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Tém tit

Bai bdo tong qudt khdi niém dwong trdc dia 1én da tap véi mdt @, dwa ra phwong trinh
cia chiing dwa vao cdc ky hiéu Christoffel. Tir d6, chiing t6i chirng minh rang trén mdt phang
Vi mdt dj tuyén tinh, trong dia phirong cac dwong cong néi hai diém p, q, dwong cong y, c6

dé dai theo mdt @6 nhé nhat khi va chi khi né ¢é do cong theo mdt do bcing 0.
1. Giéi thi¢u

Vi¢c nghién ctru hinh hoc vi phan trén da tap vo1 mat do ngay cang tang trong 7 nam qua
boi nhitng nha Toan hoc, sinh vién dai hoc, hoc vién cao hoc va nghién ctru sinh sau khi
bai bao “Manifolds with density” cta gido su Frank Morgan xuit ban ¢ tap chi Notices
Amer. Math. Soc. Journal ndm 2005. Mgt da tap vdi mat do 1a mét da tap Riemann voi
mot ham tron duong, goi la mat dg, duogc str dung lam trong sb cho ca thé tich va dién tich
ctia siéu mat. Tiéu biéu cho 16p da tap nay 1a khong gian Gauss. Day 1a mot khong gian
duoc quan tAm rat nhiéu trong Toan tmg dung. Cac thong tin chi tiét vé da tap voi mat do,
ban doc c6 the tham khao thém & céc tai lidu [2], [3], [6]. Dbi véi 16p da tap v6i mat do,
trong nhiéu van dé cua hinh hoc, bai toan ding chu duoc quan tam nhiéu nhit, ngay ca
trudong hop 1- hodc 2-chiéu [2], [3], [4], [5], [9].... Ching ta biét ring, nghiém cua mién
déng chu c6 bién 1a mot duong cong voi do cong theo mat do la mdt héng sb. Trong do,
cac duong trac dia dong vai tro quan trong.

Gromov [8] d& xut mot cach tong quat dd cong trung binh ctia mot siéu mat trén da tap
vGi mat do ¢® boi dang thic
L do
n—1dn

H,=H-

va do d6, tong quat d6 cong theo mat do ciia mot dudng cong duoc xac dinh bai dang thirc:

k, _; e
dn

¢ d6 H 1a do cong trung binh cia mot si€u mat, £ 1a d§ cong dai s0 cua dudng cong va n la

(*) Trudong Pai hoc Pdng Thap.
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truong phép vector hudng ra ngoai cua siéu mat hodc trudong phap vector cua duong cong. Su
mé rong d6 da duoc kiém tra thoa min cac didu kién cia bién phan vé do dai [6]. Chung ta
goi k, la do cong theo mat do cua duong cong.

Trong hinh hoc vi phan cd dién, nhidu két qua vé duong tric dia duoc cong bd [1],
[10],... Trong s6 d6, phuong trinh dudng tric dia c6 nhiéu tng dung. Dua vao phuong phap
bién phéan ciia Lagrange, chung ta c6 phuong trinh xac dinh cac duong tric dia trén da tap
Riemann dang:

d;;;k N i(l‘f},)/)%%:o’ k:l,Z,..-,n

i,j=1
O do, Ff; 1a cac ky hi¢u Christoffel. Muc 2 cta bai bdo m¢ rong khai niém dudng trac dia
trén da tap véi mat do va va xay dung khai niém ¢ -tdc dong. Ménh dé 2.9 chi ra mot dudng cong
la ¢-tac dong cuc ti€u khi va chi khi n6 van toc theo mat do hang va cuc tiéu do dai theo mat do.
Ménh dé 2.10 tong quat phuong trinh ctia duong trac dia Ién da tap vé1 mat do.
Muc 3 dya vao Ménh dé 2.10 dé dua ra phuong trinh cac duong tric dia trén mit phing

Vo1 mat do tuyen tinh. Ttr d6, chiing toi chimg minh rang mot duong cong c¢6 do dai theo mat
d6 ngan nhat ndi hai diém trén mit phang voi mat do tuyén tinh khi va chi khi né c6 ¢-do

cong bang 0 tai moi diém.
2. Phwong trinh dudng tric dia trén da tap véi mat do
2.1. Pao ham theo mat d¢

Cho M 1a mot da tap véi mat do ¢ va f:(a,b) c R - M la mdt ham tron. ¢ — dao ham
ciia ham f tai diém ¢, e (a,b) duoc dinh nghia boi dang thirc:

d ) d
th L) =e o) f(to)

daf

voi o la dao ham cua ham f trén da tap M.

