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TOM TAT

Trong Iy thuyét chudi ham ta biét rdang néu chudi ham hoi tu déu trén mot khodng va
cdc ham thanh phéan khd tich trén khodng 4y thi ham tong ciing khd tich. Muc tiéu chinh
cia bai viét nay la trinh bay mot phdn vi du chitng t6 két qud nay khoéng con ding déi voi
tich phan suy rong va trinh bay chitng minh chi tiét ciia hai két qud vé diéu kién dii dé cé
dugc md rong cho tich phdn suy réng trong tai liéu [2].

1. bt van dé
Chiing ta da bi€t ring (c6 thé tham khdo cdc gido trinh gidi tich nhu trong tai liéu
tham khdo, ching han [6, trang 49]) né€u mdt chudi ham

i f.() =100+ F,)+ -+ f (X)+-

hoi tu déu trén D c R va cdc s& hang d6 kha tich qua mdt khodng hitu han [a,b] cD
nao d6 thi ham tong cla chudi ham nay ciing kha tich trén [a,b], va tich phan cia ham

tdng c6 thé thu dudc bing viéc 1y tdng céc tich phan clia cic s6 hang clia chudi ham Ay,
do la:

i F9dx=]" £, (x)ax+ [ f (1) dbert [, (x)dx =3 [ 1, (x) e

Van dé ditra & diy néu khodng 13y tich phan 13 vd han thi k&t qua trén c6 con diing
nita khong? Nghia 12 tich phin suy rong ctia him tdng clia chudi ham hoi tu déu c6 thé
thu dugc bing tdng cta chudi clia cdc s6 hang 13 tich phan suy rong trén ciing khodng
trén clia cdc s6 hang ctia chudi ham hay khong?

2. N¢i dung nghién cdu

Cau trd 15i cho van dé trén néi chung 13 khong ding. Ta thiy diéu d6 qua vi du sau
dugc Thomas Fiske dua ra trong [2].

® ThS. Khoa St pham, Trusng Pai hoc Tién Giang
" SV. Lép PHSP Todn 09, Trudng Pai hoc Tién Giang
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. o 1 5 1 o e
Xét chuoi ham Z—ZX —€ " _ 5 e™ | trén [0,+oo). Tong riéng cua chudi
— n’ (n+1)

ham la

2 l _XZZ
S (x)=-2x| e = e(m)
n( ) [ (n+1)2 ]

Ta tinh dugc limS, (x)=— 2xe™ . Vay

nN—

f (x)=—2xe™ _z ZX[l e — ( 11)2e‘”+1’zj.
n+

Véimoi xe[0,+), ta uéc lugng dugc
2X e_(nil)z < J2
(n+1)° (n+1)e

N2
sle

SHEERECY

Vay véi >0, chon n, :[

L (x)-f (x)‘<g

Vay chudi da cho hdi tu déu trén [0,+ ).

IM —2X %e_?—%e_m dx=e " —e (™Y
0 n (n+1)

Do do

S g Lo 1
2 {‘Z{Fe" NG e ]]dx d0-o

Trong khi do6 ta tinh dugc

Iow f (x)dx:.[;w(—er‘X2 )dx:e‘XZ =1,

Viy ta co

—l} khi d6 v6i moi Xe[0,+oo) va moi n>n, ta co

~+00

x=0

+0 L ot 1 X 1 - X22
f(x)dx = x| e = o (™ |lgx.
b e { [ (n+1) ﬂ

Nhu vdy qua vi du trén ta nhin thdy d€ c6 ding thitc sau
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rw[Zf de zrw

ngoai diéu kién hoi tu déu cda chudi ham ta can phai thém mot diéu kién nao dé. Trong
bai vi€t nay chiing toi trinh bay chitng minh chi tiét hai k€t qua clia vin dé trén trong bai
bdo cua Fiske [2] da dua ra nhung khéng c6 chirng minh.

DPinh Iy 1. Cho chudi hAim Z f,(X) hoi tu déu trén doan [a,+w), trong d6 cdc ham
f. c6 tich phan suy rong trén [a +oo) véi aeR. Néu chudi ZJ. dX hoi tu déu
trén doan [a,+oo) thi

j”(z f, ]dx Zj”’

Chitng minh. D€ chiing minh dinh 1y ta chitng minh hai diéu sau:

i) Chitng minh chudi s6 ZI x)dx hoi tu.

ii) Chitng minh j”(i Mx)jdx:ijf f, (x)dx
n=1 n=1

i) Ta c6é chudi ZI dt hoi tu déu trén doan [a +oo) nén véi £>0 cho trudc,

ton tai N, tu nhién sao cho véi moi n>n,, v6i moi s6 p nguyén duong va v6i moi

x e[a,+®) ta c6:

U f. (t)dt+LX f (t)dt+---+LX f,,,(t)dt

Véi n>ny, p nguyén duong c6 dinh, do cdc ham f, (), f,,(x),..., f,..(X) c6 tich

1 Tn+2 ! Tn+p

&
<5 (1)

phin suy rOng trén [a,+oo) hoi tu nén ton tai A, >0 sao cho v6i moi A> A,

J:w f.1 (X)dx
<_

.[A f.o (X)dx 20

JA fo.p (X)dx <2—p

Khi d6 v6i moi A> A, ta tinh

&
< —

2p

&

&
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Lﬂofnﬂ dx+f o (X)AX A+ +I oo )dx‘
(bt 0 1)
AEREm——

<

* I:O( Fra (X)+ fop (X) -0+ fmp(x))dx‘
<£+ p.i:g
2 2p

Vé6imoi £>0, ton tai N, tv nhi€n sao cho v6i moi n>n,, véi moi p nguyé€n dudng

ta co

<¢&.

[ A (a7 () [ (X)

Do d6, theo tiéu chuidn Cauchy chudi z I dX hoi ty.

X +o0 Ao A A . P .
ii) V6i ¢ >0 cho trudc, ta c6 chuoi Zj f, (X)dx hoi tu nén ton tai N, >0, v6i moi
a

n>N;:

o0

ZJ:OO f, (x)dx

k=n

&
< —

Mit khac chudi ham z f,(x) va chudi ham hoi tu déu trén [a,+) cho nén véi
n=1
moi Xe[a,+0) va moi n ta suy ra dugc

f(i fk(t))dtz i j f (t)dt.

Bén canh d6 do chudi ham ZI dt hoi tu déu trén [a,+oo) nén ton tai N, >0

sao cho v6imoi n>N,, v6i moi X [a,+oo) ta dugc

Zj t)dt

Liy n,>max{N;,N,}, v6i moi n>ny, ¢6 dinh n lai, do cdc ham

<< suy ra
3 y

f,(x), f,(x),..., f,(X) c6 tich phan suy rong trén [a,+o0) hoi tu nén ton tai A, >0 sao

cho v6i moi A> A, tacé
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Khi dé, tir cic k&t qué trén, véi moi A> A, ta c6

(S ]a-S1 s

< J: fk(x)dx‘JrLA i fk(X)jdX-i- i _Ew f (X)dx
k=1 k=n+1 k=n+1
E &
n—+-+==¢
3n 3 3

Vay jw(i f.(x jdx i [ f,(x)dx. Pinh Iy da dugc ching minh.
1

n=1

Ta nhin thdy diéu kién cia dinh 1y trén khé 4p dung do ta phai xét tinh hoi tu déu
cda chudi ham ZJ dt (diéu nay néi chung khong dé thuc hién). Jordan da dua ra
diéu kién dd dé dang hon dugc phat biéu trong dinh 1y sau.

Pinh Iy 2. Cho chudi hAm Z f, h01 tu déu trén doan [a +oo) trong d6 cdc ham

f, c6 tich phan suy rong trén [a,+oo), v6i aeR, hoi ty. Néu phan du r, (X) ctia chudi

ham i f, (X) vi€t du6i dang 5n(X)(o(X), trong d6 (o(x) la ham duong c6 tich phan suy

rong hoi tu, va ¢, (x) hoi ty déu d&€n 0 trén [a,+oo) thi

j”’(Zf jdx Zj”’

Chitng minh. VG6i ¢ >0 cho trudc, ta c6 (p(x) la ham duong c6 tich phan suy rong

hoi tu nén lim J- )dx =0 nén ton tai A, >0 sao cho véi moi A> A ta dugc

A+
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+0 &
IA @(x)dx <3

Mitkhdc ¢,(x) hoityu déu vé 0 trén doan [a,+o0) nén ton tai n, >0 sao cho

gn(x)\<1, khi n>n,, va v6i moi x e[a,+x)
Khi d6
IAOC rn(x)dx‘:UAwgn(x)wp(x)dx‘
Sj;w gn(x)‘-q)(x)dx
<I:°(p(x)dx
&
<_

2

Ta c6 ¢(X) 1a ham dudng c6 tich phan suy rong trén [a,+0o0) nén ta c6

LA(/)(X)dXSj;wgo(X)dX: M, véi M eR
Mitkhic ¢, (X) hoi tu déu vé 0 nén ton tai n, >0 sao cho v6i moi n>n, ta dudc
£
8”()()‘ < 2M +1
Khi @6 v6imoi A>a
‘ ja’*rn(x)dx‘:‘ LAgn(x)go(x)dx‘
A
SL gn(x)‘-go(x)dx

