 9] va [1, Theorem 16]. Trong phﬁn
ti€p theo, ching toi trinh bay lai khdi niém cac
loai 4nh xa Meir-Keeler « -co trén khong gian
métric.

Dinh nghia 1.6 ([6], Definition 2.2). Cho X
1a mot tap hgp khac rdng, anhxa f: X —> X va
dnh xa a: X xX —[0,00). Khi d6, 4nh xa f
dugc goi la « -admissible n€u moi x,y € X ma
a(x,y)>1tacé a(fx, fr)>1.

Dinh nghia 1.7 ([1], Definition 1). Cho X 1a
mot tAp hgp khdcrong, haidnhxa f,g: X > X
vadnhxaa: X x X —[0,00). Khido,cap (f,g)
dudc goi Ia « -admissible n€u moi x,y € X ma
a(x,y)=1tacod a(fx,gv)>1 va a(gx, fr)=1.

Pinh nghia 1.8 ([1], Definition 3-5). Cho
(X,d)1la mot khong gian métric, hai 4nh xa
f,g: X > X vadanhxa a: X xX —[0,0).
Khi d6

1)Anhxa f dugc goi la Meir-Keeler o -conéu
v8imoi & > 0 tontai & > 0 saochovdimoix, y € X,
e<d(x,y)<e+otacoa(x,y)d(fx, fy)<e.

2) Anh xa f dugc goi la Meir-Keeler o -co
téng qudt n€u v6i moi £ >0 tdn tai § >0 sao
cho v6i moix,y e X,e <M (x,y) < £+0 taco
a(x,y)d(fx, fy)<e, véi

d(x, ) +d(y, fx)
2

}.

saochov6imoi x,ye X, e <M , (x,y)<e+0

(f.2)
taco a(x,y)d(fx,gv)<e, véi

d(x,gy) +d(y, J¥)
2

1) Anh xa g dudc goi la Meir-Keeler « -

}.

f -co n€u v6i mdi £>0 ton tai § >0 sao cho
véimoi x,ye X, ma € <d(fx, fy)<e+0 thi
a(x,y)d(gx,gy) <e.
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2) Anh xa g dudc goi 1a Meir-Keeler o - f -co
1ong qudtnéu véimdi € > 0 tdntai 6 >0 saocho

M (f)(x,y) =maxid(fx, fy),d(fx,gx),d(f,&y),

Trong bai bdo nay, ching tdi gidi thi¢u khai
ni€ém dnh xa Meir-Keeler « -co, Meir-Keeler
a -co téng quat, cip dnh xa Meir-Keeler « -co

tdng quit, anh xa Meir-Keeler « - f -co va 4nh

xa Meir-Keeler a - f -co tdng quat trén khong
gian ki€u-métric. Pong thdi, ching toi thiét 1ap
va chitng minh dinh 1 diém bat dong cho cic loai
4nh xa nay trén khong gian ki€u-métric. Hon nia,
ching t6i ciing xay dung vi du minh hoa cho két
qua dat dugc.

Tru’éc’hé't, chiing toi gidi thiéu mot s6 khai
niém va két qua chinh dugc st dung trong bai bao.
DPinh nghia 1.10. Cho (X, D, K) 1a m0t khong
gian ki€u-métric, x,e X va f,g:X — X. Dit
Xy q =X, V& X,,.,=gxX, ., V61 neN. Khid6
1)Day {x, } dugc goila (f,g)-quy dao ciia x,.
2) Khong gian ki€u-métric (X, D,K) dugc
goila (f,g)-quy dao day dii néu mdi diy Cauchy
trong (f,g)-quy dao cla x, déu hoi ty.
3)Anhxa f dudc goilaliéntuctheo (f,g)
-quy dao ciia x, n€umoiday {x, } trong (f,g)

-quy dao ciia x,, {x } hoitu dénathi fx, hoi
tu dén fa.

Trong Pinh nghia 1.10, bing cach chon d4nh
xa g trung v6i dnh xa f, ta c6 dinh nghia sau.