Tur dinh nghia trén, chiing ta lap trc thu duoc H¢ qua.
2.2. H¢é qua
Cho f:IcR->R",t—> f(@t) va r:JcR—>1,s—>1(s) la cac ham kha vi. Khi do, chung

ta co:
dw(fgr) ((d,f or dr
ds |\ ar “ds’

2.3. Do dai cung theo mat d¢

Cho (M,g) 1a mot da tap Riemann véi mat d6 e” va y:(a,b) > M la mot dudng cong
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tron timg khuc trén M. D¢ dai cung theo mat do 1 ,(y) cua dudong cong y dugce dinh nghia

! = L2 dt=| e” =L =L \dt.
=] \/gy( didi ] J.e \/g7(dt dr

2.4. Pudng tric dia cue tiéu trén da tap véoi mat do

boi dang thirc:

Cho (M,g) 1a mot da tap Riemann v6i mat do e”. ¢ — khodng cdch giita hai diém p va g
trén M 13 can dudi cia tap tit ca do dai cung theo mat do cua cac dudng cong tron timg khic
trén M n6i hai diém p va g, ky hiéu d,(p.q).

Néu ton tai mot dudng cong tron timg khuc » ndi diém p va ¢ sao cho do dai cung
theo mét d ciia n6 bang voi ¢ — khoang cach giita hai diém dé thi dudong cong y duoc goi la
mot duong trdc dia cuc tiéu trén da tap voi mdt do hay ¢ — trdc dia cuc tiéu.

Nhu chung ta bict, d§ dai Riemann cua mot duong cong doc lap voi viéc chon tham so
héa ctiia n6. Bo dai cung theo mat do van dam bao dugc tinh chat d6 qua bo dé sau.

2.5. Bo dé

Cho (M,g) la mét da tap Riemann voi mdt do ¢’ va y:(a,b)—>M la mot duong cong
tron néi hai diém p va q. Khi dé, do dai cung theo mdt dg ciia y khéng phu thude vao tham
s6 héa cia né. Nghia la, néu ching ta tham sé twong dwong y béi vi phéi t: <a’,b'> - <a,b> thi
dwong cong y'=y.t co cung do dai cung theo mdt do voi y .

Chirng minh.
Gia su y:(a,b)—>M,s> y(s) va y':(d',b') > M, 1+ y'(0).

Theo dinh nghia d§ dai cung theo mat d9, ching ta dugc:

br , d ! d !
N o(r") 4 7/_
0,0 —L,e g},,( =t sz

¥ ol d(y-r) d(y-7)
— P(7-7)
_L,e \/gw’( a > a )"
b’ dr dy
— P(7-7)
—L,e \/gy(r)( ()dt ds —(7) )

b dy d
= L e’ g, (—y,—yjds ={,()

ds ds

Do do, do dai cia y khong phu thude vao tham sb hoa cta no.
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2.6. Ménh dé

Cho (M,g) la mét da tap Riemann véi mdt d¢ e® va y:(a,b) — M la mot dwong cong tron

d¢ (7°T) (t)

dt

sao cho %(l) #0,Vte <a,b>. Khi dé, ton tai mét vi phéi r:<a,b> —><a,b> sao cho

la doc ldp voi t.

Chirng minh.
0 [ (dy d
Xét ham s:(a,b) —(0,1),t+> J‘ew g, (77;,77;}&, & d6 [ do dai theo mat do ctia duong
cong 7.

Ching ta dé théy §>0. Theo dinh ly ham ngugc, ton tai mot ham kha vi

w :(0,1) = (a,b), t, > w(t,) sao cho:

et Gt ), =0

Tu do suy ra:

dy _ ! , @.1)
dts e€0°]/ (dﬂ/ d)/)
"\dt’ dt
9 (s—a)l ~ VY
biat 7:(a,b) > (0,0), s>y ) R& rang, 7 1a mot vi phoi.
—a
Hon nita, chiing ta lai co:
d -T oT d 7°T oT oT
LT _ |2 )—( ) 1" )(ﬂ(r)jﬁ S )(ﬂ(r)jd—v/. 2.2)
ds ds dt ds| b-a dt dt,
T
Twr cac phuong trinh (2.1) va (2.2), ching ta dugc Z— iy L const. O
A —a

