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Tém tit

Trong bai b&o nay, chiing tdi nghién citu tinh chdt va iing dung ciia ham vé hwéng hoa phi tuyén cua
bai toan téi wu tap véi non phy thuge bién. Triréc hét, chiing tdi mé réng ham vé hwéng hda phi tuyén cho
trieong hop nén phu thuge bién dua trén quan hé thit tu giira cac tap hop. Sau dé, chiing téi khao sat mét
s6 tinh chdt co ban ciia ham vé hwéng héa di xét & trén. Cugi cung, ching toi &p dung cac tinh chat trén
dé thiét Idp diéu Kién toi wu cho bai todn téi wu tap véi non chira bién. Cac két qud cua ching toi 14 méi
hodc mé réng céc két qua di cé truée do.

Tir khéa: Bai todn toi wu tdp, ham vé hwdng héa phi tuyén, nén phu thudc bién.
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Abstract

In this paper, we study properties and applications of nonlinear scalarizing functions of set
optimization problems with variable cones. First, we extend the nonlinear scalarizing functions in the
case of variable cones based on set less order relations. Next, we investigate some basic properties of
such scalarizing functions. Finally, we apply the above properties to establish the optimal conditions
for set optimization problems with variable cones. Our results are new or improve the existing ones in

the literature.
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Chuyén san Khoa hoc Ty nhién

1. Gio6i thiéu

Trong nhitng nim gan day, bai toan t6i uu da
trj dd dugc nhiéu tac gia trong va ngodi nudc quan
tam, nghién ctru. Lién quan dén bai toan nay, c6 hai
hudng tiép can tuy thudc vao cach ta dinh nghia
nghiém t6i wu. Cach cd dién 1a tiép can theo tiéu
chuin vecto, trong d6 nghiém t6i wu dugc xac dinh
dua trén diém hiru hiéu cua hop cua tat ca cac anh
cua anh xa muc tiéu (xem Jahn, 2011; Luc, 1989).
Nhuoc diém cia cach tiép can nay 1a trong trudng
hop tong quét, anh ciia nghiém tdi wu chua chac 1a
tap “nhd nhat” theo mot nghia nao do. bé khic
phuc nhuogc diém nay, mot hudng tiép can khac da
duoc dé xuit dua trén tiéu chuin tap hop va do do
ta co bai toan toi wu tap twong tmg. Theo do, cic
tap anh s€ duoc so sanh vdi nhau trén co s6 quan
h¢ tho tu gitta cac tap hop duoc dé xuit boi
Kuroiwa (1998). Bai toan t01 uu tap xudt hién trong
nhiéu linh vyc cua san xuét, doi séng va di duoc
nghién ciru boi nhiéu tac gia nhu: Gutierrez & cs.
(2015); Gutierrez & cs. (2012); Hernandez & cs.
(2010); Jahn & Ha (2011); Lam & cs. (2020a);
Lam & cs. (2020D)...

Phuong phap v6 hudng hoa la mot trong
nhitng coéng cu hiéu qua dé nghién ctru bai toan tdi
wu tip noi riéng va cac bai toan trong tdi wu ndi
chung. Nhiéu kiéu ham v6 huéng di duoc dé xuat
boi nhiéu tac gia va thong thudng mdi ham vo
hudng s€ thich hgp cho mdt loai nghiém ctia mét
bai toan nao d6. Péi véi vo hudng hoa phi tuyén
thi mot trong nhitng ham phd bién nhéat 1a ham
Gerstewitz (xem Chen & cs., 2005; Gerstewitz,
1983, Gerth & Weidner, 1990; Gopfert & cs.,
2006, Lam & cs., 2019). Sau d6, kiéu ham nay da
dugc mo rong boi Hamel & Lohne (2002) va
Hamel & Lohne (2006). Gan day, Gutiérrez & cs.
(2015) da nghién ctru sau hon cac tinh chit cua
ham nay va ap dung vao viéc thiét lap diéu kién tdi
vu cho nghiém hitu hiéu va hitu hiéu yéu cia bai
toan tdi uu tap.

