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Tém tit

Trong bai bdo nay, ching toi gidi thiéu khdi niém dnh xa (p,)- f -co yéu tong qudt
trén khéng gian kiéu-métric sdp thie tie. Pong thoi, ching t6i thiét lap mot dinh li diém bdt
déng chung cho 16p dnh xa ndy trén khéng gian kiéu-métric sdp thir tw va suy ra mot sé hé
qua tu dinh Ii nay. Hon nita, chung toi ciing xday dung vi du minh hoa cho két qua dat duoc.

Tir khéa: diém bat dong, kiéu-métric, anh xa (p1,1)) - f -co yéu tong qudt.

1. Giéi thi¢u

Céc dinh 1i diém bat dong 1a cong cu hiru ich trong viéc khao sat su ton tai nghiém cua
cac bai toan lién quan dén phuong trinh vi phan, phwong trinh tich phan va phuong trinh dao
ham riéng. Trong cac dinh li diém bat dong, nguyén li anh xa co Banach trong khong gian
meétric dﬁy du duoc xem 1a dinh li co ban nhét. Cung v6i sy phat trién cta toan hoc, nguyén
li anh xa co Banach dugc m¢ rong cho cac 16p anh xa khac nhau cling nhu cho cac khong
gian khac nhau. Trong hudéng nghién ctru mé rong nguyén li anh xa co Banach cho cac
khong gian khac nhau, mét sd tac gia da xay dung nhitng khong gian métric suy rong nhu 2-
métric [2], D-métric [4], G-métric [11], S-métric [12]... va thiét lap dinh li diém bat dong
trén cac khong gian métric suy rong do.

Gan day, trong [8], Khamsi d3 gi6i thiéu mot khai niém métric suy rong méi nhu sau.

Pinh nghia 1.1 ([8], Definition 2.7). Cho X 1a tap khac rong, K > 1 1a mot s6 thyc va
D: X xX —[0,+00) la mdt anh xa thoa man cac diéu kién sau.

(1) D(z,y) = 0 khiva chi khi z = y;

(2) D(z,y) = D(y,z) voéimoi z,y € X;

(3) D(z,z) < K(D(v,y,) + D(y,,y,) + ...+ D(y,,2)) v6i moi z,9,y,,...,y ,2 € X,
moi n € N.

Khi 46, D duogc goi 1a kiéu-métric trén X va (X, D, K) duoc goi 1a khéng gian kiéu-
métric.

R rang, mdi khong gian métric (X, d) 1a mot khong gian kiéu-métric (X,d,1).

Trong [3], [6], [7], cac tac gia da xet mot khong gian kiéu-métric khac, trong dé diéu
kién (3) ctia Binh nghia 1.1 duoc thay boi diéu kién sau

(3’) D(z,2) < K(D(z,y) + D(y,z)) vé6imoi z,y,z € X.

Trong bai bdo nay, ching tdi xét khong gian kiéu-métric theo Pinh nghia 1.1. Mot sd
khai niém lién quan dén khong gian kiéu-métric nay dugc trinh bay nhu sau.

(*) Khoa St pham Toén — Tin, Trudng Pai hoc Pdng Thap.
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Pinh nghia 1.2 ([8], Definition 2.8). Cho (X,D,K) la khong gian kiéu-métric va
{z }1a mot day trong X. Khi do

(1) Day {z } duoc goi la hgi tu dén z e X, viét Ia limz = =, hodc {z } — x néu

n—00

lim D(z ,x) = 0. Khido, 2 dugc goi la diém giGi han cta diy {z }.

n—oQ

(2) Day {z } duoc goila day Cauchy néu hm D(z ,z )=0.

(3) Khéng gian (X, D, K) dugc goi 1a day dii néu moi diay Cauchy trong (X, D,K) la
day hoi tu.

