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VE PINH Li PIEM BAT PONG CHO LGP ANH XA C-CO YEU
TRONG KHONG GIAN S-METRIC SAP THU TU

¢ ThS. Nguyén Trung Hiéu ©, SV. Nguyén Thi Vui ¢

Tém tit

Trong bai bdo nay, ching t6i mo rong cac dinh li diém bat dong cia I6p anh xa C-co
yeu trén khong gian métric sap thir tir trong bai bao [4] sang khong gian S-métric sap thir tur.
DPoéng thoi, chiing téi xdy dwng vi du minh hoa cho két qua dat dworc.

Tir khéa: diém bat dong, anh xa C-co yéu, khong gian S-métric thik tu.
1. Gi6i thiéu

Céc dinh 1i diém bat dong c6 vai tro quan trong trong viéc khao sat su ton tai nghiém
clia céc bai toan lién quan dén phuong trinh vi phan, phuong trinh tich phan va phuong trinh
dao ham riéng. Trong cac dinh li diém bat dong, nguyén li anh xa co Banach trong khong
gian métric day du dugc xem 14 dinh li co ban nhat. Tlr nguyén i nay, nhiéu tac gia di mo
rong sang cac khong gian khac nhau cling nhu cac 16p anh xa khac nhau. Trong huéng
nghién ciru nay, mot so tac gia da xay dyng nhiing khong gian métric suy rong va thiét lap
nhimng dinh 1i diém bat dong trén cac khong gian métric suy rong nay.

Gan day, trong bai bao [7], S. Sedghi, N. Shobe va A. Aliouche di gi6i thiéu mot khai
niém métric suy rong 1a S-métric. Pong thoi, cac tac gia dd mo rong nguyén li 4nh xa co
Banach trong khong gian métric diy du sang khong gian S-métric, xem [7, Theorem 3.1]. Tir
d6 viéc mé rong cac dinh li diém bat dong trong khong gian métric sang khong gian S-métric
duge mot sb tac gia quan tim nghién ctu [1], [2], [3], [5], [6]. Khai niém S-métric va cac
khai niém lién quan dugc trinh bay trong [7] nhu sau.

Pinh nghia 1.1 ([7], Definition 2.1). Cho X 1a mot tip khac rong. Mot S-métric trén
X laanhxa S: X xX xX —[0,0) théa min cac diéu kién sau véi moi x,y,z,a € X.

(i) S(x,y,z)=0 néuvachinéu x =y = z;

(i) S(x,y,2) <S(x,x,a)+S(y,y,a)+S8(z,z,a).

Cap (X,S) dugc goi la khong gian S-métric.

Ménh dé 1.2 ([7], Lemma 2.5). Cho (X,S) la mét khéng gian S-métric. Khi d6
S(,x,y)=S(y,y,x) véimoi x,y € X.

Ménh dé 1.3 ([3], Lemma 1.4). Cho (X,S) la mét khong gian S-métric. Khi d6

) Khoa Su pham Toan - Tin, Trudng Pai hoc Pong Thép.

31



TRUGNG DAI HOC DPONG THAP Tap chi Khoa hoc s6 07 (02-2014)

S(x,x,2)<285(x,x, )+ S(»,v,2),
S(x,x,2) <28(x,x,y)+8(z,2,y)

voi moi x,y,z € X.

Pinh nghia 1.4 ([7], Denifition 2.8). Cho (X,S) 1a mét khong gian S-métric. Khi d6

(i) Mot day (x,) trong X duoc goi la hgi tu vé x néu va chinéu S(x,,x,,x) —> 0 khi
n —> oo, nghia 13 v6i mdi € >0, ton tai n, € N sao cho voi moi n>n,, S(x,,x,,x)<&.

Ki hiéu la limx, = x.

n—0
(ii) Mot day (x,) trong X dugc goi la day Cauchy néu véi mdi & >0, ton tai n, € N
sao cho S(x,,x,,x,) <& véimoi n, m 2 n,.
(iii) Khong gian S-métric (X,S) dugc goi 1a day dii néu mdi diy Cauchy trong (X,.S5)
déu hoi tu.

