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Tém tit

Trong bai viét, ching t6i gidi thiéu cach thé hién dwong thang O-le trong tam giac theo trinh
tw kién thirc thudc chuwong trinh todn phé thong hién hanh. Trén co so chon loc mot $6 noi dung
kién thirc tir cdc nguén tai liéu tham khdo, ching téi tinh chinh, bé sung noi dung kién thirc sao
cho phii hop vdi tirng doz twong hoc sinh theo tung khoi 16p tir 1lop 6 den lop 12. Qua do, ching
16i dé xudt va giai chi tiét mot sé bai toan nang cao lién quan vé mot sé cach chieng minh ba diém
thang hang. Két qua dat dwoc cia bai viét gitip hoc sinh ¢6 cdach nhin tong quan vé chii dé dirong
thang O-le théng qua nhiéu cdch tiép cdn khdc nhau ciia todn hoc.
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Abstract

In this paper, we introduce ways to demonstrate the Euler line in a triangle, subject to the
sequence of mathematics knowledge designed in the current Mathematics curriculum of general
education. Drawing on different sources of reference, we refine and supplement the existing
contents so as to suit each grade level from the 6™ to the 12™. Thereby, we proposed some
advanced problems and their detailed solutions related to some ways of proving the three
collinearity points. The obtained results help students have an overview of the Euler line with
several different approaches.
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Chuyén san Khoa hoc Ty nhién

1. Pit vin dé

Puong thiang O-le trong tam giac 1a duong
thang di qua ba diém: Tryc tm, Trong tdm va
tam duong tron ngoai tiép cua mot tam giéc.
Puong thang ndy mang tén nha toan hoc Euler
(1707-1783) va da duoc cdng bd vao nam 1765
(Wikipedia, 2020). Duong thang O-le lién
quan dén 3 diém thing hang la cha dé quan
trong cua nghién ctu toan hoc. Vay hoc sinh
phd thong da duoc truyén tai va tiép can duoc
kién thic nay nhu thé nao?

Chuong trinh toan phd thdng hién nay,
ching ta chua tim thdy c6 bai hoc riéng dé
giang day dudng thang O-le cho hoc sinh. Hoc
sinh chi tiép can kién thtc nay dudi hinh thic
giai thiéu thong qua cac bai doc thém hoac dudi
hinh thuc tich hop duoc 15ng ghép trong cac thi
du, hay cac dang bai tap dé nghi trong sach giao
khoa mdn toan phd théng. Riéng céc tai liéu
tham khao khac nhu tai liéu tham khao chuyén
sau, chuyén dé mén toan trung hoc co s, trung
hoc phd (Nguyén, 2015; Phan, 2011) va trén
mang Internet (Nguyén, 2020) c6 trinh bay cac
cach chiung minh duong thang O-le. Nhung
nhin chung, viéc trinh bay gigi thiéu duong
thang O-le ddi véi hoc sinh phé thong 1a roi rac
qua nhiéu tai liéu, kién thirc phan tan qua nhiéu
khéi 16p. Diéu nay lam cho hoc sinh khi tiép
can kién thirc ndy gap phai nhiéu kho khan.

Bai viét nay, trén co s¢ chon loc, sap Xep,
tinh chinh va bd sung mot sé noi dung kién
thac trong cac cach ching minh dinh 1y O-le tu
cac ngudn tai liéu nham dé trinh bay mot cach
c6 hé thdng cac céach thé hién duong thang O-
le phui hop Véi trinh do va kién thic cua hoc
sinh theo ting khéi 16p phd théng mét céach
lién tuc, ¢ thu tu tir 16p 6 dén 16p 12. Vi
mong mudn phuc vu dugc mot phd rong cac
dbi twong hoc sinh nghién cau, tim hiéu kién
thirc mot cach dé dang hon. Pic biét dbi véi
hoc sinh cudi cip trung hoc phé théng co thé
tu thong ké dé biét duoc cac cach thé hién
duong thang O-le thdng qua nhiéu hinh thic va
nhiéu ndi dung hoc khac nhau nhu: Hinh hoc
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phang, Hinh hoc toa d¢, bai sb véc to, Phép
bién hinh va trén tap sé phic...

2. Thé hién dwong thing O-le dbi véi
hoc sinh pho thong

2.1. Hoc sinh 16p 6

Hoc sinh 16p 6 moi bat dau lam quen véi
cac kién thirc co ban cua mdn Hinh hoc. Trén
co s& ung dung két qua cia duong thang O-le,
chung t6i dé xuat bai toan thé hién quy trinh
dung hinh sau day nhim gilp c4c em rén
luyén céc k§y ning dung trung diém cua mot
doan thang va céach dung gdc vudng chinh xac.
Pong thoi qua d6 phat hién dugc két qua vé
tinh thang hang caa ba diém H,G,0 cu thé:

Bai toan 1: D& nghi hoc sinh thuc hién
theo thir tu cac budc sau:

Buéc 1: Dung
duong tron co tam O,
ban kinh R tuyy.

Budc 2: Chon 3
diém A, B, C trén
duong tron tdm O sao
cho AB< BC <CA
(tam giac ABC'latam

., \ Hinh 1
giac thuong). n

Bugc 3: Dung M,N lan luot 13 trung
diém hai doan BC, AC.

Budc 4: Noi hai diém A, M va hai diém
B,N. Goi G la giao diém cia AM va BN.

Buéc 5: Dung duong thang d, qua A
vuong géc BC.

Buéc 6: Dyng duong thang d, qua B
vuoéng goc AC.

Budc 7: Dyng giao diém H cia d, VA d,

Buac 8: Nbi 3 diém H, G, O.