Trong cbng trinh cta minh, Gutiérrez & cs.
(2015) dd xét ham vo hudng hoa cho bai toan tdi
uu tap vdoi non ¢d dinh (khéng phu thude bién).
Tuy nhién trong nhiéu truong hop, nén cb dinh
khong phan anh dwoc nhimng tinh hudng phat sinh
do thyc tién dat ra. Chang han, khi ching ta mua
hang hoéa va dich vu trén thi truong thi ti€u chi dé
ta lya chon san phém duoc xac dinh béi mdt nén
thir tu nao d6. Puong nhién rﬁng, non thir ty 36 sé
khac nhau cho timg ddi tuong cu thé, hay noi cach
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khac non thur tu trong truong hop nay la nén phu
thudc bién.

T nhiing quan sat & trén, trong bai bao
nay, chung t6i d¢ xuat mot kiéu ham vo hudng hoa
phi tuyén cho bai toan tdi uu tap v6i non phu thude
bién trén co s& mé rong ham vo hudng hoa cua
Gutiérrez & cs. (2015). Cac két qua nghién ciu
dugc ap dung vao bai toan ti uu tap tuong tng.
CAu trac ciia bai bao duoc trinh bay nhu sau. Phan
2 s& nhic lai cac dinh nghia va két qua duogc sir
dung trong cac phan ké tiép. Cac tinh chat ctia ham
v6 hudng hoa phi tuyén cho bai toan tbi uu tap véi
nén phy thude bién s& duge nghién ctru trong Phan
3. Phin 4 s& trinh bay mot ing dung cia cac két
qua trén vao viéc thiét 1ap mbi quan hé giira dicu
kién téi vu cia bai toan tdi wu tap va bai toan tdi uu
vO hudng twong tng. Cudi cung, cic nhan xét két
luan s& dugc néu trong Phan 5.

2. Kién thirc chuén bi

Cho Y 1a khong gian dinh chuén, C 13 nén 16i,
dong, c6 dinh trong Y, v6i phan trong khac rong.
Ching ta nhéc lai réng mot tap A dugc goi 1a C-
chinh thuong néu A+C #Y, C-dong néu A+C la
mot tép dong, C-bi chan néu voi rn01 lan can U cta
diém gbc trong Y, ton tai mot s6 duong t sao cho
ActU +C, C-compact néu v4i mot phu bat ky

cta A co dang {U,+C:U,
pht con hiru han.

Nhén xét 2.1. Theo Luc (1989) thi mdi tap C-
compact la C-dong va C-bi chan. Hon nira, néu A la
compact thi A la C-compact.

Bo dé 2.2. (Gutiérrez & cs., 2012) Mot tap
hop khac rong AcY la C-chinh thuong néu va chi
néu khong ton tai phan to¢ ee<intC sao cho
—-e+Ac A+C.

Ta ky hiéu P(Y) 1a ho cac tdp con khong
rong cia Y. Voi mdi Q e{C,intC}, ching ta nhic
lai quan h¢ thur tu tap trong P(Y) nhu sau: cho hai
tap hop A BeP(Y),

AjQ B BcA+Q.

la tdp mo} tdn tai mot

Céac quan hé nay duoc gioi thiéu bdi Young
(1931) trong dai s, Nishnianidze (1984) trong Iy
thuyét diém bat dong, va sau d6 1a Kuroiwa (1998)
trong 1y thuyét tdi wu.
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Cho X la khong gian dinh chudn, F:X =Y
lz‘i mot anh xa da tri, va M ’1?1 mot tap con khong
rong cua X. Ta xét bai toan toi uu tap sau day:

(P) Minimize F(x)
subject to xe M.

Goi K:X ==Y 1la anh xa da tri sao cho voi
mdi xe X, K(x) 1a non 161, dong, c6 dinh trong Y,
voi IntK(x) = 3.

Dua trén y tuong cua nghiém cuc tiéu Robust
voi cau truc trgi chtta bién (variable domination
structure) dugce gioi thi€u boi Kobis & Tammer
(2017) va nghiém cuc tiéu‘ dugc gidi thi€u bdi
Kuroiwa (1998), ching t6i dé xuat y tudng nghiém
cua bai toan (P) nhu sau:

Pinh nghia 2.3. Mot phan tir x, € M dugc goi
12 nghiém hitu hiéu cua bai toan (P) néu
xeM,F(x) =K F(%) = F(%) Skp F(X).  Ta
ky hiéu tap hop cac nghiém hitu hi€u cta (P) béi Min.