Ménh d@é 1.5 ([7], Lemma 2.10). Cho (X,S) la mét khong gian S-métric. Néu day
(x,) trong X héi tu thi gi6i han d6 duy nhat.

Ménh dé 1.6 ([7], Lemma 2.11). Cho (X,S) la mét khéng gian S-métric. Néu day
(x,) trong X héituvé x € X thi (x,) la mét day Cauchy.

Ménh dé 1.7 ([7], Lemma 2.12). Cho (X,S) la mét khéng gian S-métric. Néu ton tai

day (x,) va (v,) sao cho limx, =x va limy, =y thi limS(x,,x,,y, )= S(xx,).
n—oo n—» n—

Trong bai bao [4], J. Harjani va cac cong su di gioi thiéu khai niém anh xa C-co yéu
trong khong gian métric sap thir tw. Khai niém nay 13 sy mé rong cua cic dang anh xa co suy
rong trong cac tai liéu tham khao cta [4]. Pong thoi, trong bai bao nay, cac tic gia di thiét
1ap dinh li diém bat dong cho 16p anh xa C-co yéu trong khong gian métric sép tht ty. Trong
phan tiép theo, chung t6i gidi thiéu lai két qua nay.

Ki hiéu W 14 tép cac ham @ :[0,0)° — [0,0) thoéa min cac didu kién sau.
(1) ¢ la anh xa lién tuc;
(ii) @(x,y)=0 khivachikhi x=y =0 v6imoi x,y € X.

Pinh nghia 1.8 ([4], Definition 2.1). Gia sa (X,<) 1a mot tap sip tha tu va
T:X — X.Khidd T duoc goi la anh xa don diéu khong giam néu voi moi x,ye X, ma
x<ytaco Ix<Ty.
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Pinh li 1.9 ([4], Theorem 2.1). Cho (X,<,d) la mét khéng gian métric sap thir tw day
du, anhxa o e va T : X — X la mot anh xa don diéu khong giam sao cho

() d(Tx,Ty) S%(d(x,Ty)er(y,Tx))—(ﬂ(d(x,Ty),d(y,Tx)) VOi X 2 y; (1

(i) Ton tai X, € X sao cho x, <Tx,;
(#ii) T la anh xa lién tuc.
Khidé, T cé diém bdt déng.

Trén co s& nghién ctru céc tai lidu tham khdo c6 lién quan, chiing t6i nhan thay rang
cac dinh li diém bat dong cho 16p anh xa C-co yéu chua duge khao sat trén khong gian S-
métric sip tht ty. Do d6, trong bai bao ndy, chung toi dit van dé mo rong cac dinh 1i diém
bat dong cua 16p anh xa C-co yéu trén khong gian métric sap th ty trong bai bao [4] sang
khong gian S-métric sap thi tw. Dong thoi, ching t6i xay dung vi du minh hoa cho két qua
dat duoc.

2. Cac két qua chinh

Trudce hét, ching t6i thiét 1ap va chirng minh dinh li chinh cta bai béo.

Pinh li 2.1. Cho (X,<,S) la mét khéng gian S-métric sdp thir tw day di, dnh xq
pe¥Y vaT:X —> X lamotanh xa don diéu khong giam sao cho

(1)) S(Tx,Tx,Ty) < %(S(x,x,Ty) +8(3,y,Tx)) = o(S(x,x,Tv),S (v, y, Tx))wix > y;

(i) Ton tai X, € X sao cho x, <Tx,;
(#ii) T la anh xa lién tuc.
Khidé, T cé diém bdt déng.
Chirng minh. Liy X, € X sao cho x, <Tx,. Do T la mét 4nh xa khong giam nén
bang quy nap ta ching minh duoc

Xy STxy ST?xy <. <T"x) <T"'x, <. 2)
bat x,,, = Tx,. Khi do, véi mdi sé nguyén n > 1, tir (2) ta c6

Xo<x <..2x,<Xx,,<... (3)
Tir (1), (3) va Ménh dé 1.3, ta co

S(x x ) S(Tx Txn,TxH)

n+12 " n+l X

<2805, )+ S, 1%, 1, T5,)

n>n>

_w(S(xnaxnaTxn_l)aS(x n 19Tx ))
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|
= (80,552, (X, 1%, 15%,.))