Nhin xét 1.3. Trong khong gian kiéu-métric (X, D, K), topd dugc hiéu 1a topd cam
sinh boi sy hoi tu cia nod. Diéu néy c6 nghia 13 tip G mo trong khong gian kiéu-métric
(X,D,K) khi va chi khi véi mdi z € G, moi ddy {z,} C X ma limz =z thi ton tai

n—oo

n, € N sao cho z € G v6i moi n > n . Khi do, kiéu-métric D : X x X — [0,4+00) lién
tuc tai (2,y) néu va chi néu lim D(z ,y ) = D(z,y) v6i moi ddy {z },{y } trong X ma

n—0o0

limz =z valimy =y.

n—00 v n—00

Nhin xét 1.4. Trong [5], cac tac gia dd chung to rang kiéu-métric trong Pinh nghia 1.1
1a anh xa khong lién tuc, xem ([5], Example 2.1).

Ménh dé 1.5. Cho (X, D,K) la khong gian kiéu-métric. Néu day {x } hoi tu thi diém
gidi han dé duy nhat.

Chirng minh. Gia sir ton tai z, € X sao cho limz =z va hm r, =y Tacod

D(z,y) < K[D(x, xn) + D(xn,y)].
Suyra D(z,y) = 0 hay x = y. Vay {z_} héi tu t¢i mot phan tir duy nhat. ]

Trong [1], Chandok d giéi thidu khai niém anh xa (u,1))- f-co yéu tong quat trén
khong gian métric sap thi tw. Lop anh xa ndy 1a sy mé rong ciia cac dang anh xa co trong
[1]. Pong thoi, tac gia da thiét 1ap dinh 1i diém bat dong cho 16p anh xa co nay trong khong
gian métric sap thir tu ([1], ‘Theorem 2.1). Trong phan tiép theo, _chung t6i trinh bay lai khai
niém anh xa (u,v)- f -co yéu téng quat trén khong gian métric sap thir ty nhu sau.

Pinh nghia 1.6 ([9]). Ham s : [0,4-00) — [0, +00) duoc goi 1& ham bién thién khodng
cach néu p thoa man hai diéu kién sau

(1) p lién tyc va khong gidm;
(2) u(t) = 0 khi va chikhi ¢t = 0.
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Pinh nghia 1.7 ([10]). Cho X,Y 1a hai tip con cia tap sb thyc. Him ¢ : X x X — Y
dugc goi 1a nira lién tuc dudi trén X x X néu véi méi day {(z ,y )} C X x X, {(z,,y )}
hoi tu dén (z,9) € X x X thi Iiminfo(z ,y ) > (z,y).

n—oo

Ki hiéu W 1a tap cac ham ) : [0,4+00)* — [0,+00) voi ¢ 1a ham nira lién tuc dudi sao
cho ¥(x,y) = 0 khi va chi khi z = y = 0.

Pinh nghia 1.8 ([1]). Cho (X, <) 1a tap sap tha ty, hai anh xa T, f : X — X, ham bién
thién khoang cach p va ham v € W. Khi d6, anh xa T' duogc goi 1a (i, 4) - f -co yéu tong
qudt néu T thoa man

H(A(Ta,Ty)) < p( A Tg) + d(fy. T2)) - 9(d( . Ty). d(f Ta)

voimoi z,y € X, fr > fy.

Trong bai bao ndy, chiing t6i md rong cac dinh 1i diém bat dong cho 16p anh xa (1, 7) -
f -co yéu tong quét trén khong gian métric sap th tu trong [1] sang khong gian kiéu-métric
sap thu tu. BDong thoi, ching t61 xay dung vi du minh hoa cho két qua thu dugc.

Trude hét, chiing toi gidi thidu mot s khai niém can sir dung trong cac két qua chinh.

Pinh nghia 1.9 ([1]). Cho (X, <) 1a tap sap thir ty va hai anh xa T, £ : X — X. Khi d6

(1) Anh xa T duoc goi 1a f-don diéu khéng giam néu v6i moi z,y € X sao cho
fr < fy thi Tx < Ty.

(2) Anh xa T duoc goi 1a don diéu khéng giam néu véi moi =,y € X sao cho = < y thi
Tr < Ty.

DPinh nghia 1.10 ([1]). Cho X la khong gian métric va hai anhxa 7, f : X — X. Khi do
(1) Piém z € X duoc goi 1a diém tring cha T va f néu Tz = fu.

