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Tom tat
Trong bai viét nay, chlng t6i mé réng kiéu co Ciric trong khéng gian b-metric (Lu va cs., 2019)
bang cach thém vao 4 so hang p(T%x,x), p(T?x,Tx), p(T?x,y), p(T?x,Ty), dé tré thanh
p(Tx,Ty) < Amax{p(x,y),p(x,Tx), p(y, Ty), p(x, Ty), p(Tx,y),
p(T%x,x), p(T?x,Tx), p(T?x,y), p(T?x,Ty)}
trong dé W la khéng gian b-metric, T: W - Wvax,y € W.
Tur khoa: Diém cé dinh, khong gian b-metric, kiéu co Ciric suy réng, tinh chdt Fatou.
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Abstract
In this paper, we extend the Ciric type condition in b-metric spaces (Lu et al., 2019) by adding four
terms p(T?x, x), p(T?x,Tx), p(T?x,y), p(T?x,Ty), to become
p(Tx,Ty) < Amax{p(x,y), p(x,Tx), p(y,Ty), p(x, Ty),
p(Tx,y), p(T?x,x), p(T?x,Tx), p(T?x,y), p(T?x, Ty)}
where W is the b-metric space, T: W - W andx,y € W.
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Chuyén san Khoa hoc Ty nhién

1. Gio6i thiéu

Li thuyét diém cd dinh metric dugc nhiéu tac
gid quan tdm nghién ciru trong thoi gian gin day.
Nguyén va Nguyen (2014) da thiét lép va chung
minh diém cb dinh cho dang ¢-co yéu suy rong
trong khong gian kiéu-metric, & ddy khong gian
kiéu-metric 1a mot trudng hop dic biét ciia khong
gian b-metric. Karapinar & cs., (2012) da chirng
minh mot cach téng quat cua diéu kién co Ciric
cho hai anh xa T va S. Lé (2017) da nghién ctru
dang téng quat ctia khong gian b-metric gid tri
phic va thiét 1ap tinh chat giita b-metric gia tri
phtc va chimg minh dugc ring bén anh xa T, S,
A, B ¢6 duy nhat diém c6 dinh trong khong gian b-
metric gi4 tri phirc tir dinh 1i diém cd dinh trong
khong gian b-metric.

Nhiéu diéu kién vé su ton tai va tinh duy nhat
cta diém cb dinh trong khong gian metric va nhiéu
khong gian metric suy rong khac da dugc thiét 1ap
va chung minh. Trong d6 c6 ciac dang mo rong
diéu kién co Ciric va khong gian b-metric. Luu y
rang, diéu kién co Ciric duoc gidi thiéu trong tai
liéu Ciric (1974) va la mét trong nhiing dleu kién
co tong quat ndi tiéng trong Li thuyét diém ¢ dinh
metric con khong gian b-metric 1a mdt trong nhirng
mo rong cua khong gian metric. Amini-Harandi
(2014) da nghién ctru diéu kién co Ciric trong
khéng gian b-metric bang cach bd sung tinh chat
Fatou. Kumam & cs. (2015) gidi thiéu diéu kién co
Ciric suy rong trong khong gian metric bang cach
thém 4 sb hang

d(T?x,x),d(T?x,Tx),d(T?x,y),d(T?x,Ty)

va chimg minh su ton tai va tinh duy nhit diém c
dinh voi didu kién co nay. Lu & cs. (2019) di xay
dung nhimg vi du chimg t6 rang tinh lién tuc cta b-
metric thyc sy manh hon tinh chit Fatou trong
khéng gian b-metric va thiét 1ap mot dinh 1i diém
c¢b dinh méi cho diéu kién di co ban va cét yéu voi
diéu kién co Ciric voi hé s6 co 1 € [ 1) trong
khong gian b-metric day du va c6 diém ¢ dinh duy
nhit. Ching t6i nhan thiy ring, nhimg két qua
chinh trong tai liéu Lu va cs. (2019) c6 thé duoc
mé rong bang cach str dung ki thuat trong tai liéu
Kumam & cs. (2015) dé c6 duoc két qua tdng quat
hon trong khong gian b-metric.

Trong bai viét ndy, chung t6i mé rong kiéu co
Ciric trong khéng gian b-metric (Lu, & cs., 2019)
bing cach thém vao 4 s6  hang
p(sz' X), P(sz' T.X'),

4

p(T?x,y), p(T?x,Ty), d tré thanh
p(Tx,Ty) < Amax{p(x,y),p(x, Tx),

P, Ty), p(x,Ty), p(Tx,y),
p(T?x,x),p(T?x, Tx),

p(T?x,y), p(T?x,Ty)}

trong d6 W la khéng gian b-metric,

T-W->Wvax,yeW.