—(D(S(.xn 5 Xps Xy )7 S(‘xn—l > X 15X 41 ))

1

= 5 S(xlkl s xnfl b xn+l ) - (0(0’ S(xnfl s x)kl H 'xn+1 ))

S lLSV(‘xnfl’'X:nfl"anrl)
3
1
(2S(‘xn 1’ n— l’xn)+S(‘xn’xn’xn+l))' (4)

Tir (4) va str dung Ménh dé 1.2, ta duoc

3S(‘xn+1’ n+1’xn) < 2S(xn’xn’xn—l) + S(xn+1’xn+l’xn)‘

Do do
S(x

n+l?> n+l °

x)<S(x,,x,x, ).

Suy ra (S(x,,,,x,,;,x,)) la ddy s6 don diéu giam va khong am. Khi do, ton tai 7 >0
sao cho

limS(x,,,x, ,,x,)=r. (5)

n—>0

Cho n — oo trong (4) va st dung (5), ta dugc

r<11m3S(xn1, X, ) S— (2r+r)—r
Do do th(xn X, 15X,,,) =3 (6)

Cho n —> oo trong (4), sir dung (6) va tinh chét ciia ¢, ta dugc

r<11m S(xn Xy 5 X,) — hm(p(O S(x, ,x,1,%,,)=r—¢(0,3r)<r.

T d6 ¢(0,37) =0 nén »=0. Vi vay, ta co

hm S(x,.,,%,,,,%,)=0. (7)

Trong phén tiép theo, ta s& ching minh (x,) 1a day Cauchy trong X. Gia st nguoc lai,
(x,) khong la day Cauchy trong X. Khi do, ton tai & >0 va chon dugc hai day con (X))
va (x,,,) cua (x,) voi n(k) >m(k) >k thoa man

SXyty> Xy > X)) = € VOi Mo k. (8)

Vé6i m(k) ta c6 thé chon n(k) nho nhat sao cho n(k)>m(k) > k va thoa (8). Khi d6
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Sy 15 X1 X)) < E- )
St dung (8), (9) va Ménh dé& 1.3, ta dugc
< S(xn(k)’xn(k)’xm(k))
< 2S(xn(k) > Xn(ky» xn(kH) + S(xn(k)fl > X (k)12 xm(k))
<2S(xn(k),xn(k),xn(k)71)+8. (10)
Cho k — o trong (10) va st dung (7), ta dugc
ll{i_g}S(xn(k) s Xy > Xom(i)) = 11{1_{1}0 S (X015 Xnii)1> X)) = &- (11
St dung Ménh d& 1.2 va Ménh dé 1.3, ta c6
S(xn(k)—l > X (k)12 xm(k)) < 2S(xn(k)—l > Xn(ky-12 xn(k)) + S(xn(k) > Xn(ky» xm(k)) .
= 2S(xn(k)fl > X (k)12 xn(k)) + S(xm(k)’ Xy xn(k))
< 2S(xn(k)—l’ X (k)1 ’xn(k)) + 2S(xm(k)9'xm(k)’xm(k)—l)
+S(xm(k)—l’xm(k)—l’xn(k))

< 2S(xn(k)—1’ X (k)1 "xn(k)) + 2S(‘xm(k)7‘xm(k)’xm(k)—l) (12)

