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Tém tiit

Trong bai bdo nay ching téi dé xudt khdi niém dwdi vi phin parabolic théng qua dwdi dao ham
parabolic. Bén canh do, chung téi trinh bay mgt so tinh chat cua duoi vi phdan parabolic ciing nhw cac dp
dung cua duwoi vi phdn parabolic vao nghién cuu diéu kién toi wu. Hon nita, trong bai bao nay chiung t6i
cing xdy dung vi du minh hoa cho cac ket qua dat dwoc.

T khoa: Duéi dao ham parabolic, dwéi vi phdn parabolic, diéu kién toi wu, nghiém cé ldp tinh
dia phuong.
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Chuyén san Khoa hoc Ty nhién

1. Mé dau

Pao ham va vi phan 1a cac cong cu quan trong
trong viéc nghién ciru cac bai toan tdi wu. Tuy
nhién trong thyc té ta c6 thé bat gap viéc giai bai
toan t6i wu ma cac ham khong c6 dao ham theo
nghia c6 dién. Vi vay, can thiét phai m¢ rong khai
niém dao ham. Viéc mé rong khai niém dao ham
va vi phan di thu hat nhiéu nha Toan hoc trong
nudc, dac biét trong cac linh vuc ly thuyét ti wu,
giai tich bién phan va di dat nhiéu két qua quan
trong. Chi tiét hon (Dinh, 1991, 99-111) di tim
hiéu céc tinh chat cua dao ham contingent va mot
s6 ap dung cua dao ham nay trong téi wu khong
tron. Gan day, (Huynh & cs., 2014, 463-488) da dé
xuat khai niém dao ham suy rong cap cao cho toi
vu da tri nhu: dao ham Studniarski cip cao, dao
ham theo tia cap cao, trén dao ham theo tia cip
o... Sau d6, mot sb tinh chat va phép toan cua
cac dang dao ham nay da duoc tim hiéu. Cac két
qua nay duoc ap dung vao nghién ctru diéu kién toi
vu va phan tich do nhay cap cao cho mét s6 dang

nghiém cua bai toan t6i vu da tri.

Bén canh viéc mo rong cac khai niém vi phan,
nhidu tac gia con quan tdm dén cac vi phan suy
rong bac cao. Trong sd cac vi phan suy rong béc
cao cho anh xa don tri, dao ham epi bac hai
(second-order epiderivative) duoc gidi thi¢u trong
(Rockafellar, 1988, 75-108) ¢ nhiéu 4p dung quan
trong trong viéc nghién ctu dleu kién can va du
bac hai va nghién ctru tinh 6n dinh tinh cb lap
(isolated calm) cho tap nghiém ciia mot s6 bai toan
t6i wu. Ciing trong bai bao d6 Rockafellar da gidi
thi€u mot loai dao ham suy rong cép hai khac, goi
la dudi dao ham parabolic va dugc dinh nghia nhu
sau: cho f anh xa tir khong gian Banach E vao R.

Pao ham parabolic cua f
v,y € E, dugc xac dinh béi:

tai xeE ddi véi

d?f(x;v,y)
F(x+tv+t2 ) = £ (x) —tdf (x,v)
= lim inf 2 :
t—0" l 2
w—y —t

2

Mot s6 tinh chét, quy tic tinh va 4p dung cua
dudi dao ham parabolic cling dugc trinh bay kha
chi tiét trong quyén sach chuyén khio cua
(Rockafellar & cs., 1998).
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Tuy nhién cho dén nay chua c6 mot loai vi
phan suy rong trén khong gian d6i ngau tuong mg
voi dao ham parabolic dugc dé xuét cling nhu
nghién ciru. Trong bai bao ndy chung t6i dé xuat
khai niém dudi vi phan parabolic, mot loai vi phan
suy rong trén khong gian d6i ngau twong Gmg véi
dao ham parabolic. Bén canh d6 ching tdi cling
thiét 1ap mot s tinh chit va nghién ciru mot sb ap
dung ctia dudi vi phan parabolic.

2. Pao ham parabolic dudi

Trong muyc nay chung t6i ki hiéu E,E, la cac
khong gian Banach; S 1a tap con cua E ; clS,intS
lan lugt 1a bao dong va phan trong ciia S. Trong
diy s thuc t. — 0" nghiala t. >0 va hoi tu vé 0.