(2) Piém z € X duoc goi la diém bdt dong cua f néu fr = z.

(3) Piém z € X duoc goi 1a diém bat dong chung cia Tva f néu Tr = fr = z.

Ki hiéu, F(T; f)1a tap cac diém bat dong chung ctia T va f.

(4) Tva fduoc goi 1a giao hodn néu Tfr = fTz vé6imoi z € X.

(5) T va f duoc goi 1a tuwong thich yéu néu nd giao hoan tai nhitng diém tring.

Pinh nghia 1.11 ([1]). Cho (X, <) 1a tap sip tha ty va W 1a tip con ciia X. Tap W
duogc goi 1a tap scfp thir tw 16t néu voi u,v € Wthi u < v hodc v < u.

Pinh nghia 1.12. Cho X la tap khéc rdng. Khi d6 (X, D,K,<) duoc goi 1a khéng gian
kiéu-métric sap thir tw néu (X,D,K) la khong gian kiéu-métric va (X,<) 1a tap sap thu tu.
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Hon nita, néu khong gian (X,D,K) dﬁy du thi (X,D,K,<) duoc goi 1a khéng gian kiéu-
métric sdp thir tw day di.
2. Cac két qua chinh
Trude hét, ching t6i gi6i thiéu khai niém anh xa (u,1))- f-co yéu tong quat trén
khong gian kiéu-métric sip thir ty.

Pinh nghia 2.1. Cho (X,D,K,<) 1a khong gian kiéu-métric sip tht tu, hai anh xa
T,f:X — X, ham bién thién khoang cach p va ham ¢ € ¥. Anh xa T duoc goi 1a
(11,1)) - f -co yéu tong qudt néu

1
K(K+1)

voimoi z,y € X, fr > fy.

Tiép theo, chung t6i thiét 1ap va ching minh dinh li diém bét dong cho 16p xa (1,1)) - f -
co yéu tong quat trén khong gian kiéu-métric sap thir tu.

Pinh li 2.2. Cho (X,D,K,<) la khéng gian kiéu-métric day di sap thir tie, trong dé
D la anh xa lién tuc va hai anhxg T, f : X — X thoa man cac diéu kién sau

(1) TX C fX va fX la tap dong;

(2) Tla énh xa f-don diéu khéng gidam va (p,1)) - f -co yéu tong quat;

(3) f va T la twong thich yéu;

(4) Néu {fx } la day khong giam va {fx } — fz € fXthi fr < fzvéi moin € N va
f < f(f2);

(5) Ton tai z, € X sao cho fr, < Tz,.

Khi d6, f va T cé diém bat dong chung. Hon nita, F(T;f) la tdp sdp thir tw tot khi va
chi khi f va T ¢6 duy nhat diém bdt déng chung.

Chirng minh. Khi K =1, Pinh 1i 2.2 tré thanh ([1], Theorem 2.1). Do do, trong chiing
minh nay ta chi xét K >1. Chon z, € X'sao cho fr, <Tz,. Do TX C fXnén ton tai
T, € Xsao cho fr, = Tz,. Do Tz € fX nén ton tai x, € X sao cho fr, = Tz . Tiép tuc

qué trinh nay, ta xay dung dugc ddy {z } C X saocho fz =Tz véimoin € N,

Vi fr, <Tx, = fr, va T 1a anh xa f-don di€u khong giam nén Tz < Tz hay
Jr, < fr,. Vi fr, < fr, va T la anh xa f-don di€u khong giam nén Tz < Tz, hay
Jr, < fr,. Tiép tuc qua trinh nay, ta chimg minh duoc

fxn < fan vaTr <Tzx " vol n € N. (2.2)
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Do fz < fr , néntur(2.1)ta dugc

_ 1
K(K +1)

—w(D(f%Ha T'Tn) ) D(f&?n, T$n+1))

L pae
KK +1) ~

DTz, ,,,Tx,)) < (D(fz,,,,Tz,)+ D(fz,, Tz, ,)))

< Tz,..))-

Vi p don di¢u khong gidm nén

D(Te, . T1) < ————D(Tr,_ Te, )< —
(K +1)

) Tx .