+2S(xm(k)—l > X (k)12 xm(k)) + S('xm(k) > Xm(ky> Xn(k) )
Cho n — oo trong (12) va str dung (7), (11) ta dugc

g= th(xm(kHaxm(k)q’xn(k)) = llfl_r)g S(xm(k)’xm(k)’xn(k)) = ll_lzzs(xn(k)’xn(k)’xm(k)) =é.

k—o0

Do d6

ll(i_l;l;S(xm(k)fl"xm(k)fl’xn(k)) =é. (13)

Vi X, 60 2 X, Dént (1), ta co

& S S(X, 0005 X0y > X)) = ST 015 T, 4015 T, 40 1)

1
< E(S(xn(k)—l > X (k)-1 ’Txm(k)—l) + S(xm(k)—l > X (k)-1 ’Txn(k)—l )

_¢(S(xn(k)—1 s X 1> L X 1)1 ), S(xm(k)—l 3 X y-15 L X 1)1 )

1
= g(S(xn(k)—l’ Xn(k)-17 xm(k)) + S('xm(k)—l > X (k)-1 xn(k)))
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—=P(S (X, 0015 X)15 X)) S (X1 X1 Xy )

Cho k — oo trong dang thirc cudi, str dung (11), (13) va tinh chét cia @, ta dugc
1 2
e< 5(8 +&)—p(e,e) = 56‘ -p(g,6)<e.

Suy ra @(&,&)=0 hay &=0. Piéu ndy mau thuin véi gia thiét ton tai £ >0. Vay
(x,) la day Cauchy trong X. Vi X la khong gian S -métric day dii nén ton tai z€ X sao
cho limx, =z. Do T lién tuc nén ta co

n—>0

z=limx, , =lim7x, =T (limx,) =7z

n—>o0 n—»0 n
Diéu nay chitng to z 1a mot diém bat dong cua 7. L]

Trong phan tiép theo, chung t6i chimg minh rang Pinh li 2.1 vin con dung khi gia thiét
lién tuc ctia anh xa 7" dugc thay bdi mot gia thiét khac.

Pinh li 2.2. Cho (X,<,S) la mét khéng gian S-métric sdp thie tw day di va

T:X — X la mot anh xa don diéu khong giam sao cho
, 1

(l) S(Tx:TxaTy) < E(S(xax:Ty) + S(y:y:Tx)) _¢(S(x7xaTy)aS(y:y:Tx))
Véi X2 y; (14)

(ii) Ton tai x, € X sao cho x, <Tx,;

(iii) Néu (x,) la mét ddy khong giam trong X sao cho x, —> x thi x, <x véi moi
neN.

Khi dé, T c6 mét diém bat dong.

Chirng minh. Lap luan nhu ching minh trong Pinh 1i 2.1, ta tim duoc day (x,) trong
X va x, — z. Tachung minh 7z = z.

Theo gia thiét (iii), ta suy ra x, <z véimoi n € N. Do do, tir (14) ta dugc

S(Tz,1z,x,,,)=S(1z,1z,1x,)

1

SE(S(Z,Z,Txn)—i-S(x x,,12)) - p(S(z,2,Tx,),S(x,,x,,1z))

nd

x,,12)).

nd

= %(S(Z, z,x,,)+S(x,,x,,12)) - p(S(z,2,x,,,),S(x

Cho n — o va st dung tinh chét cia @, ta dugc

S(Tz,1z,z) < %(S(z,z,z) +S8(z,2,12)) — 9p(S(z,2,2),5(z,2,1z))
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:%S(Z,Z,TZ)_¢(O,S(Z’Z’TZ))

S%S(Z,Z,TZ) =%S(TZ,TZ,Z).

Suy ra S(7z,Tz,z) < 0. Vay T c6 diém bat dong 13 z. O
Pinh li 2.3. Gia sw

(i) Cac gia thiét trong Dinh li 2.1 hodac Dinh li 2.2 dwoc thoa man;

(ii) Voi méi x,ye X, ton tai z € X sao cho z so sanh dwoc véi x, Y.