Cho f laanhxa f:E >R , phan trén do thi
cua f dugc dinh nghia la

epif :{(x,r)eExR:rz f(x)};

mién hitu hiéu cua f 1a domf ={xeE| f(x) <+o0};

f duoc goi la kha vi Fréchet tai X eint(dom f)
néu f(X+h)—f(x)—f'(X)h=0|h];
la kha vi Fréchet cap 2 tai
V2 f (X):ExE — R sao cho

f(X+h)=f (X)+ f’(i)h+%vzf (x)(hh)+o(Jhf):
tap hop tat ca cac ham kha vi Fréchet cap 2 duogc
ky hiéu la C? dugc goi 1a ham
Lipschitz trén tap Qcdomf néu ton tao L>0

f dwoc goi
X néu ton ftai

ham so f

sao cho |f(x)— f(y)|<L|x—y]|, véimoi X,y eQ;
ham sb f dwoc goi 1a ham Lipschitz dia phuong
tai Xedomfnéu ton tai L>0,6>0 sao cho
[f(x)— f(Y)|<L|x=y|,véi moi X,yelIB(X;5);
ham s6 f dwoc goi 1a ham 156i néu X,y e domf

ta co,

f(Ox+(1-0)y)<0f (x)+(1-0) f(y), VO [0:1];

f  dugc goi la

lim £ (x) = £ (%,);

X—>Xg

lien tyc tai X, néu

Cho xeE,x €E". Gia tri cua

X" tai X duge ky hiéu 1a x"(x) hodc <x*,x>.Sau
day, chang t6i giéi thiéu mdi quan hé tinh
Lipschitz va tinh 16i cua ham so.
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Ménh dé 1 (Mordukhovich, 2013, Corollary
2.27). Moi ham 16i f:R" —R thi Lipschitz dia
phuong tai moi diém thudc phan trong ctia domf.

"ljié’p theo chung t61 can nhéc lai dinh nghia va
mot s két qua vé dao ham parabolic dudi. Cac ket
qua nay la can thiét trong viéc d¢ xuat khai niém va
thiét 1ap mot so két qua ve dudi vi phan parabolic.

Pinh nghia 1 (Pao ham parabolic dwéi)
(Rockafellar, 1998, binh nghia 13.59).

Cho f:E—R hitu han tai x, df (x,v) hitu
han. Pgo ham parabolic dudi cia f tai x theo
huéng v dugc xac dinh boi

d?f(x;v,y)
F(X+ v+t ) = £ (x) —tdf (x,V)
= liminf 2 ,
t—0" l 2
Wy —t
2

trong 46 df (x,v) = liminf f(“tyt)‘ 1) 14 dgo
t—0"

y—-v
ham duoi cia f tai xtheo hudng v.
Sau day ching t6i trinh bay vi du tinh toan
dao ham parabolic dudi cho mdt s6 ham cu thé.
Vi du 1. a) Pao ham parabolic dudi cua
f(x)=2x duogc tinh nhu sau: lay Xx,veR dao
ham dudi ctia f theo hudng v la

f(x+ty)— f(x)
t

df (x,v) = liminf
t—0"
yov

.o 2(x+ty)—2x
t

— liminf (2y) = 2.
t—0"
y—v

Dao ham parabolic dudi cua f la:

d?f(x;v,y)
2
F(x+tv+ ) f () —tdf (x,v)
= liminf 2
t—>0"
Wy

E.t2
2
2
2(X+1tv+ t—w) —2X-t.2v
— liminf 2
t—>0* 1 2
w—y *t

2

o X—tv+tiw
=liminf —————

t—0* 1 2
Wy —_ .t

= Iiminf(%—%+2wj

t—0*
woy

=2y.
b) Pao ham parabolic duéi cua f(x) =|X| tai

X =0 duoc tinh nhu sau: léy veR dao ham dudi
cua f theo hudng v la:

df (%.v) = liminf - XY = T ()
t—0" t
y—v
0+ty|—0
— liminf [0+ty[-0
t—0*
y—)V

= liminf M
t—0* t
y—v
=|v|.
Pao ham parabolic dudi cua f |a:
d?f(X,v,y)

_ t2w _
f(X+tv+—)— f(X)-tdf (x,v)
= liminf 2

e 1
t’w
0+tv+7 —|0|—t|v|
= liminf
Wy 1
’ 2
2
tv+t7 —t|v|
liminf
Y lp
’ 2
]+ | 2]ty
:‘E " 1t2
2
Et2W
=liminf =——
A
)
=[y].
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Vay d*f(x,v,y) =yl
i Tiép theo chung t6i trinh bay mot sé két qua

Vé’ dao ham gluéd V;E\ dao ham parabolic du:(’;i. Cac
két qua nay can thi€t trong cac nghién ctru tiép theo
cua bai bao.