2.7. Dinh nghia

Cho hai diém p, ¢ trén da tap Riemann (M,g) v6i mat do ¢* va y:{a,b)—> M la mot
duong cong tron ndi hai diém d6. Ta goi ¢ — tdc dong hay phiém ham ndng leong theo mat dg
ciia y 1a phiém ham.
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24
d

b
Ay=[1=

dy :
—| dt. 2.3
dt‘ 2.3)

2 b
20.
dt:_[e o7
a

2.8. Ménh dé

Cho (M,g) la mét da tap Riemann véi mdt do e va y:(a,b)—>M la mét duong cong
tron néi hai diém p va q trén M. Gid svr khi s di chuyén tir a dén b, anh ciia né di chuyén véi

d,y
_9
o (s)

y'=y.t:{a,b)—>M la mot tham 6 héa twong dwong cia y, chiing ta co:

van téc h&ng theo mdt do, nghia la la mot hcing s6 theo bién s. Véi

A= A®) (2.4)
ddng thirc théa man khi va chi khi t la danh xa dong nhat.
Chirng minh.
Dé chimg minh ménh dé trén, chiing ta st dung bat dang thirc [10, tr.119]:

Cho t:[a,b]—>[a,b] la mdt ham don diéu, bién dau mut cia doan [a,b] thanh dau mut

b
ciia doan [a,b]. Khi do, I[%jdtzb—a. Pang thirc xay ra khi va chi khi © la mét anh xa

dong nhat.

Chirng minh ménh dé.

2
d
Gia st dLy(s) ds = (b—a).
AY

b
d
=c, Vs e(a,b) . Khi d6, chung ta c6: A(y) = J dLy
S

Mat khac, theo dinh nghia ctia ¢ —tdc dong ciia ham y', ching ta duoc:

2

d v.r
o’ dt

dt

’ b ’ b\d,y dr
di=|, di=|, s &

2 2 2
b
(ﬁj dt:ezj (ﬁ) dt>c2(b—a).
dt o\ dt

. bld ¥y’
- [

o|d,y
J[a

Tudosuyra A(y')=A(y).

Chung ta d& thay dau “=" xay ra khi va va chi khi 7 1a mot 4nh xa dOng nhat.

2.9. Ménh dé
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Cho M la mot da tap Riemann voi mat do e, hai diém P, qtrén M. Khi do, trong 6 cdc
dwong cong noi hai diém p va q, y, la ¢—tic dong cue tiéu néu chi néu y, c6 ¢—vin toc

hang va y, cuc tiéu do dai theo mat do.
Chirng minh.

Gia su y, la mdt tac dong cuc tiéu. Goi 7, la mot tham s6 hoa tuong duong véi Yo, VOI
@ — van tdc hang. Khi d6, chiing ta c6:

A7) < A7) < Ary)-
Diéu nay suy ra: A(yy)=A(,). Do do y,=7,.

Véi moi dudng cong y trén M, ndi hai diém p va ¢, goi y 1a tham sb hoa twong
duong véi 7, ¢6 ¢ — van toc hang. Khi d6, chung ta co:

d 7| d y,[
21 (b-a)=A>F)> =22 (b-a).
2| (b-a)= A7) 2 A(r) =222 (b-a)
Do do, d"i > 47 )
dt dt
Mait khac, ching ta lai c6:
— d(p;/O
L,(r)=L,(7)= (b—a)= @|(b—a)="1,(7y).

Nguoc lai, néu 7, la mot p-van tdc héng va d6 dai cung cuc tiéu theo mat do. Tinh toan
tryc tiép ching ta thiy y, 1a mot ¢ —tac dong cuc ticu. O

2.10. Ménh dé.

Puong cong y:[a,bl—> M.t (y,(t)) la mot dwong trdc dia cuc tiéu theo mdt dé néu va
chi néu

d27/k n dj/ d}/
+ +2 —_— =0, Vk=1,...,n,
% i;_l{ i (7) g,k(y) x (- g (7) ( )J — n

o do Ff; la cac ky hieu Christoffel, dwoc xac dinh boi cac hé so metric Riemann

1 og, 0g, 0Og;
1—~k — lk li + by _ J ,
Y2 Zg { ox; Ox, Ox

l i

VOi (gij) la ma tran nghich dao cua ma trgn (gl.j).
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Chirng minh.

Chung ta xét ham F duoc xéac dinh boi:

F(m%mj X g, (1)L dr ~ L ()

i,j=1
.1, , , f dy
Khi do, ching ta c6 A(y) = IF 7/(t),E(t) dt.