2. Mt s6 khai niém va két qua co ban
trong khdng gian b-metric

Trudce hét, ching t6i trinh bay mot sb khai
niém va két qua co ban dugc st dung trong bai bao.

Dinh nghia dudi day dugc md rong tir dinh
nghia ctia khdng gian metric bang cach nhan hé so6
s = 1 vao v¢€ phdi bat dang thirc tam giac.

Pinh nghia 1.1 (Czerwik, 1998). Gia st W la
mot tap hop khéac rong va s > 1 1a mot sb thuc cho
trugc. Anh Xa p: W X W — [0,0) thoa man céac
diéu kién sau véi moi x,y,z € W,

1. p(x,y) = 0néuva chinéux = y.

2.p(x,y) = p(y,x).

3.p(x,y) <slp(x,2) +p(z,y)].

Khi do

1. p duoc goi la mot b-metric trén W ma
(W, p, s) duogc goi la mot khdng gian b-metric.

2. Day {z,} duoc goi 1a héi tu dén ze W
néu lim p(z,,z) = 0.

n—-oo
3. Ddy {z,} dwoc goi la Cauchy néu
lim p(zy,,z,) =0.
m,n—coo

4. Khdng gian b-metric (W, p,s) dugc goi la
day dui néu moi day Cauchy 1a mot day hdi tu.

Amini-Harandi (2014) da dua ra dinh nghia
sau day ve tinh chat Fatou dé nghién cuu két qua
diém co dinh mai trong khong gian b-metric.

Pinh nghia 1.2 ((Amini-Harandi, 2014),
Dbinh nghia 2.4). Gia st (W, p,s) la khong gian
b-metric. Khi d6 p duogc goi la c6 tinh chat
Fatou néu voi {z,} c W, lim p(z,,2z) =0 va

n—oo
y € W thi
p(z,y) < liminf p(z,,y).
n—-oo

Tiép theo, chung t6i trinh bay dinh nghia diéu
kién co Ciric. Pinh nghia nay la m& réng cua
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Nguyén Ii co Banach (Banach, 1922) dinh li_ydiénj
¢o dinh Kannan (Kannan, 1969) va dinh 1i diém c6
dinh Chatterjea (Chatterjea, 1972).

Pinh nghia 1.3 ((Lu & cs., 2019), Dinh nghia
4). Gia st (W, p, s) la mot khbéng gian b-metric va
anhxaT: W - W.

1. Biém x € W duoc goi la diém cé dinh cua
TnéuTx = x.

2. T duoc goi 1a mot kiéu co Ciric néu ton tai
A € [0,1) sao cho v&i moi x,y € W,

p(Tx, Ty) < Amax{p(x,y), p(x, Tx),

p(y, Ty), p(x, Ty), p(Tx, y).

B6 dé sau ddy 1a mot bat ding thic trong tap
sd thyue va duge sir dung trong chimg minh két qua
chinh cua bai viét.

B6 dé 1.4 ((Lu & cs., 2019), B6 d 1). Gid sir
{an}va{b,} la hai ddy sé thirc. Néu {a,} hoi tu thi

liminf max{a,, b,} < max{ hm 0 ay, hm 1nf b,}.

n—-oo

Dinh 1i sau ddy trinh bay sy tn tai va tinh duy
nhat diém cd dinh cho kiéu co Ciric trong khéng
gian b-metric.

Pinh li 1.5 ((Lu & cs., 2019), Dinh li 3).
Gia sw

1. (W, p, s) la mét khéng gian b-metric ddy di.

2.Anhxa T: W = W la mét kiéu co Ciric.
Khi do

1. Néu s = 1 thi T cd duy nhdt diém cé dinh
veWvalimT"z = vvédimpoize W.

n—-oo

2. Néu s > 1 va mét trong cdc diéu kién sau
duwoc théa man

(@) T lién tuc;

(b) p théa méan tinh chat Fatou;

)A€ [0%)

thi T c6 duy nhar diém co dinh veEW va
limT"z = vvdimoiz € W.

n—oo

B6 dé sau thiét 1ap tinh duy nhat ctia gi6i han
trong khong gian b-metric.

Bo dé 1.6. ((Tran & cs., 2015), Nhan xét 3.1)
Gia s (W, p, s) la mét khong gian b-metric va day
{x,} € W. Néu {x,} héi tu thi giéi han diém cia
{x,} la duy nhat.