Ménh d@é 2 (Doug, 1993, Ménh dé 2.3b). Cho
E 1a mét khong gian Banach, f:E >R 14 ham
kha vi Fréchet cdp 2 tai xeE.Khi d6 véi moi
yeE taco:

d?f(x,v,y)= VI (X)y + V> (X)(v,v).

Pinh Iy 1. Néu f:R" —»R 1a ham 16i lién
tuc tai x thi véimoi ve R", ta c6:

df (x,v) = lim infw,

t—0"
d*f(x,v,w)
f (x+tv+;tzwj— f (x) —t.df (x,v)

= liminf

t—0"

t2

N~

Chirng minh
Vi df (x,v) = liminf f(x“yt)_ 19

t—>0"
yov

néntaco vt —0",Vvy, >V sao cho,
f(x+t,y,)— f(x)

n

liminf

nN—w

>df (x,v)

va 3f, >0",y, >V sao cho
f(x+ty,)-f(x) _

liminf df (x,v).
n—w tn ( )
— f(x+tntv)—f(x)_ f(X+tni/n)_f(X)

n

= f(x+t,v)= F)=[ f(x+t,y,)— F(9]
= f(x+t,v)—f(x+ty,)
@

n

< L.||x+tnv—(x+tnyn)

=Lt (v-v,)|=0(t,)
trong d6 (1) dung do Ménh dé 1.

Vay df (x,v): lim infw. Vi
t—0" t
d?f(x;v,y)
f(X+tV+E2 ) — £ (x) —tdf (x, V)
= liminf 2
t—>0" 1 )
Wy —t

30

nén ta co
vt —0",Vy, —w sao cho

f (x+tnv+%tfyn]— f (x)—t,.df (x,v)
liminf

n—ow Etnz
2
va 3t, -»0",y, >V sao cho

>d?f (x,v,w)

f (x+ﬂv+%ﬁ27nj— f () - t.df (x.v)

!imoinf - =d?f (x,v,w).
oh
f (x +tv +;tn2wj— f (x)—tdf (x,v)
vt —0",

t

n

N

f (x+tnv+;t§yn — f(x)—t,.df (x,v)

[ =

f]Z

= f(x+tnv+%tfw — f(x)-tdf (x,v)

~——— N

_{f (x+tnv+%tfynj— £ () -t df (x,v)}
=f (x+tnv+ltnzwj— f (x+tnv+1tn2ynj
2 2

<L 2)

x+tnv+%tfw—(x+tnv+%tfynj

1,
= L[=t3(w—
Hzn(w Yo)

trong d6 (2) dung do Ménh dé 1.

=Lo(t7)

Vay
d*f(x,v,w)
f(x+tv+;tzwj—f(x)—t.df(x,v) 0
= liminf .
t—0" 1 2
—t
2

1néuxeQ

Vi du 2. Xét ham s f(x) = ,
—1néuxeR\Q

tai X=0,t=0

Pao ham dudi cua f tai X=0theo hudng
v=0 duogc tinh nhu sau:
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df (0,0)= lim inf
t—>0"
v'—0

f(0+tv) - f(0)
t

@) - f(0)
t

Trong khi do6
liminf (L0 =10
t—0* t

- liminf =10

t—>0"
=0.
£(0+1.0)- f(0)

Vay df (0,0)¢ liminf
t—>0*
Tuong tu ta co

£(t0+ 1120)— f (0)—df (0,0)
d?f(0,0,0) = liminf 2 :
t—0" Etz

2

3. Dwéi vi phan parabolic

Trudc tién, trong muc nay chung t6i gidi thi¢u
khai niém dudi vi phan parabolic thong qua dao
ham parabolic dugi nhu sau.

Pinh nghia 3 (Dwéi vi phin parabolic).

Cho E la mdt khong gian Banach,

f :E —R. Du6i vi phan parabolic cia ham f tai
X theo huéng v dugc xac dinh boi

O (X,v)={x" eE"|xX' (W) <d’f (X,v,w), vweE}.