Khi dé6, T c6 duy nhat mét diém bat déng.

Chirng minh. Theo chimg minh trong Pinh 1i 2.1 va Pinh 1i 2.2, anh xa T’ c6 diém bét
dong. Gia str y, z la hai diém bat dong ctia 7. Khi do, 7y =y va Tz=z. Do T la anh xa

khong giam nén bang quy nap ta chimg minh duge 7"y =y va T"z =z véimoi n e N.
Theo gia thiét ton tai x € X sao cho x so sanh duoc véi y va z. Do T la anh xa

khong giam nén bang quy nap ta chimg minh duoc T"x so sanh dugc véi T"y va T"z voi
moi n € N.

Gia st 7"x so sanh duoc v6i 7" z. Khi @6
S(z,z,T"x)=8(T"z,T"z,T"x)

= S(T(T"'2),7(T"'2),T(T"x)

< %(S(T"_IZ,T"_IZ, T"x)+S(T"'x,T"'x,T"z2))
—p(S(T" 'z, T"'z,T"x),S(T""'x,T"'x,T"2))

= %(S(Z,Z,T"x) +S(T"'x,T"'x,2))
—(S(z,2,T"x),S(T""'x,T" 'x,2))

< %(S(Z,Z,T"x) +S(T"'x,T"'x, 2)) (15)

Suy ra
38(z,z,T"x) < (S(z,z,T"x)+ S(T"'x,T" 'x,2))
28(z,2,T"x) < S(T"'x,T" 'x,2) = §(z,2,T"'x).
Diéu nay cho thdy (S(z,z,T"x)) 1a diy sé don diéu giam va khong 4m. Khi do, ton tai

r >0 sao cho
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limS(z,z,T"x)=r.

n—»w

Cho n — oo trong (15) va su dung tinh lién tuc cua @, ta dugc
1 2
r< g(r+r)—(p(r,r) :gr—qp(r,r) <r
Suy ra @(r,7) =0 khi va chi khi » =0. Do d6 limS(z,z,7"x) =0. Suy ra
n—>0

lim7"x = z. (16)

n—>o0

Lap luan tuong tu nhu trén, ta ching minh duogc

Iim7"x = y. (17)

St dung Ménh dé 1.5, tir (16) va (17) tasuy ra z =y hay T c6 duy nhat mot diém bat
dong. L]

Trong diéu kién (1) ta chon ham ¢ :[0,0)° — [0,00) xac dinh boi
o(a,b) = (% —k)a+b) véi k e (0,%).

Khi d6, @ € ¥ va diéu kién (1) trd thanh
S(Tx,Tx,Ty) < k(S(x,x,Ty) + S(y, y,Tx)).

Do @6 tur Binh li 2.1, Dinh 11 2.2 va Pinh 1i 2.3 ta c6 cac h¢ qua sau.

H¢ qua 2.4. Cho (X,<,S) la mét khong gian S-métric sap thir tw ddy di va
T:X — X la mot anh xa don diéu khong giam thoa man

. . 1
(i) Ton tai so k € [O,g) sao cho
S(Tx,Tx, Ty) <k(S(x,x,Tv)+ S(y, y,Tx)) véi x> y;,
(i) Ton tai x, € X sao cho x, <Tx,;
(@@i) T la anh xa lién tuc.
Khi dsé, T cé diém bat dong.

Hé¢ qua 2.5. Cho (X,<,S) la mét khéong gian S-métric sap thir tw day di va
T:X — X lamot anh xa don diéu khong giam thoa man

(i) Ton tai s6 k € [O,%) sao cho

S(Tx,Tx, Ty) <k(S(x,x,Tv)+ S(y, y,Tx)) véi x> y;
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(ii) Ton tai X, € X sao cho x, <Tx,;

(iif) Néu (x,) la mét ddy khong giam trong X sao cho x, —> x thi x, <X vdi moi
neNlN.

Khi @6, T cé diém bat dong.