3. Két qua chinh
Trudc hét, chung toi trinh bay dinh nghia mo
rong cua Dinh nghia 4 trong (Lu & cs., 2019) tu
Kiéu co Ciric sang kiéu co Ciric suy rong bang cach
thém 4 sb hang p(sz x), p(TZx Tx), p(T?x,y),
p(T?x, Ty) vao vé phai ctia diéu kién co.

Pinh nghia 2.1. Gia s¢ (W,p,s)la mot
khong gian b-metric va anh xa T: W - W. Khi do
T duoc goi la mot kiéu co Ciric suy rgng néu ton
tai 2 € [0,1) sao cho véi moi x,y € W,
p(Tx,Ty) < Amax{p(x, ), p(x,Tx),

p, Ty), p(x, Ty), p(Tx, y),
p(T?x,x),p(T?x, Tx),
p(T?x,y), p(T?x,Ty)}. (2.1)
Vi du sau day trinh bay mét dnh xa thoa mén
diéu kién kiéu co Ciric suy rong ma khong théa mén
diéu kién kiéu co Ciric.

Vi du 2.2 (Kumam & cs., 2015), Vi du 2.5).
Gia st

1.X = {1,2,3,4,5} voi

(0 néux =y
2 néu (x,y) € {(1,4),(1,5),
d(x,y) =
%.) i 4,1), (5,1}

1 trwong hop con lai.

2. Anh xa T: X = X dugc xac dinh bai
T1 =T2 =T3=1,T4=2,T5=3.

Khi do

1. d 1a mot metric trén X.

2. T 1a 4nh xa kiéu co Ciric suy rong.

3. T khong 13 4nh xa kiéu co Ciric.
Gidi. (1). Véimoi x,y,z € Xtacdd(x,y) = 0,

dx,y) =0 x = vy,

d(x,y) = d(y,x),

d(x,y) <d(x,z) + d(z,y).

Vay d la mot metric trén X.

(2). Truong hop 1. x,y €{1,2,3} hoac
(x,y) € {(4,4),(55)}. Tacd

d(Tx, Ty) = d(T1,T2) = d(T1,T3) = d(T2,T3)
= d(T1,T1)

=d(T2,T2) = d(T3,T3) = d(1,1) = 0;
d(T4,T4) = d(T5,T5) = 0.
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Tur d6 ta co6 véi moi A € [0,1) thi
d(Tx,Ty) =0
< Amax{d(x,y),d(x, Tx),
d,Ty),d(x,Ty),d(Tx,y),
d(T?x,x),d(T?x, Tx),
d(T?x,y),d(T?x,Ty)}.
Truong hop 2. (x,y) € {(1,4),
(2,4), (3,4), (4,1), (4,2), (4,3)}. Taco

d(T1,T4) = d(T2,T4) = d(T3,T4)
=d(1,2) = 1;

d(T4,T1) = d(T4,T2) = d(T4,T3)
=d(21) = 1;

d(T1,4) = d(T2,4) = d(T3,4)
=d(1,4) = 2;

d(T?1,4) = d(T?2,4) = d(T?3,4)
=d(1,4) = 2;

d(T?1,T4) = d(T?2,T4) = d(T?3,T4)
=d(1,2) =1;

d(T?4,1) = d(T?4,T1) = d(T?4,T2)
=d(T?4,T3) =d(1,1) = 0;
d(T?4,2) = d(1,2) = 1;
d(T?4,3) =d(1,3) = 1.
Tir do ta c6 v6i moi A € [, 1) thi
d(T1,T4) =1
< Amax{2,0,1,1,2,0,0,2,1}
= Amax{d(1,4),d(1,T1),
d(4,T4),d(1,T4),d(T1,4),
d(T?1,1),d(T?1,T1),
d(T?1,4),d(T?1,T4)};
d(T2,T4) = d(T3,T4) = 1
< Amax{1,1,1,0,2,1,0,2,1}
= Amax{d(x,y),d(x,Tx),
d(y,Ty), d(x,Ty),d(Tx,y),
d(T?x,x),d(T?x, Tx),
d(T?x,y),d(T?x, Ty)};
d(T4,T1) =1
< Amax{2,1,0,2,1,2,1,0,0}
= Amax{d(4,1),d(4,T4),
d(1,T1),d(4,T1),d(T41),

d(T?4,4),d(T?4,T4),
d(T?4,1),d(T?4,T1)};
d(T4,T2) =1
< Amax{1,1,1,2,0,2,1,1,0}
= Amax{d(4,2),d(4,T4),
d(2,T2),d(4,T2),d(T4,2),
d(T?4,4),d(T?4,T4),
d(T?4,2),d(T?4,T2)};
d(T4,T3) =1
<Amax{1,1,1,2,1,2,1,1,0}
= Amax{d(4,3),d(4,T4),
d(3,T3),d(4,T3),d(T4,3),
d(T?4,4),d(T?4,T4),
d(T?4,3),d(T?4,T3)}.