(D(Tx ,Tx, )+ D(Tz

n+1’?

1? n

3 . 1 . . .
bicu nay tuong duong vé6i D(Tx Tz ) < ED(Tmmem) v6i moi n > 1. Lap lai
qua trinh nay ta dugc

Tz ) < %D(Tx Tr )<..< LD(Twl,TxO). (2.3)

n’ n—1 K n

D(Tx

n+1’
Theo tinh chit (3) cta kiéu-métric D, véi m,n € N ma n > m tacod

D(Tz ,Tz,) < K(D(Tz, Tz )+ DTz, Tz ,)+..+ DTz, Tz )). (2.4)

m’ m+1?
Twr (2.4), stt dung (2.3) vado K > 1 nén
D(Tz T )< K(—— 4 —— 4+ \D(Tw. T
m? Ly K g K ER)
- Kim 1 1
= KF1—1D<T:E1’T%) < K1 D(Tx,,Tx,). (2.5)
K
Cho m,n — oo trong (2.5) ta dugc n}irilm D(Tx ,Tx )=0. Do d6 {Tx } la day

Cauchy. Vi fr =Tz vo6i moi n €N nén {fr }cing la ddy Cauchy trong fX. Do
X day di va fX la tap dong nén fX day du. Do d6 {fz } hoi tu trong fX, tic la ton tai
z € X sao cho

lim fz  ~=limTz = fa (2.6)

n—oo n—oo

Tir (2.2), (2.6) va theo gia thiét (4) suy ra fr, < fz véimoi n € N va fz < f(fz).
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Do T 1a (y1,%)- f -co yéu tong quat nén

w(D(Tz fx, ) = (D(Tz T, ))
1

< M(M(D(fz7 Tm‘n) + D(fmwTZ))) - ¢(D(fz7 TLL‘”>,D(f$n,TZ)). (27)

1
Cho n — oo trong (2.7) ta dugc w(D(Tz, fz)) < (———=D(fz,T2)). Vi p la ham
= oo trong (2.7 duge u(D(T2 2)) < pl s DU T2). Vi

khong giam nén D(Tz, fz) ng( fz,Tz). T do, ta c6 D(Tz fz) =0, suy ra
Tz = fz. Do d6, z la diém trung cua T' va f.
Do T va f la tuong thich yéu nén dit w = Tz = fz. Khi d6
Tw="Tf = fTz = fw. (2.8)
Do fw = ffz > fz va Tla (u,1))- f -co yéu tong quat nén

(T, T) < et (DU =)+ D(f Tw) ~V(D(fu T2), DU Tu)

2
< M(m D(Tw,Tz)).

Vi u 1a ham khong gidm nén D(Tw, Tz) < 2 D(Tw, Tz). Kéthop voi K > 1 tacod
K(K 1 1)
D(Tw,Tz) = 0 hay Tw = T=. (2.9)

T (2.8) va (2.9) suy ra fw = Tw = w hay w 13 diém bat dong chung ciia T va f.

Bay gio, gia sir rang F(T’; f) 1a sap tha ty t6t. Ta ching t6 rang diém bat dong chung ciia T
va f l1a duy nhat. Gia sir ton tai u,v sao cho fu = Tu = uva fo = Tv =v. Vi u,v € F(T;f)
va F(T;f) 1a sap thir tu t6t nén u va v so sanh duge. Khong mét tinh tong quat, gia str u > v.
Suyra fu=1u>v= fv. Do fu > fu va T 1a (u,7)- f -co yéu tong quét nén

#(D(u,v)) = w(D(Tu, Tv))

< M(m (D(fu, Tv) + D(fo,Tu))) —b(D(fu, Tv), D(fo, Tu))

2
< M(m D(u,v)).