Dinh nghia 1.11. Cho (X, D,K) la motkhong
gian ki€u-métric, x,e X va f,g:X —> X. Dit

x,,=fx, v6i neN. Khido

1) Day {x, } dugc goila f -quy dao cia x,.

M, (x, y)=max{D(x, y), D(x, fx), D(y, ),

véimoi x,y € X, ma e <M, (f)(x,y) <&+ thi
a(x,y)d(gx,gy) <&, voi

d(fx,gy) +d(fy,gx)
2

}.

2) Khong gian ki€u-métric (X, D,K) dugc
goi la  f -quy dao ddy dii n€u mdi ddy Cauchy
trong f -quy dao cla x, d€u hoi ty.

3) Anhxa f dudc goilalién tuc theo f -quy
dao ciia x, n€umoi ddy {x } trong f -quy dao
clia x,, {x } hoitudénathi fx, hoitu dé€n fa.

Bo dé 1.12 ([1], Lemma 7). Cho X la mot tdp
hgp khdc réng, hai dnhxa f,g:X > X, x,€ X
dnhxa a: XxX —[0,0) va {x } la (f,g)-quy
dao ciia x,, vdi a(x,, fx,)=1. Neu (f,g)la «
-admissible thi o(x,,x,,,)=1 véi moi neN.

2. Cac két qua chinh

o e

Trudce hét, chiing t6i gidi thiéu khai niém anh
xa Meir-Keeler « -co, Meir-Keeler o -co tong
quét, cip 4nh xa Meir-Keeler « -co tdng quit
trén khong gian ki€u-métric va thi€t 1ap dinh 1i
di€m bt dong cho 16p 4nh xa nay.

Dinh nghia 2.1. Cho (X, D,K) la métkhong
gian ki€u-métric, hai 4nh xa f,g: X — X va
anhxa a: X x X —[0,00). Khi d6

1) Anh xa f dudc goi 1a Meir-Keeler o
-co né€u v6i moi &£>0 ton tai & >0 sao cho
véi moi x,ye X,e<D(x,y)<Keg+0 taco
Ka(x,y)D(fx, fy) <e.

2) Anh xa f dudc goila Meir-Keeler o -co
téng qudt n€u v6i moi € >0 ton tai >0 sao
cho v6i moi x,ye X,e <M ,(x,y)<Ke+9 ta
c6 Ka(x,y)D(fx, fy)<e&, v6i

D(x, fy) + D(y, fx)
2K

L
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3)Cédp anhxa(f,g) dudc goila Meir-Keeler

a -cotong qudatnéuvéimoi & > 0 tontai & > 0 sao

M ;. (x, y)=max{D(x,y), D(x, fx),D(y,gy),

Pinh Ii 2.2. Cho (X,D,K) ld mét khéng
gian ki¢u-métric (f,g)-quy dao dady dii vdi dnh
xa f,g: X > X vadnhxa aa: XxX —[0,00).
Gia s

1) Cdp (f,g) la a -admissible va tén tai
x,€X sao cho a(x,, fx,)=1.

2)Cdp (f,g) la Meir-Keeler a -co tong qudt.

3) Trén (f,g)-quy dao cia x,, ta co
a(x,,x;)21 vdimoi n chdnva j lé lén hon n.

4)Anhxa f va g liéntuctheo (f,g)-quy
dao cua x,.

Khi do

1)Anhxa f hodc g cé diém bdt dong trén
(f,g)-quy dao cia x,.

Hodc

2)Anhxa f va g cé diém bdt dong chung

chovéimoi x,ye X,e <M, (x,y)<Ke+J ta
c6 Ka(x,y)D(fx,gy)<e&, v6i

D(x, gy)+ D(y, fx)
2K

- ey

Chitng minh. Liy x,€ X saocho a(x,, fx,)>1.
Xétday {x } 1a (f,g)-quy dao cia x,. bit

D,=D(x,,x,,;) v6imoi n € N. Ta xétba trudng
hgp sau.