Truong hop 3. (x,y) € {(1,5),(2,5), (3,5),
(5,1),(5,2),(5,3)}. Taco

d(T1,T5) = d(T2,T5) = d(T3,T5)

=d(1,3)=1;
d(T5,T1) = d(T5,T2) = d(T5,T3)
=d(3,1) =1;

d(T1,5) = d(T2,5) = d(T3,5) = d(1,5) = 2;

d(T?1,5) = d(T?2,5) = d(T?3,5)
=d(1,5) = 2;

d(T?1,T5) = d(T?2,T5) = d(T?3,T5)
=d(1,3) = 1;

d(T?5,1) = d(T?5,T1) = d(T?5,T2)
= d(T?5,T3) = d(1,1) = 0;
d(T?5,2) =d(1,2) = 1;
d(T?5,3) =d(1,3) = 1.
Tir do ta c6 v6i moi A € [, 1) thi
d(T1,T5) =1
< Amax{2,0,1,1,2,0,0,2,1}
= Amax{d(1,5),d(1,T1),
d(5,T5),d(1,T5),d(T1,5),
d(T?1,1),d(T?1,T1),
d(T?1,5),d(T?1,T5)};
d(T2,T5) = d(T3,T5) = 1
< Amax{1,1,1,0,2,1,0,2,1}
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= Amax{d(x,y),d(x, Tx),
d(y,Ty),d(x,Ty),d(Tx,y),
d(T?x,x),d(T?x, Tx),
d(T?x,y),d(T?x,Ty)};
d(T5,T1) =1
< Amax{2,1,0,2,1,2,1,0,0}
= Amax{d(5,1),d(5,T5),
d(1,T1),d(5,T1),d(T5,1),
d(T?5,5),d(T?5,T5),
d(T?5,1),d(T?5,T1)};
d(T5,T2) =1
<2Amax{1,1,1,2,1,2,1,1,0}
= Amax{d(5,2),d(5,T5),
d(2,T2),d(5,T2),d(T5,2),
d(T?25,5),d(T?5,T5),
d(T?5,2),d(T?5,T2)};
d(T5,T3) =1
<1imax{1,1,1,2,0,2,1,1,0}
= Amax{d(5,3),d(5,T5),
d(3,T3),d(5,T3),d(T5,3),
d(T?5,5),d(T?5,T5),
d(T?5,3),d(T?5,T3)}.
Truong hop 4. (x,y) € {(4,5),(5,4)}.
Tacé
d(T4,T5) = d(2,3) = 1;
d(T4,5) = d(4,T4) = d(5,T5)
=d(4,T5) = d(5T4) = 1;
d(T?4,4) = d(T2,4) = d(1,4) = 2;
d(T?4,5) = d(T2,5) = d(1,5) = 2;
d(T?4,T4) = d(T?5,T4) = d(1,2) = 1;
d(T?5,T5) =d(T3,3) =d(1,3) = 1;
d(T?4,T5) = d(T2,3) =d(1,3) = 1;
d(T?5,4) = d(T3,4) = d(1,4) = 2;
d(T?25,5) = d(T3,5) = d(1,5) = 2.
Tir d6 ta ¢6 véi moi 4 € E 1) thi
(Tx,Ty) =1
< 2Amax{1,1,1,1,1,2,1,2,1}
= Amax{d(x,y),d(x, Tx),

d(y,Ty),d(x,Ty),d(Tx,y),
d(T?x,x),d(T?x,Tx),
d(T?x,y),d(T?x,Ty)}.

Tu nhimg truong hop trén ta suy ra (2.1) duoc thoa
man véi moi x,y € X. Vay T la anh xa kiéu co
Ciric suy rong.
(3). Taco vai A € [0,1) thi
d(T4,T5) = 1> Amax{1,1,1,1,1}
= Amax{d(4,5),d(4,T4),

d(5,T5),d(4,T5),d(T4,5)}.
Diéu nay chung to T khong phai 1a anh xa kiéu
co Ciric.

B dé 2.3 sau day la mo rong cua B6 dé72
trong (Lu & cs., 2019) tur kiéu co Ciric sang kiéu
co Ciric suy rong.

Bo dé 2.3. Gia sur
1. (W, p, s) la mét khong gian b-metric.

2. Anh xa T:W - W la mét kiéu co Ciric
suy rong.

3. z=12zy €W va {z,} la mot day duwoc xdc
dinh boi z, = Tz,_1 = T"zyVvoi moin € N.