Hé¢ qua 2.6. Gia su

(i) Cdc gid thiét trong Hé qua 2.4 hodc Hé qua 2.5 dwoc thod man;

(ii) Véi méi x, y € X, ton tai ze X sao cho z so sanh dwoc voi x, y.

Khidé, T cé duy nhdt mét diém bat dong.

Cubi cung, chung t61 xay dung mot s6 vi du minh hoa cho két qua dat duogc.

Vidu 2.7. Trén X ={(0,1),(1,0),(1,1)} ¢ R* xét thir tu < cho bai:

x <y khi va chi khi x = y.

1
Tréen X xét S-métric xac dinh boi S, (x,y,z)=E[d(x,z)+d(y,z)], voi moi

x,y,z€ X va d 1a métric thong thuong trén R, Khi do, (X,<,S) 1a mot khong gian S-
métric sap thir tu day du.

Xétanhxa T : X — X xac dinh boi 7(1,0)=(0,1), 7(0,1)=(1,0), T(1,1)=(1,1). Ta
c6 T 1a anh xa lién tuc. Do x € X so sanh duoc véi chinh né nén 7' 1a anh xa khong giam.
Talai c6 (L) <T(L1)=(L1).

a+b

Xét ham sd ¢:[0,0)> —[0,00) x4c dinh boi ¢@(a,b) = . Khi @06, v6i moi

x,yeX max>ytaco x=y. Dodo S(Tx,Tx,Ty) =S(Tx,Tx,Tx) =0 va

%[S(x: xaTy)+S(ya y,Tx)]-qo[S(x, xaTy)')S(ya yaTx)]
=§S(x,x,Tx)—q)(S(x,x,Tx),S(x,x,Tx))

= %d(x, Tx) — o(d(x,Tx),d(x,Tx))

2 2
=—d(x,Tx)——d(x,Tx)=0.
3 3

Suy ra diéu kién (i) trong Pinh li 2.1 duoc thoa méan. Vay anh xa T c6 diém bat dong.
Hon nita, (1,1) 13 diém bt dong ctia anh xa T

Bang cach sir dung [3, Vi du 2.6], chung toi ciing ching to dugc ring Hé qua 2.4 manh
hon [7, Theorem 3.1].
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Vidu 2.8. Trén X = {-3,-1,0,2,4} xét S-métric xac dinh bai S(x, y,z) = |x - Z| + |y —z
voimoi x,y,z€ X vatheetw x>y trén X khi va chi khi x,y € {-3,-1,0} va x>y trén R.
Khi d6, (X,<,S) 1a mot khong gian S-métric sap thir tu day du.

Trén X xétanh xa T xac dinh boi:

T(-3)=T(-1)=T0)=0, T(2)=-1, T(4)=-3.

b

Taco

S(T2,T2,T4)=8(-1,-1,-3) =|-1+3|+|-1+3| =4,
S(2,2,4)=2-4|+|2-4|=4.

Suy ra khong ton tai L [0,1) dé S(T2,72,T4)<LS(2,2,4). Do d6, diéu kién co
ctia [7, Theorem 3.1] khong théa man. Do d6, khong thé ap dung [7, Theorem 3.1] cho 4nh
xa T nay. Mit khac, véi x>y tacd x,y€{-3,-1,0}, suyra T'(x)=T(y)=0. Dodo T
la anh xa khong giam va

S(Tx,Tx,Ty) = 5(0,0,0) =0 < k(S(x,x,Ty)+ S(v, y,Tx)) véi k [0,%).

Ta lai c6 T 1a anh xa lién tuc va 0 <T(0)=0. Vay cac gia thiét ctia Hé qua 2.4 déu
théa man. Do do, T c6 diém bat dong. Hon ntta, 0 1a diém bét dong cua anh xa 7./.
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Summary

In this paper, we extend some fixed point theorems of weak C-contractive mappings from
ordered metric spaces in [4] to ordered S-metric spaces. Also, we construct examples to illustrate the
results obtained.
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