Truong hop 1. Tén tai s6 chin neN dé
D, =0. Khidé,tacé D, =D(x,,x,,,)=0 hay
x, =x, =fx.Dodé f c6di€m bitdong.

Truong hgp 2. Tén tai s6 16 neN d€
D, =0. Khidé,tacé D, =D(x,,x,,,)=0 hay
x,=x,, = fx.Dodé g c6 diém bit dong.

Truong hop 3. D, #0 v6imoi neN. Tu

gia thi€t cip (f,g) 1a Meir-Keeler « -co tong
quat, ta c6

Ka(x,y)D(fx,gy) <M(f,g)(xsy) véi x # .(2)

Do a(x,, fx,)=1 vacip (f,g) la a-admis-

. sible nén theo B6 dé 1.12tacé a(x,,x,,,)=>1 véi
p va limx, = p. moi neN. Tir (2) ta c6
D,, = D(x,,,%,,,,) = D(gx,,_,, [X,,) < Ka(x,, |, x,,)D(gx,,_,, [X,,)
D(x,, 15%,,.,)
<max{D(xanl’x2n)’D(x2n’x2n+l)’ 2l 2l }
2K
D(x,, \,x,,)+D(x,,,%,,,,)
<max{D(x,, ,,x,,), D(x,,,X,,.), 2 5 22 _2n] }
= max {D(‘x2n—l > Xy, ), D(‘x2n > x2n+l)}
=max{D,, ,D,,}. 3)
Néutontai n € N sao cho max{D, ,,D, }=D,, Tuong ty, ta chitng minh duge D, , <D,,

thitt(3)suyra D,, < D, . Di€unay [amauthuin. Do
dévéimoi neN tacoé max{D,, ,D, }=D,

Khi do, tir (3) tasuy ra D, <D,

2n-1°

n-1°
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véi moi neN. Do d6 {D,} 1a diy don di€u
gidm va khong am. Khi d6, tdn tai » >0 sao cho

limD, =r. 4)

n—>0
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Gi4 st r>0, khi d6 véi mbi o >0 ton tai

N = N(5) chin dé
r<D, <Kr+9. )

Ma Dy = D(xy,xy,) = M(f,g)(xN7‘xN+l) nén
wr(S)tacd r<M , ,(xy,xy,)<Kr+o. Docip
(f,2)1a Meir-Keeler « -co tong quit nén suy ra

Ka(xy, Xy, )D(fxy, gxy, ) <7 ©)

Do d6, theo BS dé& 1.12 va (6) ta ¢6

DN+1 = D(xN+1’xN+2) = D(ijN, ngH)

S Ka(xy, Xy, )D(fxy, gxy,,) <r
Piéu nay mau thuin. Do @6 =0, k&t hop

v6i (4) ta duge lim D, = 0.

Ti€p theo ta ching minh {x } laday Cauchy. Gia
stt {x } khong la day Cauchy. Khido, tontai &> 0
sao cho v6i mdi N, > 0 tOn tai cdc sd nguyén m, n

ma m>n> N, dé D(x,,x,)>2¢. Ta chon s6
0 saocho 0< & <& @€ (1) dugc thda man. Do

limD, =r=0 nén ton tai N, = N, () sao cho

o . .
D, <—— v6i i > N,. Tachon N > max {N,, N, }.
Khi do, véi cac sd nguyén m >n > N, ta cod
o
D(xm,xn)22g>E+g. (7)

Tac6 m—n>6. Thit viy, gid st m—n<6
hay m<n+6 vath m>n tadit m=n+1[ vG6i
[=1,...,5. Taco

n+l

5
D(x,,x,)<> D <6k —5<srl
o 6K K

Diéu nay mau thuin véi (7). Dodé m—n > 6.
Khong mat tinh téng quat, ta c6 thé gid sit ring

n1a sd chén sao cho D(x,,x,)> ¢ +3iK' Khi d6

tOn tai s6 1& j nhd nhat 16n hon n sao cho

D(x ,x)>2e+—. (8)

o
Tu do, tacéd D(x,,x; ,)< g+§. Suy ra

D(x,,x,) < K[D(x,,x; ,)+D(x, ,,x, )+ D(x, ,x,)]

o

<K(e+

Do do6

&<D(x,,x;)