Vi du 3. Duéi vi phan parabolic cua ham sb
f(x)=x* tai X=0 duoc tinh nhu sau: liy veR
dao ham dudi ctia f tai X theo hudng v la:
f(X+ty)— f(X)
t

df (%,v) = liminf
t—0"
yov

- 2 2
:|iminfw

t—0*"
y-ov
o2 R 2.,2 o2
L XT 4 2tXy +t —X
= liminf y y
t—0* t
y—v

= liminf (2xy +1ty* ) = 2%v.
t—0"
yov

Pao ham parabolic dudi cua f la:

d?f(X;v,y)
2
FRtv+ oY) f () —tdf (K,v)
= liminf 2
Wy le
y 2
2w’
(7+tv+) —X%—t.2%v
. 2
= liminf
Wy le
y 2
t?v? +£t4W2 +12%XwW + t3vw
= liminf
Wy le
y 2

t—>0"
Wy

= liminf (sz + %tzw2 + 2XW + 2tva
=2V° + 2Xy.

Tai X=0 thi d*f (X,v,w)=2v".

Xét

X (w) <d?f (X,v,w)

< XT(w) < 2v2,

voi v=1=x"=0.

Vay o*f (X,v)={0}.

Trén co s¢ tinh chat cua dao ham parabolic
dudi ching t6i d€ xuat mat so tinh chat sau.

Pinh 1y 2. Cho f:E —> R la anh xa kha vi
Fréchet cip 2 tai X va veE

f'(X,v)=0.Khi do

thoa man

) ' néu sz()_c)(v,v)<0
0 f(XN) :{{Vf(x)} néu sz()_c)(v,v) >0
Chung minh
Néu f'(xv)=0 nghia la Vf(X)(v)=0 thi
d®f (X,v,w)

f(¥+tv+;t2w')— F(X)-t.F(%V)

= liminf
t—>0" 1 2
w'ow *t
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(%) + V1 (Y).(tv+;t2'j
= lim inf
el 1

2
+lveg (K).(tv +Lewe 1tzw'] + 0[ v+ ttw ]
2 2 2 2
—+
Etz
2
f(x)-t.f(xv)
Etz
2

Levt (x)w) + 2921 (X))
= liminf 2

t—0" 1 2
w'sw —t

2

%ﬁv? F (VW) +%t4v2 F ()W) + e[

tv+£tzw
2

)

+

Etz
2

= Vi (%)(w) +V2f (>_<)(v,v).

01 (xv) ={s e R (2,w) <071 (xvv) Ywe R'}
{ge]R” &W <Vf( Jw+V2£ (X)) vWeR"}
{geR" &=V

g néu V'f(x)(v, v)<0

e (520

Ménh dé 3. Chof,f,1a cic anh xa trE
vao R.

>SV2f (i)(v,v) Ywe R“}.

Vay &' f(x.v

1. Véimoi Xedomf, A >0,veE, taco

*(Af)(X,v)=20°F (X,v).

2. Voi moi Xxedom(f,nf,) néu f,eC?
veE théaman V£ (X)(v,v)=0thi
*(f+f,)(X,v)20°f,(X,v)+ 1, (X,v) (%)
Hon nita, (*) dang nhu dang thac
VA, (X)(v,v)=0.

Chitng minh

7
A

neu

1. Tu dinh nghia dao ham dudi ta co:

ooy g (AF)(X+ty)—(AF)(X)
d(lf)(x,v)_tiér{]mf .

32

_ liminf Af (X +ty)—2f(X)

t—0* t

) f(X+ty)—f(X)

=liminf A.
t—0*
yov

_ 2 timing L))
t—0"
yov

= A.df (X, V).

Tur dinh nghia cia dao ham parabolic dudi
ta co:

d?(Af)(X,v,w)

At +tv+;t yj 2.1 (%)~ tAdf (X,v)

=tILr10]|nf }tz
’ 2
= 1., = .
f (x +tv+§t y)— f (X) —tdf (X,V)
=liminf A
t—0" 1 2
y—ow —t
= 1, = .
f (x +tv+§t yj— f (X) —tdf (X,v)
=Aliminf
l—;Ov; ltz
’ 2
=2d%f (X,v,w).
Suy ra
O (A1) (Xv)={x e E X" (W) <d’(AF)(X,v,w)|

={X € E"[x"(w) < 2d* f (X,v,w)}

221 (1,v).

Vay 0*(Af)(x,v)=2.0"f (X,
2. T dinh nghia cia dao ham dudi ta co:

d(f,+f,)(X.v)

(f+f,)(X+ty)—(f,+f,)(X)

V) v6imoi 1>0.