4. Tdp con H ciia N X N duoc xdc dinh boi
H={(mn)meNneNvam < n}.

5. Anh xg L: H = [0, ) dwoc xdc dinh béi

L(m,n) = max{p(z;,z;):m < i <j < n}.
Khi dé

1.Voimoi (myn) E Hvan — m > 1.

2.L(m,n) = max{p(zm,zj) :m < j <n}voi
moi (m,n) € H.

3. Ton tgi M >0 sao cho L(0,n) <M véi
moi n € N.

Chitng minh. (1). Giasdt (m,n) e H,n — m > 1.
Voimoii,jENvam + 1 <i<j<nviTla
mot kieu co Ciric suy rong nén

p(zi,2) = p(T2i-1,T7_1)
< Amax{p(zi_l,zj_l),
P(Zi—pTZi—1)»P(Zj—1;TZj—1)'
P(Zi—pTZj—1);P(TZi—1'Zj—1).
p(T?2i_1,2;_1), p(T?2;_1,TZ;_1),
p(TZZi—lle—l)'p(Tzzi—llTZj—l)}
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= Amax{p(z;_1,2j_1),p(2i-1,2)),
p(2j-1.2), p(2i-1,7)), p(21,2j-1),
P(Zit1,2i-1), p(Zi41, 2),
P(Zi+1'Zj—1)'P(Zi+1; Zj)}
batP(m,n) = {p(zi,zj): m <i<j<n}
Vim+ 1<i<j <nnéntaco
m<i—-1<j—-1<n,
m<i—-1<i<n,
m<j—1<j<n,
m<i—1<j<n,
m<i<j—1<n,
m<i+1<i—1<n,
m<i+1<i<n,
m<i+l<j—1<n,
m<i+l1l<j<n
Tur do suy ra {P(Zi—p Zj—1)' p(zi-1,2),
p(2-1.2),p(2i-1.)), p(21,2-1),
p(Zi+1;Zi—1):p(Zi+1;Zi)'p(Zi+1'Zj—1);

p(2is1,2)} € P(m,n) U {0}.

Vivay,
maX{P(Zi—l:Zj—1):P(Zi—1»Zi)»P(Zj—1»Zj);

P(Zi—pZj),P(Zi:Zj—l),P(Zi+1,Zi—1),

P(Zi+1;Zi);.0(Zi+1,Zj—1)»P(Zi+1,Zj)}
< max{P(m,n) U {0}}
= maxP(m,n)
= L(m,n).

Két hop (2.2) ta suy ra p(z;,z) < AL(m,n) Vi
m+1<i<j<n

Vay L(m + 1,n) < AL(m, n).

(2). Xét (m,n) € H.

Gia sur L(m,n) = 0. Khi do
max{p(zl-,zj): m<i<j < n} =0. Suy ra
p(zi,z)) =0 véi moi m<i<j<n Vay
max{p(zm,zj): m<j < n} = 0.

2.2)

Gia st L(m,n) > 0. Tu y (1) ta cé voi
m+ 1<i<j<n,

p(zl-,zj) < AL(m,n) < L(m,n).

Suy ra L(m,n) = max{{p(zi,zj): m<i<
j=< n}\{p(zi,zj): m+1<i<j< n}} =
max{p(zi,zj): m=i<j< n}
= max{p(zm,zj): m<j< n}

(3). Vi 1 €[0,1) nén ton tai g € Nsao cho
29 < < Néu L(0,n) < L(0,q) voi moi n € N thi
(3) xay ra. Nguoc lai ton tai ng €N sao cho
L(0,ny) > L(0,¢). Khi d6 theo y (2) ta 6 0 < j <
n, s cho p(zo,z;) = L(0,n,). Néu 0 < j < g thi
L(0,ng) = p(z0,2) <L(0,q) di€u nay mau
thuan vi L(0,n,) > L(0,q). Vay q <j <n,. Ap
dungy (1) taco
p(20.4) < sp(z0.2q) + 5p(24. 7))
sp(zo,zq) + sL(q, nq)
sp(zo,24) + sAL(q — 1,ng)

A IA

IA

sp(zo, zq) + s/qu(O, nq).

IA

Suy ra
L(O, nq) < sp(zo,zq) + sAqL(O, nq).
L(O,nq) < Jm p(ZO,Zq).

S

bat M = max{L(O,q),mp(zo,zq)}. Do
do, ta dugc L(0,n) < M véi moin € N.

BO dé 2.4 sau day la m& rong cua Bo dé 3
trong (Lu & cs., 2019) tur kiéu co Ciric sang kiéu
co Ciric suy rong.