<M, (x,,x;)=max{D(x,,x,),

D, +D,
SD(xn,xj)+T]

20 0O

+
3K

° + 5)=Kg+§.
6K 6K 3

D(xn’xj+l)+D(xj9xn+1)
2K

}

<Kg+—+—:Kg+2<Kg+§. 9)
3K 6K 6

Do cip (f,g) l1a Meir-Keeler a -co tdng quat nén tir (9) ta c6 Ka(x,,x,)D(fx,,gx;) <& St

dung B6 d@é 1.10, ta ¢6
D(x

n+l ’xj+1

)< Ka(x,,x;)D(x,,,,x,,,)=Ka(x,,x,)D(fx,,gx;) <&.
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&
Suyra D(x,,,,X,,,)<————<

£
Ka(x,,x;) K’

Mait khac, ta c6

D(x,,x;) < K[D(x,,x,,)+D(x,,,,x,,,)+D(x,,,x,)]

= K(D, +D(x

o ¢

<K(—+—+i):g+—
6K K 6K

DPi€u ndy mau thuin véi (8). Vay {x } 1a
day Cauchy. Vi X 1a (f,g)-quy dao day di
nén {x }hoitu vé p. Mitkhic, f va g lién
tuc theo (f,g)-quy dao nén taco

p= hm x2n+1 = hm fx2n = fhm x2n = ~fp’
n—0 n—0 n—0

pP= lgg Xonta = ilglo EXonn = glgg Xonn1 = 8P-
Suy ra p la di€m bat dong chung clia f

va g.

Trong Pinh 1 2.2, bang cich chon f =g va

dong nhat cdp 4nh xa (f, f) bsi 4nh xa f ta
dugc hé qué sau.

Hé qua 2.3. Cho (X,D,K) la mét khdng
gian kiéu-métric, f -quy dao ddy dii vdi dnh xa
f:X > X vadnhxa o: XxX — [0,0). Gid sir

1) Anh xa f la a-admissible va ton tai

x, € X sao cho a(x,, fx,)=1.

2)Anhxa f la Meir-Keeler o -co téng qudt.

3)Trén ]i-quydaocﬁa Xy, tacé a(x,,x;)21
vdi moi n chan va j 1é [én hon n.

4)Anhxa f liéntuctheo f -quy dao ciia X,

ESM, (f)(x,y)<Ke+6 thi Ka(x,y)D(gx,gy) <&,

n+l2

xj+1)+Dj)

o

3K
Khi dé, énh xa f c6 diém bdt dong trén [ -quy
dao clia x,.

Trong phin ti€p theo, ching toi gidi thiéu
khéi niém 4nh xa Meir-Keeler « - f -co, Meir-
Keeler « - f -co tong qudt va thi€t 1ap dinh 1i
di€m bat dong cho 16p dnh xa nay.

Dinh nghia 2.4. Cho (X, D, K) la motkhong
gian ki€u-métric, f: X — X la dnh xa lién tuc
trén khong gian ki€u-métric va 4nh xa g e C r
Day {fx,} xdc dinh bdi fx, , , =gx, véi moi

n e N dugcgoila f -ldpcia x, theodnhxa g.

DPinh nghia 2.5. Cho (X, D, K) lamotkhong
gian ki€u-métric, anhxa f: X - X va geC,.
Khi d6

1) Anh xa g dugc goi la anh xa Meir-Keeler
a - f-conéuvéimdi ¢ >0 tdntai & >0 sao cho
v6imoi x,ye X ma € <D(fx, fy)<Ke+0 thi
Ka(x,y)D(gx,gy) <e.