Do y 1a m§t duong trac dia cuc tiéu khi va chi khi y théa man diéu kién Euler-Lagrange

cua ham F .

oF (dy \_doF( dy
ox, (7(0, 7 (t)j e (() (t)j

Chung ta tinh vé trai va vé phai ciia phuong trinh trén.

OF ( dy _ 200y 985 dy' dy’
G(dtJ —° Z@xk ’fa ()dt dt

i,j=1

d OF (dy 20(70) | X d’y' g op . |dy' dy’
=26V Y g, 2 i ( +2§
7 avk( dt] e 2 gu(7) " 7) glk(y) () o

ljl i,j=1

Tu do, ching ta co:

2 d*y' 0g, , dydy’ 1 ag,, d)/ d;/ o9 | dydy’ _
;gik(y) ar’ ,;16 ()dt dt 2~ 0x, dz dt ,; gtk o, ’fa ()dt dt

i,j=1

=

99 dy' dy” _
Z[ L)+ 28, (7) j(y) g,,w) ()] =0 k=L

3. Puong tric dia trén mit phang véi mat do tuyén tinh

3.1. D) cong theo mat d ciia dwong tham sb trén mit phing véi mat do tuyén tinh

Mit phing véi mat do tuyén tinh 1a mat phing R?véi ham mat ¢ e“*™ . Chung ta d&
thay rang cac diém nam trén mot duong thang ctia mat phang véi mat do tuyén tinh c6 cung
mat d6. Do d6, v6i mot phép quay thich hop, ching ta c6 thé xét ham mat d6 dang e*. Khi
do, d6 cong theo mat d¢ k, cta dwong cong tham sO a:1 —>R%, 1 (x(1),»()) duge tinh boi

cong thuc:

. (t)_x(t)y”(t) xX"(1)y' (t) V'@ (2.5)
(@ @) OO

béc biét, néu () c6 tham s6 hoa tu nhién thi k, =x"y"+x"y'+ y".
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Vi du: Cac duong thang ax+by+c=0, a* +b*> 0 trén mit phang R* véi mat do ¢* co
do cong k, 1a mot s6 va bing a/a’ +b* .

Chung ta da biét mot dudng tham s6 ¢6 do dai ngin nhét ndi hai diém trén mat phang 1a
doan thang. Néu nhin két qua d6 theo quan diém d6 cong thi dudong cong c6 dd cong bang 0
chinh 13 duong c6 d6 dai ngan nhit ndi 2 diém [1]. Két qua d6 thay d6i nhu thé nao néu ching
ta gia thém mat do tuyén tinh vao mit phang R*? Dé tim cau tra 10i, ching ta hiy xac dinh
tham sb hoa ctia cac dudng cong c6 dd cong theo mat do bang 0 trén mat phang do.

3.2. Dinh Iy
Trén mdt phang véi mdt dé e, dwong cong tham sé héa chinh qui () ¢6 dé cong theo

mat dd bang 0 tai moi diém khi va chi khi né la dwong thang, mot phan ciia dwong thang song
song véi truc Ox hodc sai khdc dnh cia dwong tham sé

x(t)= ln(e’ +e")
y(1)= 2arctan(e’)

mét phép tinh tién.

Chirng minh.
Xét a(r) =(x(t), y(t)) 1a mot dudng cong tham sé hoa ty nhién, c6 d6 cong theo mat do
x'=cos(2¢)

. Khi @0, ta co:
y'=sin(2§)

bang 0 tai moi diém. Chiing ta co thé gia sir {
do .
k,=k———=2&"+sin(2¢).

Do d6, k, =0khi va chi khi 2&"+sin(2£) =0. (2.6)

Néu ton tai s, dé sin(2&(sy)) =0 thi &(s)=7/2 la nghiém duy nhit ctia phuong trinh
(2.6), do sin 1a mot ham Lipschitz. Trong trudng hop ndy, « la mot duong thang song song
voi truc Ox .

Trong trudng hop nguoc lai, ching ta xét phuong trinh (2.6) v6i & trong doan (0,7/2).
Trong truong hop nay, sin(&) >0, cos(£) >0 véimoi s . Giai phuong trinh (2.6), ching ta dugc:

—s+b= ln|tan.§| =Intané (do tané >0).