Bo dé 2.4. Gia st

1. (W, p, s) la mgt khdng gian b-metric.

2. Anh xg T: W = W la mét kiéu co Ciric
suy rong.

Vay

Khi do véi moi
Cauchy trong /.
Ching minh. Gia sir (m,n) € H, bang cach &p
dung B6 @¢ 2.3, ton tai M > 0 sao cho

p(Zm, zn) < L(m,n)

z€W va {T"z} la mgt day

< AL(m—1,n)
< ..

< A™L(0,n)

< A™M.
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Vi 1< [0,1) nén cho m,n — oo trong bat ding
thire trén ta duoc

lim p(z,,2, = 0.
m,n —»oo

Vay {z,} la ddy Cauchy trong W.

Bing cach st dung B d‘éq2.3 va Bo dé 2.4,
chung t61 ching minh dinh li diém c6 dinh sau day
cho ki€u co Ciric suy rong trong mot khong gian b-
metric day du.

Pinh li 2.5. Gia su

1. (W, p, s) la mét khong gian b-metric ddy di.

2. Anh xa T:W > W la mét kiéu co Ciric
suy rong.

Khi do

1. Néu s =1 thi T ¢6 duy nhdt diém co dinh

yeEWvalimT"z = yvdimoizeW.
n—-oo

2. Néu s > 1 va mét trong cac diéu kién sau
duwoc thoa man

(@) T lién tuc;
(b) p théa man tinh chdt Fatou;

©1¢€ [03);

thi T c¢6 duy nhar diém c6 dinh y e W va
limT"z = yvoimoizeW.

n—>oo

Chitng minh. Gia st z = zy € W va {z,} 1a day
dugc xac dinh bdi z, = Tzp,_, = T"z V6i moi
n € N. Ap dung Bé dé 2.3, day {z,} la mot day
Cauchy trong W. Vi W 1a ddy du nén ton tai
y € Wsaochorllgrc}oTnz— y.

Tiép theo ta chitng minh néu T c6 diém cb
dinh thi diém co6 dinh la duy nhat. Gia st x, x' la
hai diém c6 dinhcua T.

Tacé
p(Tx,x") = p(x,Tx") = p(T?x,x")
= p(T%x,Tx") = p(x,x")
va
p(x,Tx) = p(x',Tx") = p(T?x,x)

= p(T?x,Tx) = 0.
Tu(2.1)taco
0<p(x,x")=p(Tx,Tx")

< Amax{p(x,x"), p(x,Tx),
p(x',Tx"), p(x, Tx"), p(Tx, x"),

p(T?x,x), p(T?x, Tx),
p(T?x,x"), p(T?x,Tx")}
= A p(x,x").

VIAE[Ol) nén p(x,x") = 0. Do d6 x =x'. Vay
néu T ¢ diém cb dinh thi diém cb dinh 1a duy nhat.

) Cudi cung ta chi can chiing minh T c6 diém
¢ dinh.

(1). Gia s s =1. Khi d6 (W,p,s) la mot
khong gian metric day du. Vi T la kiéu co Ciric suy
rong nén véi moin € N,

P(Zn+1, Ty) = p(Tz,, Ty)
< Amax{p(zy, y), p(zy, Tzy),
P, Ty), p(2n, Ty), p(T 2, y),
p(TZZn' Zp), p(TZZn' Tzy),
p(T%2y,¥), p(T?2,, TY)}
= Amax{p(zn, y), p(Zn, Zn+1),
P, TY), p(20, TY), P(Zn+1,¥),
P(Zn12,2n), P(Zna2, Zna1),
P(Zn12,Y), P(Zna2, TY)}
V:I %i_r)rgozn = y va p lién tyc, cho n — oo trong bit
dang thtrc trén ta dugc
0< p(y,Ty) < 2p(y, Ty).

Vi 2€[0,1) nén p(y,Ty) =0. Do d6 y =Ty.
Vayy la diém co dinh cua T.