2) Anh xa g dudc goi la &nh xa Meir-Keeler
a - f -co téng qudt n€u v6i mdi £ >0 ton tai

0 >0 sao cho v6i moi x,ye X ma

(10)

véi M, (f)(x,y) =max{D(fx, fy), D( fx,gx), D(f,gy), D(fx,gy) +D(fy, gx)}.
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B6 dé 2.6. Cho (X,D,K) la m¢t khéng
gian ki€u-métric, hai dnh xa f,g:X — X vdi
geC,va {x,} la (f,g)-quy dao ciia x,. Néu
g la m¢t dnh xa Meir-Keeler a - f -co tong
qudt sao cho a(x,,x,,,)=1 véimoi neN thi

inf{D( fx,. fv, ). n € N} =0,

Chitng minh. bat r =inf{D(fx , fx ,,), n e N}.
Tu dinh nghia cia f -ldp clia x, theodnhxa g
va g 12 mot 4nh xa Meir-Keeler « - f -co tong
quat nén véi mdi ne N ta cé

D(f‘xn+l 4 fxn+2)

= D(gxn b gxn+1)
<Ka(x,x, )D(gx,,gx,.,)
<M, (f)%,0%,,.)

=max {D(fxn ) fxn+1 )9 D(fxn » 8%, )9 D(fxn+1 > 8Xni1 )9

D(fx,,gx,.,)+D(fx,.,,gx,)
2K

}

D(fxn 2 jxn+2)
2K

:maX{D(ﬁn’fxn+l)’D(fxn+l’fxn+2)}' (11)
Né&u tén tai n € N sao cho

maX{D(fxn7fxn+l)7D(ﬁcn+l’fxn+2)} = D(fxn-#l’fxn+2)'
Khi d6, (11) tr& thanh

= maX{D(fxnﬂfan)’D(fan5fxn+2)’ }

D(fx,.,, fx,.,) <D(fx,.,, fX,.,). Di€unaylamau
thuan. Do d6 v6imoi ne N, tacé

maX{D(fxn’fxn-#l)’D(ﬁnH’fjcn+2)} :D(fjcrﬂfxnﬂ)’
Khi d6, (11) tré thanh

D(fxn+l9fjcn+2) < D(fjcn?fjcnﬂ) g m01 ne N

Suy ra {D(fx,, fx,,,)} 1a diy don di¢u gidm va

khongam.Dodé6 r =1lim D( fx,, fx,.,) = 0. Giasir

n—>0

r>0.Do g la4dnhxa Meir-Keeler « - f -co tdng
quatnénvdi € =r >0, tim ¢ > 0 saocho (10) dugc

théaméan. Do lim D( fx,, fx,, ) =r néntdntai N
dé r < D(fx,, fxy,,) < Kr+ 8. Mitkhéc, tachiing
minh duge M, (f)(xy,Xy,,) = D(fxy, fXy,,)- Do
do, r <M (f)(xy,xy,) <Kr+o.

Khi d6, do g la 4nh xa Meir-Keeler «a - f

-co tdng quét nén ta ¢

D(gx,,gxy.,) S Ka(x,,x,, )D(gx,,gxy,)<T.

Do d6 D(fxy,y, fxy,,) =D(gxy, gxy,,) <T-
DPiéu nay mau thuin vdi dinh nghia ca r. Vay

il’lf{D(ijn,fan), neNp=r=0.

Pinh li 2.7. Cho (X,D,K) la mdt khdng
gian kiéu-métric, trong dé D la dnh xa lién tuc
va hai dnhxa f,g:X — X lién tuc trén khong
gian kiéu-métric véi g C,. Gid sit

1) a(x,,x,)=1 vdi moi m> n.

2) Anh xa g la dnh xa Meir-Keeler o - f
-co tong qudt.

3) Néu {x,} la mot day trong X sao cho
a(x,,x, )21 vdi moi m>n va limx, =z thi

n—»o0
a(fx,,z)=21va a(fx,, fz)=1.

Khi ds, f va g cé diém bdt dong chung.