Cho ScP(Y), ching toi d& xuét cac dinh
nghia sau trén co sé y tudng cua Gutiérrez & CS.
(2015).

DPinh nghia 2.4. Hdm h:S — R U{zo0} duoc
goi la

(i) order representing (order representing
ngat) tai AeS ddi véi X, €M néu,

BeS: h(B)<h(A) = B=y, A
(h(B) <h(A) = B =iy« A tuong img).

(ii) don diéu (don diéu ngat) tai Ae S ddi voi
X, €M néu,

BeS: B=,,, A = h(B)<h(A)
(B=

A = h(B) <h(A), tuong tng).

intK(xy)

h dugc goi 1a order representing (order
representing ngat, don di¢u, don di¢u ngat) trén S,
néu no order representing (order representing ngat,
don diéu, don diéu ngit, tuong tng) tai moi A€ S.

3. Tinh chit ciia ham vé hwéng hoa

Cho e:M —Y 1a anh xa lién tuc sao cho
e(x) eintK(x),vxeM. Duya trén y tudng cua
Hamel & Lohne (2002), Hamel & Lo6hne (2006),
va Gutiérrez & cs. (2015), véi mdi xe M, chlng

t6i dé xuit dinh nghia ham vo hudéng hoa
& v - P(Y) = R U{zoo} nhu sau:
Ex(A)=inflte R A=, te(X) + F(X)},
VAeP(Y).
Ménh dé 3.1. Cho A BeP(Y), khi dé:

(i) Voimoi y e M, néu A la K(y) -bi chan thi
ton tai t >0 sao cho

B —te(y) Sinkey) A

(i) Véi moi ye M, néu A Ia K(y)-compact

va B <

Zimk(y A thi ton tai t >0 sao cho

B +te(y) Sinticeyy A

Chirng minh. (i) Gia st A la K(y) -bi chan.
Khi d6, v6i moi z B, hién nhién ring A—z Ia
K(y)-bi chan va —e(y)+intK(y) 1a mét 1an can
ctia diém gbc trong Y. Do d6, ton tai t >0 sao cho
A—zct(—e(y)+intK(y))+K(y)
=—te(y) +intK(y).
Vi vay AcB-te(y)+intK(y),
B_te(y) jintK(y) A

(i) Do AcB+intK(y) va B+intK(y) la
tap md nén voi moi Z € A, ton tai t, >0 sao cho
z-te(y) e B+intK(y). Diéu nay dan dén

Ac | J(te(y)+B+intK(y))

zeA

- U (te(y) + B+intK(y)+ K(y)).

zeA
Boi vi A la
{z,,....,z,} < A sao cho

nghia 1la

K(y)-compact, ton tai

Ac U(tzle(y) + B +intK(y)).

it t=minft,,...t,}>0, ta di dén
Acte(y)+B+intK(y). Ménh d& di duoc
ching minh. i

Ménh dé 3.2. Cho xe M, AeP(Y), khi do:

(i) &,(A)>—0 néu va chi néu A 12 K(x)-
chinh thuong.

15



Chuyén san Khoa hoc Ty nhién

(i) Néu F(x) la K(x)-bi chin thi
& (A) <o,
Chimg minh. (i) Néu &, (A)=— thi
{teR:A=Z () +F(X)}=R va
| te(®) + F(x)) = A+ K(x). (3.1)

tek

Véi mdi ueY , ta can chi ra ton tai t<0 sao
cho u ete(x)+ K(x). That vay, do e(x) eintK(x),

ton tai e>0 sao cho
B(x):={veY: |[v—e(X)|<¢} cintK(x). Do do, ta
co thé chon t<0 sao cho
e(x)—%u —e(x) :|T1|||u||<e. Vi vay,

e(x) —%u € B(x) intK (x) < K(x) =—%K(x). Cho

nén te(x) —u e —K(x) va uete(x)+ K(x). Két qua
la | J(te(x) + K(x)) =Y. Két hop diéu nay véi (3.1)

t<0
ta thu duoc

Y =Y +F(x) = te() + K(x) + F(x)

t<0

= J(te() + K(x) + F(x)) = A+ K(x).