Do d6, ¢*** =tan&. Chiing ta ¢ thé gia sit b =0 va thu dugc:
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=25
x(s)= I 1= eizs ds = ln(es +e’ ) +¢
1; ¢ 2.7)
y(s) = I " ¢ —-ds = 2arctan(es)+ c,
+e”
Tuong tu, giai phuong trinh (2.6) trong doan (/2,7), ching ta dugc:
1-e™ :
x(s)zJ. - ds=ln(e5 +e_s)+c1
1+2e_s (2.8)
y(s) = J. 1_ eﬁzq ds = —Zarctan(es ) +c,
+e ™

Do vét cua duong cong xac dinh bo1 phuong trinh (2.8) la anh cua duong cong xac dinh
bo1 phuong trinh (2.7) qua phép do6i xung truc Ox nén Pinh 1y 3.2 dugc chirng minh. O

3.3.Pinh Iy

Trén mat phcfng voi mat do e*, duwong cong co do dai theo mdt do ngd'n nhat trong cdc
dwong noi hai diéem A va B hodc la doan thang AB hoac la co tham so hoa dang

4 t+
a(t) = ln%, arctanu+c3 , €y 0,0y, €R, c#0. (2.9)
4+(qt+c,) 4

Chirng minh.

Véi duong cong y(¢)=(x(¢),»(¢)) trén mat phang v6i mat do tuyén tinh, phiém ham F

trong chirng minh Ménh dé 2.10 duoc xéc dinh béi:
2 2
F:ezx((@j {2) ]
dt dt

Ap dung Ménh dé 2.10, chung ta c6:

2 2 5 5 2
M((gj (2] }:%(2&*%) ENOROE
. dt dt dt _ceR.

0=L o ¥ Y
dt dt dt
£ s x(t) =at+b . . L4 R , . 2
Néu ¢=0 thi ,a,beR la cac duong trac dia. Pay chinh la cac doan thang
y(t) = const

song song véi truc hoanh.
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| 4ce |

x()=In
® 4+ (ct+c,)’

Néu ¢ #0, ching ta co , C,Cy,05 R O

ot +c,
y(t) = arctan +c4

3.4. Ménh dé

Trén mdtphcfng R* véi mat do e, duong tham 56 () co do dai cung theo mdt do ngd'n
nhat trong dia phirong cdc dwong cong néi hai diém p va q néu va chi néu dé cong theo mdt
do cua no bang 0 tai moi diéem.

Chirng minh.

Néu duong cong (a) c6 d6 dai cung ngan nhét trong cac dudng cong ndi hai diém p va
g, n6 phai hodc 1a doan thing song song véi truc Ox hodc c6 tham sé héa dang (2.9). Khi do,
tinh todn tryc ti€p, ching ta thay do cong cuia né bang 0 tai moi diém.

Nguoc lai, néu do cong k, cua (@) béng 0 tai moi diém, () phai hoac co vét 12 mot
doan thing song song véi truc Ox hodc c6 tham s6 hoa dang:

{x(t) —In(e' +e7)+¢,

¥(¢) =2arctan(e’) + ¢, .

Néu (&) c6 tham sb hoa dang trén, ching ta xét ham L(x, y,x',y") =e*/x2+ y? . Dbi v6i

duong cong (a), do x"”(t)+ y"(t) =1 nén chiing ta co:

d (8[,): d(ex(z),x'(l‘)) =( ‘ —z)ec1 — ot Z 50 [ (t)+y'2 (t) _a_L

—| — e +e =

dt\ ox' dt Ox
d(e*.y'(t ! .

dfon) AO) afyy g ¢ ) dg g o

dt\ oy’ dt dt 1+e* ) dt oy

Tir d6 suy ra, tham sd héa cia duong cong (o) 1a mot diém téi han cua bién phan
b ~ r \ r
J =I L(x, y,x' y')dt . Hon nira, chung ta dé thay L la mdt ham 161 ngat theo 2 bién x, y. Theo
diéu kién Euler — Lagrange, J(«) la gia tri cuc tiéu dia phuong. Ttrc 1a, (o) 1a duong tham sb
¢6 d6 dai cung theo mat d¢ ngan nhat ndi 2 diém p va ¢ mét cach dia phuong./.
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Summary

The article generalizes the notion of geodesic curves in manifolds with density and
presents their equations based on Christoffel symbols. Accordingly, we prove that on plane
with linear density, of all curves joining the two points of p and ¢, the curve y, minimizes

density arc-length if and only if its curvature equals 0.

79