Chitng minh. Lay x,€X, ta xét day {x,}

-lip cla x, theo 4nh xa g thda man tit ca
p 0 8
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gid thi€t clia dinh li. Ta chiing minh dinh i theo
ba budc sau.

Budc 1. Tt BS dé 2.6, ta c6:
mf{D(fx , fx . ), ne N} =0.
Budc 2. Chitng minh tdn tai di€m triing cia

f va g. Taxét hai trudng hgp sau.

Truong hop 1. Tén tai s6 N sao cho
D(fxy, fry,)=0. Khi d6  fxy = fxy, = gxy
hay x, 1a di€m tring ctia f va g.

Truong hop 2. D(fx,, fx,,,)#0 vdi moi
n € N. Ta ching minh ring {fx, } 1a day Cauchy.
Gid st {fx,} khongla ddy Cauchy. Khi d6 tOn tai
&>0 va motday con {fx, } clia {fx,} saocho

D(fx,, fx, )=2Ke. (12)

Chon 6 >0 saocho 0< 6 <& d€ (10) thda

man. TheoBudc 1,tacé lim D( fx,, fx,.,) =0. Suy

_ 9
2K +2)K
v6i moi m > N. Layn, > N, ta chiing minh t6n

ra tontai N saocho D(fx,, fx, ) <

tai mot s6 nguyén j sao cho n < j<m, va

52£D(fxni,ij)<K6+ (13)

Trudc tién, ta chitng minh ton tai gid tri j dé

&+ <D(fx_ ,fx.). 14
oo S PUx,, /) (14)
That vay, tachon j=n,_,, taco
o . ,
D(fx,,fx, )>2Ke=2¢e+ . Tachiing minh
i i+l K+2

bt ddng thic (14) ciing ding v6i j=n,, —1.
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That vdy, gid st D(fx,, fx, )<é&+ ° :
Khi d6 K+2
D(fx,, fx, )< K[D(fx,, fx, )+D(f, o, fx, )]

5 . 8
K+2 2K+2)K

<K(e+ )<2Ke.

Piéu nay mau thudn véi (12). Vay ton tai gid

tri j saocho ¢+

<D(fx,, fx;).
+2 ’

Tuong tu, ta ching minh dudc (13) van ding
khi j=n,, hodc j=n,,. Do dé, ta chon sé

nguyén j nhd nhdt ma 16n hon n, sao cho

&+

X2 <D(fx, 1X))-

. Do do

o
Khidé D(fx ,fx. )<e+
(fx, . fx, ) o

D(fx, , fx;) < KID(fx, » fx; )+ (D(fx; 45 /)]

<K(e+ J + ° )
K+2 2(K+2)K
< ke KLDO
K+2

Vay ton tai s6 j thda man (13). Mit khéc, ta
co
)
<Ka(x,,x;)D(fx, , fx;)
<M, (f)(x,,x;)

<max{D(fx,, fx;), D(fx, ,&x), D(fx;, gx,),

D(fx, > gx;)+ D(Jx;, gx, )
2K

}
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< max{D(fx, . fi, ), Df, + f, s DU, o),

D(fx, ) fx_j+l) + D(](jcni ’ fxn,.+1)

D(fx,, fx;) + > }

D(fx;, fx;.) + D(fx, » %, 1)

:D(fxni,ij)+ >

<Kg+(K+1)5+ ° <
K+2 2(K+2)K

Ke+9.
Do g 1a 4nh xa Meir-Keeler « - f -co tdng quét nén ta suy ra
D(fx, 1> fx;0) = D(gx, ,gx;) < Ka(x, ,x;)D(gx, ,gx;) < &.

biéu nay tuong duong véi Ka(x, ,x,)D(fx, . fx,,,) <& hay D(fx, ., fx,,,) < % Khi dé6

D(fx,, , fx;) < K[D(fx, , X, 1) + DO, 1o J3,0) + DOfx s fx))]

o g o
K( +—+ )=+ .
2K+2) K K 2(K+2)K K+2

Piéu nay mau thudn véi (13). Do d6 {fx } sao cho lim fx =z. Vi f,g la cdc ham lién

n—>x0
R R tuc va fx,,=gx véimoi neN nén tacd
la day Cauchy. Do X day dG nén tontai ze X L
M. = fex, = gfx,. Khidé

fz=f(lim fx,, )=lm ffx ,, =limgfx , = g(lim fx ,, )= gz.