t<0
Piéu nay c6 nghia 1a A khong K (x) -chinh thudng,
Dao lai, néu A khdng K (x)-chinh thudng thi
te(X)+F(X)cY = A+ K(X),VteR. Do do
A= te(X)+F(x),VteR va &, (A)=—o.
(i) T F(x) 12 K(x)-bi chin, theo Ménh d&
3.1(i), ton tai t>0 sa0 cho A—te(X) =k F (),

nghia 1la F(X)cA-te(X)+intK(x). Tu do
F(x)+te(x) c A+intK(x) < A+ K(x), hay
A= t8(X) + F(x). Do vay &, (A) <+, m

Pinh ly 3.3. VGi moi xe M, ta cé:

(i) &, don didu trén P(Y) dbi véi x.

(i) & (A+te(x))

Chirng minh. (i) Vi moi A, BeP(Y), gia str
A= B, ticla Bc A+K(x). Khi d6

=&, (A+t,VAeP(Y) teR.

{teR:te(X)+ F(X) =B+ K(x)}
cfteR:te(X)+ F(X) = A+ K(x)}.
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Do vay &, ,(A) <&, ,(B).

(ii) Liy AeP(Y), teR, dit

G(x) =

freR:(r—te()+F)cA+KO} 0
H(X)={r eR:re(X) + F(X) c A+ K(x)}.

Hién nhién 1& G(x)=H(x)+t. Cha y ring
G(x) =@ khi va chi khi H(x)=@. Do d6

g (A+te(x)) =+ =&, (A) =+
Mit  khae, néu & (A)<+oo  thi
E L (A+te(X) =&, (A) +t. 0

Pinh 1y 3.4. Cho xeM, gia st F(x) la
K (X) -chinh thuong, khi do:

(i) &« (F(x))=0.

(ii) &, order representing ngit tai F(X) dbi
V6l X néu A la K(x)-dong va
Sox(A) <& (F(X) thl A=y g F(X).

Chirng minh. )] bat
L(X) ={t e R:F(X) =, te(X) + F(X)}. Do
OeL(x) taco &, (F(x)<0. Néu & (F(x)<0
thi tdn tai t <0 sao cho F(X) =, te(X) + F(x), tic
la te(X)+F(x)c F(X)+K(x). Theo B6 dé 2.2,
F(x) khéng K(x) -chinh thuong, 13 diéu mau thuin.

(i) Véi AeP(Y), gia s
& (D) <&, (F(X). Theo (i), &, (A)<0, nén tn
tai t<0 sao cho te(xX)+F(x)c A+K(x). Do d6
F(x) c A+ K(x)—te(x) c A+int K(x). Két qua la
A= —intK(x) F(X) Va g
F(x) ddi voi x.

Hon nira,

moi rang

order representing ngat tai

Hon nira, gia st A la K(x)-dong va
£, () <&, (F(X). Khi db:

Néu &, (A)<& , (F(X) thi bang cach sir
dung 1ap luén nhu trén, ta c6 A=,y F(X) vado
do A=,y F(X).

Néu &,(A)=¢,(F(¥) thi theo (i),
E,(A)=0. Vi thé ton tai mot day {t}, véi
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t \v0 sao cho te(x)+F(x)c A+K(x). Néu
F(x) & A+ K(x) thi ton tai y sao cho ye F(x) va
ye A+K(x). Do A+K(x) la tap dong nén ton tai
n,eN sao cho te(x)+yeY \ (A+K(X)) voi
n>n, Diéu
t.e(x)+F(x) c A+K(x). Dodo A=y, F(X). O

Pinh Iy 3.5. Cho xeM, néu F(x) la K(x)-
bi chidn va B la K(x)-compact thi &, , don diéu

moi nay mau thuan voi

ngit tai B ddi voi x.