= liminf
t—>0" t
yov

_liminf f(X+ty)+f,(X+ty)— f,(X)-f,(X)
t—0" t
yov

_I|m|nf{ (X +ty) - (X)+ fz(x+ty)—fz(x)}
t—>0" t t
yov

i OB g RO R()
t—0" t t—0" t
y—v y—v
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=df, (X,v)+df,(X,v)
trong d6 (1) dang do f, € C%

Tur dinh nghia cua dao ham parabolic dudi ta co:

d?(f,+ f,)(X,v,w)

(f,+ fz)(i+tv+1t2yjf( f+f,) @) —td(f,+f,)(X,v)
- liminf 2

t—0" 1 2
yow —t

fl(i+tv+%tzyjf f,(X) —tdf,(X,v)
= ||m +
o ~t?

N[

f, (i +tv+%t2yjf f,(X) —tdf,(X,v)
liminf

e %tz
= {Vfl(i)w} + V2 (X)(v,v)+d?f, (X, v, w),

trong d6 (2) dang do f, € C%
& (f,+1,)(%.v)
={x" €E"|xX'(W)
<d?(f, +
={x e E"|X' (W) < Vf, Y)(w) +V2£,(X)(v,v)

2

+
Q.
N—h
xl
=
—~
<
=
m
m
—_—

+ V2 (X)(v,v), Ywe E} (%)
{x E"|(x = VE,(X))(w)
<d*f,(X,v,w), vwe E}
={X eE" X = Vf,(X) e’ f,(x.v)}
={x cE |x*ev1=( )+, (%,v)}

Il

<

—h
/—\
\./

+

t Q
N

= o
—

x

<
~—

+V? fl(i)(v,v), vwe E}
=[x e E"|(x = VA,(X))(w)

<d?f,(X,v,w), Vwe E}.

Vay néu f eC’veE théa man

V2 £, (X)(v,v)=>0thi

*(f+f,) (X, V)20 f,(X,v)+ 01, (X,v) (%)
Hon nita, (*) ding nhu dang thac néu
V2, (X)(v,v)=0. O

4. Ap dung vao nghién ciru diéu ki¢n tdi wu
cap 2

Pinh nghia 4. Cho f:E>R véi E Ia

khong gian Banach, x e domf. Khi d6 X duoc goi
la nghiém c6 lap tinh dia phuong cia f néu ton tai
4,r >0 sao cho

f(x)—f(®)>x—x|

Sau ddy ching t6i thiét 1ap diéu kién can cho
nghi€ém c6 lap tinh dia phuong ciia mdt anh xa
thong qua dudi vi phan parabolic.

Pinh ly 3. Néu X la nghiém co lap tinh dia
phuong cua f thi 0€0’f(X,v) véi moi veE
thoa mén

Vx e B, (X).

df (X,v)=0.
Cheng minh:

Gia st X la nghiém co lap tinh dia phuong
cua f. Khido, 34,r >0 sao cho

f()—f(X)2x—%| vxeB,(X)
Gia str df (X,v)=0khi d6 ton tai W eR" va
t > 0(du nho) ta céd

2

f [x +tv+ itw'j -f(X) IYtv+ %tzw’

>
1t2 ~t?
2 2

=d*f (X,v,w)

f (i+tv+;tzw’j— (%) —t.f (X,v)
= lim inf

i 1p
2
= 1, , =
f x+tv+§t w' |- f(X)
= liminf
W 1p

2
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> 23||v||2
>0.

Gia st 0¢0°f (X,
sao cho

v). Khi d6 ton tai weR"

(0,w)y=0>d*f (X,v,w)>0.
biéu nay mau thuan. Do d6 0€0”f (X,v). O
_ Sau day chung toi trinh bay vi du dé chung to
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Suy ra 0°f(0,v)={0} véi moi veR nhung
X =0 khong la nghiém c0 lap tinh dia phuong ctua f.

Vay 0e0*f (X,
df (X,v)=0 nhung X=0 khdng phai nghiém cd
lap tinh dia phuong cua f.

5. Két ludn

Trong bai bao ndy ching t61 da dé xuat khai
niém va mdt so tinh chat ciing nhu ap dung cua
dudi dao ham parabolic. Tuy nhién bai bao chi méi
trinh bay ap dung cua dudi vi phan parabolic vao
nghién ctru nghiém c6 1ép tinh dia phuong dbi vai
bai toan t01 vu khong rang budc. Y tudong nay €0

thé dugc tiép tuc nghién ctru dbi véi bai toan toi uu
rang budc tap, rang budc ham.

V) véi moi v théa man

. Loi cam on: Nghién ctru nay duoc hd tro boi
d¢ tai nghién ctru khoa hoc ma s6 SPD2021.02.01.
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