5 y 1 A ‘s A 2 P L
Vi g 1a ham khong gidm nén D(u,v) < ———— D(u,v). T d6 két hop vé1 K >1 ta
0 g8 (u U)_K(K+1) (u,v) op

¢6 D(u,v) = 0 hay u = v. Vay diém bat dong chung cia T va f 1a duy nhat.
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Nguoc lai, néu 7' va f c6 duy nhat mot diém bat dong chung thi F(T;f)chi c6 mot
phan tir nén sip tht ty tot. L]

Hé¢ qua 2.3. Cho (X ,D,K ,<) la khéng gian kiéu-métric day di sdp thir tw, trong do
D la anh xa lién tuc va dnh xa T : X — X thod man cdac diéu kién sau

(1) T la anh xa don diéu khong giam thoa man

1
D(Tx,Ty)) < p(———(D(z,Ty) + D(y,Tx))) —(D(z, Ty), D(y, Tx

DT, ) < s (DG o) + D0 T)) —(D(s,Ty), Dl T)

v6i moi z,y € X,z >y, trong dé w la ham bién thién khodng cdch va ham ) € U,

(2) Ton tai z, € Xsaocho x, < Tz,

(3) T lién tuc hodc néu {z } la day khong giam va {z } — z € Xthi x < z v6i moi
n € N.

Khi d@6, T ¢6 diém bdt déng. Hon nita, néu véi bat ky x,y € X luén ton tai w € X sao
cho w so sanh dwoc voi xva y thi diém bat dong cua T la duy nhat.

Chirng minh. Ta xét hai truong hop.

Truong hop 1. T lién tuc. Lap ludn tuong ty nhu trong chung minh Dinh 11 2.2 véi f 1a
anh xa dong nhét ta chimg minh duoc {z } la day Cauchy. Do X la day du nén {z } hoi
tu. Gid str limz = 2.

n—oo

Khi 6, vi 7, —lim Tz, =T lima, | = T

n—oo

=Tz vaT liéntucnén z = limz, "

1 n—oo n—oo
Do do, T c6 diém bat dong 1a z.

Bay gio, gid st u va v la hai diém bat dong cua 7. Khi do, ton tai w € X sao cho w
so sanh dugc véi uva v. Vi w so sanh dugc véi u, khong mat tinh tong quat ta gid st

u = w. Vi T 1a 4nh xa khong giam nén suy ra T"u = T"w. Theo gia thiét (1) ta c6
p(D(u, T"w)) = p(D(T"u, T"w)) = w(D(TT" 'u, TT" 'w))

1 n—1 n n—1 n
< M(K(K——f—l)(D(T u, T"w) + D(T" " 'w, T"u)))

—(D(T" 'u, T"w), D(T" "w, T"u))

1 n n—1 n n—1
= M(m(D(%T w) 4+ D(T" 'w,u))) — (D(u, T"w), D(T"  w,u)) (2.10)

1 n -
< M(M(D(U,T w) + D(T" 'w,u))).
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) \ \ A .9 A 1
Vi p 1a ham khong gidm nén suy ra D(u, T"w) < ——— (D(u, T"w) + D(T" 'w, v)).
I g¢g y (u w)_K(KH)( (u, T"w) + D(T" " w, u))
biéu ndy dan dén D(u, T"w) < ——— L D(u,T"'w) < D(u, T"'w). Do d6 {D(u,T"w)} 1a
K +K-1

diy don diéu giam khong 4m. Suy ra tén tai ~ > 0 sao cho lim D(u,T"w) = r. Khi d6 cho

n — oo trong (2.10) va tu tinh lién tyc cia p va ntra lién tuc dudi cua ¢ ta dugc
2r 2r

plr) <

— ) —Y(r,r) < p(————). Vi la ham khong giam nén suy ra

K(K+1)) W )_M(K(K+1)) 7 g g y

r< 2—T Tir 6 két hop véi K >1 suy ra = 0. Do d6 lim D(u,T"w) =0 hay
K(K+1) n—00

lim T"w = wu.

n—oo

Tuong tu, w so sanh dugc véi v ta cling ching minh dugce lim 7"w = v. Do tinh duy

n—oo

nhat cua gi61 han nén v = v.