Chimg minh. Liy AeP(Y) sao cho
A=k B- DoBla K(x)-compact, theo Ménh dé
3.1(ii), ton tai t>0 sa0 cho A+te(x) <y B V&
do vay A+te(x) =y, B. Khido:

Néu A khdng K(x)-chinh thudng thi, theo
Ménh dé 3.2(), & ,(A)=-o. Chi ¥ rang B Ia
K(x)-chinh thuong, ciing theo Ménh dé 3.2(i),
ge,x(B) > —o0. Do do ge,x(A) < ge,x(B)'

Néu A 1a K(x)-chinh thuong thi, do F(x) 1a
K(x)-bi  chin, theo Ménh d& 3.2,
—0 <&  (A)<+oo. Dinhly 3.3 chota

Sex(A) <t+& (A =¢,, (A+te(x) <, (B).
DPinh 1y da dugc chirng minh. o

4. Ung dung

Trong ph?}n nay, ta ing dung cac két qua trén
vao viée xet diéu kién t61 wu cua bai toan toi uu tap
thong qua bai toan toi vu vo hudng.

Trude hét, ta xét bai toan t6i wu vo hudng

(P§ ) Minimize &, (F(u))
subjectto ue M.

Tap nghiém cua bai toan (P§ ) dugc ky hiéu
boi S(&,,,M).

Néu F(X) =y F(Y) VA F(Y) = F(X) thi
ta n6i F(x) tuong duong v4i F(y) va ky hiéu
F(X) ~ F(y). Véi mdi u, e M, taky higu:

P(u,) ={ueM:F(u)~ F(u,)},

va

Q(Ug) = (M P(U,)) W{u,}-

Pinh ly 4.1. Gia st F c6 gia tri compact, khi
d6 cac ménh dé sau thoa man:

(i) Néu u, € Min thi S(&,, ,M) <= P(u,).

(i) Néu S(&,, ,M)=P(u,) thi u, e Min,

Chirng minh. (i) V6i moi ueQ(u,),u=u,,
taco ueM va F(u)# F(u,). Néu u, e Min thi
F(u,) & F(u)+K(u,). Cha ¥ rang, do F c6 gia tri
compact nén F(u) la K(u,)-doéng. Ngoai ra
F(u,) 1a K(u,)-chinh thudng, vi néu nguoc lai thi
theo B6 dé 2.2, ton tai keintK(u,) sao cho
F(u,) = F(u,) + K(u,) +k = F(u,) +int K(u,).
Do do,
F(u,) + K(u,) = F(u,) +int K(u,) + K(u,)
=F(u,) +intK(u,).
Pay la diéu mau thuin vi F(u,)+K(u,) la tap
déong va F(u,)+intK(u,) 1a tap mé. Dinh ly
3.4(ii) cho ta &, , (F(u)) > &, (F(U,)). Do do

S (e, QUG)) ={u}-

Theo Pinh ly 3.3 (i), &, don diéu trén P(Y)
d6i voi uy. LAy veP(u,), tir F(V) =, F(U,), ta
o &, (FV) <&, (F(U,). Két hop véi (3.2) ta
thu duge S(&,, . M) = P(u,).

(3.2)

(ii) Néu S(&,,, M) =P(U,) thi
S(&e,  QUy)) ={uy} do u, € P(u). Gid st nguoc
lai rang u, & Min, khi d6 t6n tai ueM sao cho
Fu) =) F(u,) va F@u)#F(u,). Do do
UeQU) \{Up}- VI &, don diéu tai F(u,) doi
v6i Uy, &, (FW) <&, (F(Up)). T diéu kién
S(&,,,.QUy)) ={U,} ddn dén diéu mau thuan la
U =uU,. Dinh ly da dugc chirng minh hoan toan. O

5. Két luan

_Bai bao da d¢ xudt ham v huéng hoa phi
tuyén cho bai toan toi uu tdp vdi nén phu thude

bien. Cac tinh chat ctia ham nay d3 dugc nghién
cutru va ung dung vao viéc thiét 1ap dicu kién toi uu
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ctia nghiém hitu hi¢u cia bai toan t6i uu tap thong
qua bai toan t6i wu vo huong tuong tng. Két qua
cua bai bao cé the dugc tiép tuc mo rong dé nghién
ctru diéu kién t01 uu cua nghiém yéu, nghiém ly
tuong, nghiém xap xi cling nhu cac chu dé vé tinh
6n dinh va dat chinh cua bai toan téi wu tap voi ndn
phu thude bién.
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