(2). Gia sir s > 1 va (2a) xay ra. Tu tinh lién
tuc cia T ta co

y =limz, = limTz,_4

n—-oo n—oo

=T (Jim z0-1) =Ty
Vay y la diém c6 dinh cua T.
Gia sur (2b) xay ra. Tir T la kiéu co Ciric suy
rong ta cé véi moin € N,
P(Zns1,Ty) = p(Tzy, Ty)
< Amax{p(zn, ¥), p(2n, TZy),
P, TY), p(zn, TY), p(T2y, y),
p(T?2zy, 2), p(T% 2, T2y,),
p(T?2y, ), p(T%2n, TY)}
= Amax{p(zn, ¥), P(Zn, Zn+1),
P, Ty), p(zn, Ty),
P(Zn+1,¥), P(Zn+2,Zn),
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p(zn+2' Zn+1)l P(Zn+2' y):
P(Zn+2,Ty)} (2.3)
Vi lim z,, = y va p c6 tinh chat Fatou nén
n—-oo
p(y,Ty) <liminfp(z,, Ty)
n—-oco
= liminfp(z,4+1,Ty)
n—oo
= liminfp(z,42, Ty). (2.4)
n—oo
Mat khac, vi limz, =y va {z,} la day
n—-oo
Cauchy nén
7li_)nc}op(zn: y) = %i_r)rolop(zn» Zn1)
= Tlli_l:gop(zn+1'Y) = Ai_{l;lop(zn+z'zn)
= rlli_{rc}op(zn+2'zn+1) = Ai_{l;lop(zn+2' )
=0. (2.5)

Bing cach ap dung B6 dé 1.4 va (2.3), (2.4),
(2.5) ta dugc

0<p(,Ty) < liminfp(zp.1,Ty)
= liminfp(Tz,, Ty)
n—-oo
< liminf,,_, (A max{p(z,,y),
P(2n, Tzy), p(y, Ty),
P20, TY), p(Tzn, y),
p(T%2n, 2n), p(T? 2y, T2y),
p(T?2n,¥), p(T %25, TY)})
= liminf (A max{p(z,, y),
n—-oo
P(Zns Zn41), P, TY),
P(Zn, TY); p(Zn+1' Y)'
p(zn+2' Zn)' p(Zn+2' Zn+1)v
P(Zn+2,¥), P(Zn+2,TY)})
< Amax{ lim p(z,,y), lim p(z,,, Z,41),
n—oo n—-oo
lim p(y, Ty),liminf p(z,, Ty),
n—-oo n—-oo
Tlli_r)glop(zn+1' }’), AI_IBOP (Zn+2: Zn):

7111_{210 P(Zn+2) Zn+1), rglgop(znn Y,
Jliminf p(zn42,TY)}

< Amax{0,0,p(y, Ty), lirtl‘riglfp(zn, Ty),
0,0,0,0, “,Igglfp(zmz: Ty)}

S A llm infp(Zn+2; TY)
n—oo

10

=1 lirrpﬁig.}fp(an,Ty).
Tu do6 ta co
0 <liminfp(zn41,Ty)
<1 liTrln_>ior01fp(zn+1,Ty).
ViAd€[0,1)nén linm_)ioglfp(sz,l,Ty) = 0.
Vio<p(yTy) < linm_)iorolfp(an,Ty) =0
nén p(y,Ty) = 0. Do &6 y = Ty. Vay y la diém ¢
dinhcuaT.

Gia str (2c) xay ra. Vi T la kiéu co Ciric suy
rong véi hé sb co 1 € [0, %) nén tir (2.1) ta c6 véi
moin € N,
p(zn41,Ty) = p(Tz,, Ty)

< Amax{p(zy, y), p(zn, T2y),
P, Ty), p(zn, TY), p(Tzpn, y),
p(TZZn' Zpn), p(TZZn' Tzy),
p(T%2n,¥), p(T?2n, TY)}
= Amax{p(zyn, y), p(Zn, Zn+1),
P, Ty), p(zn, TY), p(Zn+1,¥),
P(Zns2,2n), P(Zns2) Zns1),
P(Zn+2,¥), P(Zn+2,TY)}.
Ta co, néu p(z,41,TY) < Ap(y, Ty)
thi p(2n+1, TY) < Asp(Zn+1,¥) + Asp(Zn41, TY).
p(zn+1, TY) < Asp(zp+1,¥) +

(2.6)

Ta cling cé
Asp(Zpi1, TY)

< Asp(Zn+1,Y) Z p(Zn41, TY) —
ASP(Zn+1' TY)

& Asp(zn+1,¥) =2 (1 — A5)p(Zp41, TY).
Vi A€ [0,%) nen 1—As >0. Do do
p(Zn41,Ty) < %p(znﬂ,y)-

Néu p(2p41,TY) < 2p(2,, TY) thi
P(Zn+1, TY) < Asp(2Zp, Zny1) + Ap(Zns1, TY).
Ta co P(Zn11, Ty) < Asp(Zn, Zny1) +
Ap(Zn41, Ty)
& Asp(zn, Zns1) Z P(Zns1, TY) — Asp(Zp41, TY)
& Asp(Zn, Zni1) 2 (1 — A5)p(2n41, TY).
Vi A€ [0,%) nen 1-As>0. Do do