& A
g1l 0

Mg ¢
= <—
2M +1 2

, VOi Xe[a,+oo)

Ta c6 cdc ham fl(X), f, (X),..., f (X) c6 tich phan suy rong trén [a,+oo) hoi tu nén

I NEACES AT

Chon n, =max{n;,n,}. Khi d6 v6i moi n>ny, ny>0, véi moi xe[a,+x) ta udc
lugng
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S e[ 5000 o -

sjArn(x)dx‘ jmrn(x)dx‘
& &

<Z+=Z=¢
2 2

Vay iﬂw f, dx .[ Z f dX binh ly dugc chitng minh.
n=1

Vi du. Ching ta xét mdt chudi ham V6i muc dich mo td cdc diéu kién clia cdc dinh 1y

2X 2X
trén. Ta c6 chudi ham Z( ) hoi tu déu vé — trén[0,00). Do d6 ta
x*+n x*+n+l X" +1

co

I [Z(xzjr(n x* +n+1)] -[0 x*+1 :%'

Miit khéc ta tinh truc ti€p dugc

e LR CL i B

xX*+n x*+n+1 o 2\/5

Vi vay d6i véi chudi dang xét ta c6

ACE

)dx
x* +n X +n+1

Nox=3 [,

x* +n x*+n+1

Bay gid chiing ta kiém tra cdc diéu kién cta cic dinh 1y 1 va dinh 1y 2. Bay gid ta
xét chudi

J. ( 2x arctan - arctan JF)

x+n x° +n+1) X= Z( Jn+1

Chudi nay h(_)l tu déu vé ham arctan x* trén [0, oo) bdi vi v6i moi x [0, )

arctan -2 F ju
el ¢ odned
trong d6 s, (X) 1a tong riéng thtn. Vay cdc diéu kién ctia Dinh 1y 1 déu thda.

2
|s,(x)—arctan x* |= |

Mit khdc, phan du thit n clia chudi ham da cho 1a
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= (02X 2X 2X 2x(x*+1) 1

W= 3 (2 2y 2 e
Siox ke xXP+k+1” xXP4n+l 0 xXP4n+1 (XT+D)
Ta ¢6 thé chon (X) = —— vi [ X7 enids s, (X)_Zx(x +)
X*+1  gx"+1 2 x* +n+1

X 2x Y3 YF =

_I_
il xantl 24n+1 2\/(n+1) \/n+1

v6i moi X €[0,), cho nén day {¢,(X)} hoi tu déu vé 0. Nhu vay cédc di€u kién cla Dinh
ly 2 déu thda.

&, (X) |=

Trong chudi ham vira xét ta nhan thay ring “d6 khé” vé viéc kiém tra cdc diéu kién
trong céc dinh Iy 1 va dinh Iy 2 dudng nhu khong khdc biét. Tuy nhién néu ta xét céc
X o 1 < 1
chuoi n Z hay — 5 trén khodng [1,00) thi ta nhian
XX+ (X" +n+1) S XE(XT+n)(XT+n+1)

ra cdc ham ¢ (X) va ¢(x) théa di€u kién dinh ly 1 d& dang hon v6i viéc tim chudi ham

cdc tich phan xdc dinh va chitng minh né hdi tu déu theo yéu cau clia diéu kién dinh 1y 2.

3. K&t luan

Nhu vay chiing t6i dd néu ra cic diéu kién dd d€ ching ta c¢6 thé chuyén ddi dau
tich phan suy rong véi can vo tin va diu tong clia chudi ham trong hai dinh 1y trong bai
vi€t, bén canh d6 chiing tdi c6 dwa ra mot vi du dé€ mo ta cac diéu kién cla cdc dinh ly.
Phép chitng minh dugc trinh bay chi ti€t § bai vi€t nay khong c6 trong cdc gido trinh vé
gidi tich cling nhu trong cdc tai liéu tham khdo ctia bai vi€t nay.
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ABSTRACT

SUFFICIENT CONDITIONS FOR INTERCHANGING THE INTEGRAL SIGN OF
IMPROPER INTEGRAL OVER SERIES OF FUNCTIONS

In the theory of series of functions, there is a well-known result that if a series
converges uniformly on an interval and these functions are integrable on the interval, then
its sum is also an integrable function on the interval. The main purpose of this article is to
present a counterexample for an improper integral and the proofs of sufficient conditions

for two generalizations of this result for improper integrals in [2].
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