Truong hop 2. Néu {z } la day khong gidm va {z } — 2z € X thi z <2 Khi do,
trong Pinh 1i 2.2 bang cach chon f 1a 4nh xa d6ng nhat, ta dugc diéu phai chirng minh. n

Trong HE qua 2.3, chon p 1a 4nh xa déng nhét, ta thu duoc két qua sau.

Hé¢ qua 2.4. Cho (X,D,K,-<) la khéng gian kiéu-métric day di sdp thiv tw, trong dé
D la anh xa lién tuc va énh xa T: X — X thod mén céc diéu kién sau.

(1) T la anh xa don diéu khong giam thoa man

D(Tx, Ty) < mwm Ty) + D(y, Tx)) — $(D(z, Ty), D(y, Tx))

voi moi x,y € X, x >y, trong do ham 1 € U,

(2) Ton tai z, € X sao cho x, < Tx;

(3) Anh xa T lién tuc hodc néu day {z } la day khong giam va {z } — z € X thi
r <z voimoin € N.
Khi dé, T cé diém bdt dong. Hon nita, néu véi bat ky z,y € X luén ton tai w € X sao

cho w so sanh dwoc véi xva y thi diém bat dong ciia T 1a duy nhat.

L —/\)(x+y),0</\<;thi ta

Trong Hé qua 2.4 néu z,y) = (———
s viey) (K(KH) K(K +1)

thu duoc két qua sau.
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Hé¢ qua 2.5. Cho (X,D,K,<) la khéng gian kiéu-métric day di sdp thir tw, trong do
D la énh xa lién tuc va anhxa T: X — X thod man cdac diéu kién sau.

(1) T la anh xa don diéu khong giam thoa man

1
D(Tx, Ty) < N D(z,Ty) + D(y,Tx)),0 < A < ——— voi moi z,y € X, T > ¥;
(Tz, Ty) < MD(z,Ty) + D(y, Tx)) KETD y y

(2) Ton tai z, € X sao cho z, < Tx;
(3) Anh xa T lién tuc hodc néu day {z } la day khong giam va {z } — z € X thi
T <z voimoin € N.
Khi d6, T ¢6 diém bdt dong. Hon nita, néu véi bat ky x,y € X ton tai w € X sao cho
w so sdnh dwgc véi xva y thi diém bat dong cua T la duy nhdt.
Cubi cting, chiing toi gidi thiéu vi du minh hoa cho Pinh 1i 2.2.
Vi du 2.6. Xét X ={0,1,2} véi ther ty thong thuong trén R va anh xa
D: X x X — [0,4+00) xac dinh boi
D(0,0) = D(1,1) = D(2,2) = 0,
D(1,2) = D(2,1) = 4, D(0,1) = D(1,0) = D(0,2) = D(2,0) = 1.
Khi d6, (X, D) 1a khong gian kiéu-métric sap thir ty ddy du voi K = 2.
Xéthaianhxa T,f: X — X xacdinhboi: T0=T1=T2=0, f0=0,f1= f2=2.

Xétham p(t) = 6t véimoi ¢t > 0 va ham (a,b) = =(a + b) véi a,b > 0.

1
2
Khi d6, véi moi fxr > fy tacod w(D(Tz,Ty)) = p(D(0,0)) =0 va

WD Ty) + DUy T0)]) = V(D Ty). DU )
~u(Z[DU0) + DUy 0)) ~ (D(:0), D(f.0)) = 5 (DU 0) + D0

, 1
Do do, wu(D(Tz,Ty)) < u(g [D(fz,Ty) + D(fy,Tx)]) — ¥(D(fz, Ty),D(fy,Tx)) hay
T1a (p,1)) - f -co yéu tong quat. Pong thdi, cac gia thiét con lai trong Dinh 1i 2.2 déu thoa
man. Do do T va f c6 diém bat dong chung./.
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Summary

In this paper, we introduce the notion of (u,)- f-weakly contractive mappings in

partially ordered metric-type spaces. Also, we establish a common fixed point theorem for
these mappings in partially ordered metric-type spaces and then point out some
consequences related. In addition, we provide illustrated examples for the findings.
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