A
P11, TY) < 7750 (Zn) Zns)-



Tap chi Khoa hoc Pai hoc Bdng Thap, Tap 11, Sé 2, 2022, 03-12

Néu p (241, TY) < Ap(Zns2, TY)

thi p(Zn+1'Ty) = Asp(zn+2vzn+1) +
Ap(zn+1, TY).
Ta co P(Zns1, TY) < A5p(Zny2, Zns1) +
Asp(Zni1, TY)

= )lSp(Zn+2,Zn+1) = p(Zn+1vT3/) -

Asp(zn41, TY)
S Asp(Zn+2,Zn+1) = (1 — A5)p(Zp11, TY).
Vi Ae[ l) nén 1— As>0. Do do

p(Zn+1'Ty) = 1-1s p(Zn+2:Zn+1)
Do d6, két hqp Vai (2.6) ta cd voi moin € N,
0 < p(zn41,TY)

<2 max{p(zn, y), p(zn. Zn+1),
TP i1, Y) 7o P (s Zngn),

p(Zn+1) }’)» p( Zn+2, Zn); P(Zn+2r Zn+1);

2.7)

Vi 7111m z, = y va{z,} la ddy Cauchy nén ta cd

S
p(Zn+2;y) — As p(Zn+2;Zn+1)}

lim max{p(zn, ¥), p(Zn, Zn+1),

As

S
= P Y) T P20 Zns),

p(Zn+1' Y)' p(Zn+2' Zn)' p(Zn+2' Zn+1)v

S
p(Zn+2'Y) — s p(Zn+2'Zn+1)} = 0.

Vi vay, chon — oo trong (2.7) ta dugc

lim p(zp41,Ty) = 0.
Suy ra lim z,,, = Ty. Két hop véi lim z, = y va
tinh du;_)nT]ét cua gidi han trong Bén?icéo 1.6, ta co
Ty =y.VayyladiémcodinhcuaT.

Vi du sau déy trinh biay mot 4nh xa c6 thé ap
dung Pinh 1i 2.5 ma khong thé ap dung Pinh 1i 1.5.

Vi du 2.6. Gia sir
1. X = {1,2,3,4,5} véi

Onéux =y
_ ) 2néu(x,y) € {(1,4),(1,5),
dxy) = { (4,1), (5,1}

kl trwong hop con lai.

2. AnhxaT: X - X duoc xac dinh boi
T1 =T2 =T3=1,T4=2,T5=3.

Khi do

1. (X,d,s) 1a mot khong gian b-metric dy du
Vi s = 1.

2. T la &nh xa kiéu co Ciric suy rong. Do d6
chiing ta c6 thé ap dung Dinh 1i 2.5 cho T..

3. T khong la anh xa kiéu co Ciric. Do do6
chung ta khéng thé ap dung Dinh Ii 1.5 cho T.
Gidi. (1). Theo Vi du 2.2 thi d |a metric trén X. Do
d6 (X,d, s) 1a mot khdng gian b-metric day du véi
s = 1. Ta chimg minh tinh day du. That vay, gia si
{x,} la day Cauchy. Ta c6 nlrinm d(xp, Xm) = 0.
Do d6 t6n tai ny sao cho voi moi m,n = ny, ta co
d(xn, xm) < % Theo dinh nghia cua d ta suy ra
d(xp, xym) =0 hay x, = x,,, V&i moi m,n = n,.
Vay Tlli_rgoxn = Xn, hay day {x,} laday hoi tu.

(2). Theo Vi dy 2.2.(2) thi T 1a 4nh xa kiéu co
Ciric suy rong.

(3). Theo Vi du 2.2.(3) thi T khong la &nh xa
kiéu co Ciric.

Vi kiéu co Ciric 1a truong hop riéng ciia kiéu
co Ciric suy rong nén tir Pinh 1i 2.5 ta ¢6 hé qua sau.

Hé qua 2.7. (Lu & cs., 2019), Dinh 1i 3).
Gia sw

1. (W, p, s) la mét khéng gian b-metric day di.

2. Anh xa T: W = W la mét kiéu co Ciric.
Khi do

1. Néu s = 1 thi T c6 duy nhdt diém cé dinh
v€E€ Wvalim T"z= vvdimpizeW.

n-oo
2. Néu s > 1 va mét trong cac diéu kién sau
dwoc thoa man
(a) T lién tuc.
(b) p théa man tinh chdt Fatou.

©Ae [oi)

thi T c6 duy nhar diém co dinh veW va
lim T"z = v vdimoiz € W.

n—oo
Loi cam on: Nghién ciru nay dugc su hd trg
boi dé tai ma sb SPD2020.02.01.
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