Vay z la diém tring ctia f va g . dong chung. Bat n = fz = gz. Tachling minh 7

BuGe 3. Ching minh f va g c6 diém bat E?Adié(r; bf“ dong chung cia f va g. Tir dicu
ién (3), ta co
D(n, fn)=D(gz, fgz) = D(gz, gfz)
< K[D(gz, gfx,)+ D(gfx,, g/z)]
S Ka(](kn’z)D(gf"xn’gZ)+Ka(.f"x)1’ﬁ)D(gf"xn’gf‘Z)

<M, (N fx,,2)+ M, (f)(f,, f2)
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= max{D(ffx,, f2), D(fz, gz), D(ffx,, gf%,),

+max{D(ffx,, 1fz), D(ffz, &fz), D(ffx,, &%,),

Trong (15), cho n — o va st dung tinh lién
tuc cia D ta dugc D(n, fn)=0 hay fn=n.
Vay fn=gn=n hay n ladiémbatdong chung
cia f va g.

Nhan xét 2.8. Do mdi khong gian ki€u-métric
(X,d,1) 1a khong gian métric nén [1,Theorem
8], [1, Corollary 9] va [1, Theorem 16] lan lugt
la trudng hgp dac biét ctia Pinh i 2.2, Hé qua
2.3 va Pinhli 2.7 khi K =1.

Cudi cling, chiing t6i xay dung vi du minh
hoa cho k&t qua dat dudc.

Vidu2.9.Trén X ={0,1,2}, xétki€u-métric
D v6i K =2xac dinh bdi

D(0,0)=D(1,1)=D(2,2)=0 ,
D(1,2) = D(2,1) = 4,
D(0,1) = D(1,0) = D(0,2) = D(2,0) = 1.

Xétham a:XxX —[0,0) xdc dinh bdi

D(ffx,,g2) + D( /2, gf%,)

2K }
DU, g2)+ DUE.8I%), - 5
2K '

I néu (x,y)=(1,1)

x(%.y) = {O néu (x,y) = (1,1).

Xéthai dnhxa f,g: X — X xdac dinh bdi
f0=0,f1=1,f2=2va g0=2,g1=1,g2=0.

Khi d6 a(l, fl)=a(l,1)=1>1 va cip (f,g)
la « -admissible. Thit vdy, vdi x,ye X
ma  a(x,y)=1, suy ra x=y=1. Khi do
a(fl,g)=a(gl, f))=a(l,1)=1.

Hon ntta, cap (f,g) 1a Meir-Keeler «
-co tdng quat. That vay, v6i mdi £ >0 ton tai
6>0 saocho e<M  , (x,y)<Ke+0, suy
ra (x,y)#=(1,1). Khi dé a(x,y)=0,
Ka(x,y)D(fx,gy) =2a(x,y)D(fx,gy)=0<¢.
DPong thdi, cdc gia thiét con lai clia Pinh 1i 2.2

suy ra

déu thdamin. Dodé f va g c6 di€m bit dong
chung. Hon nita, 1 12 di€m bat dong chung cida

fva g

Tai liéu tham khao
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Summary

In this paper, we introduce the notions of Meir-Keeler « -contractive mappings, generalized
Meir-Keeler « -contractive mappings, generalized Meir-Keeler « -contractive mappings pair,

Meir-Keeler « - f -contractive mappings and generalized Meir-Keeler « -contractive mappings in
metric-type spaces. Also, we establish and prove a number of fixed point theorems for these mappings.
These results are modifications of the fixed point theorems in [1]. Moreover, we provide examples
to illustrate the obtained results.

Key words: fixed point, Meir-Keeler « -contractive, metric-type.
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