Budc 9: Ghi nhan xét: H, G, O c6 thang
hang khéng?
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Sau khi thyc hién qui trinh trén, giao vién
thu duogc két qua nhu sau:

1/ Giao vién phan hoa dugc hoc sinh theo
2 nhém:

Nhom 1: Gom nhiing hoc sinh ¢6 3 diém
H, G, O thang hang (nhdm c6 k¥ ning tdt).

Nhom 2: Gom nhiing hoc sinh ¢6 3 diém
H, G, O khong thang hang. (GV yéu cau
nhom thuc hanh lai viéc xac dinh céc trung
diém cua doan thang va cach dung goc vubng
chinh xac...).

2/ Gio vién gidi thiéu cho hoc sinh tiép
can duoc tri thirc méi:

Thoéng qua Bai toan 1 ma cac em vira giai
quyét xong: “Ba diém H, G, O tgo nén mgt
dwong thang. Puwong thang ndy goi la dwong
thang O-le mang tén nha toan hoc 14i lac Euler
(1707-1783) da tim ra vao nam 1765
(Wikipedia, 2020).

2.2. Hoc sinh lép 7

~ Hoc sinh l6p 7 dugc gigi thiéu duong
thang O-le qua doan trich nhu sau:

“Co thé em chwa biét: Trong mét tam
giac, néu goi O la diém chung cia ba dwong
trung truc (tim dwong tron ngogi tiép), G la
diém chung ba dwong trung tuyén (trong tam),
H la diém chung ba dwong cao (tryc tam), thi
0, G, H cung thuge duwong thang. (G ¢ giira O,
H va OH=30G). Puong thang chiza O, G, H
Qoi la dwong thang O-le cia tam giac ABC; nd
mang tén nha toan hoc 16i lac Lé-6-na O-le
(1707-1783)” (Phan & Tén, 2003, tr. 84]).

Chung ta c6 thé cho cac em tiép can duong
thang O-le ndi trén théng qua cach giai bai toan
nho &p dung tinh chat hai goc dbi dinh, va cac
trudng hop bang nhau cia hai tam giac nhu sau:

Céch gidi 1 (Nguyén, 2015)
Goi M 1a trung diém canh BC.

Do G latrong tdm nén ¢ e AM; AG = 2GM.

Trén tia ddi cua tia OA lay diém D sao
cho OD = OA.

Ta c6 OA=0C=0D = AOACcan
tai O = OAC =OCA.
Tuong ty AODC céntai O

= ODC = OCD.
Trong tam giac ADC':

DAC + ADC + ACD = 180".

(OCA+ OCD) + ACD = 180"
= 24CD = 180",

= ACD =90"= DC 1 AC.

Tacdé BH L AC (H la Truc tdm tam giac
ABC),nén BH || DC.

Tuong ty chuang minh
duoc: BD || CH.

ABHC = ACDB (g.c.9)
dodé BH = CD.
AMBH = AMCD (g.cg) B

= HMB = DMC
va M, H,D thing hang.
T MH = MD nén M 1atrung diem HD.

vay AM va HO la 2 trung tuyén caa tam
giac AHD.

Suy ra = HONAM =G (G la trong tam
tam giac ABC).

Vay H,0 qua Gva HG =2GO (diéu phai
chuang minh).
2.3. Hoc sinh l6p 8

Dbi voi hoc sinh 16p 8, Ching ta c6 thé
cho hoc sinh tiép can duong thang O-le théng
qua cach giai bai toan néu trén nho &p dung hai
tam giac ddng dang nhu sau:
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Céch gidi 2 (Nguyén, 2011)

Cac diém M, N lan luot 1a trung diém
BC va AC.

AAHB ~ AMON (9. g. )]
oM _ MN _1
HA AB 2
. OM GM 1
Viy — = —— =,
HA GA 2
Mat khéc: HAG = GMO (so le trong)
nén AGOM ~ AGHA = OGM = HGA.

Do
HGM + HGA =180 = HGM + MGO =180’

= HGM; MGO la hai goc ké bu. Vay

H, G, O thang hang; va
GO _1 . w6 =200.
HG 2

2.4. Hoc sinh 16p 9
Hoc sinh I16p 9, Chiing ta ¢6 thé cho hoc
sinh tiép can duong thang O-le thdng qua cach
giai bai todn néu trén nho tinh chat caa hinh
binh hanh nhu sau:
Céch giai 3 (Wikipedia, 2020)

Goi D 1a diém xuyén tam dbi cua A
(hinh vg).

Taco
DCA = 90"
DBA = 90°

(g6c noi tiép chan
ntra duong tron).
T& giac BHCD c6 BH |CD (cung vubdng
goc voi AC).
DB || CH (cung vudng géc voi AB).
Do @6 tir gidc BHCD la hinh binh hanh.

Hinh 4

16

Suy ra H;M;D thing hang va MH = HD.

Taco OA=0OD. Suy ra OM la duong trung
binh tam giac.

Do d6 OM = %AH(l), GM = %AG

(G trong tam) (2),

HAG =GMO (so A

le trong) (3). ‘\
(9

"W, @ O X

= AHAG ~ AOMG ‘(

= HGA = OMG B "\ C
(hai goc twong ung). Hinh 3

Do A,G, M thing

hér)g nén suy ra H, G, O thiang hang (tinh

chat hai goc doi dinh).

Do d6 HG = 2GO (diéu phai chang minh).
2.5. Hoc sinh 16p 10.

Hoc sinh 16p 10 tiép can duong thang O-le
théng qua bai toan 2 (Tran & Nguyén, 2007, tr.
21) nhu sau:

“Cho tam giac ABC c0 truc t,ém H, trong
tam G va tam dwong tron ngoai tiep O

al Goi M la trung diém cua BC. Ching
minh AH = 20M.

b/ Chitng minh OH — OA + OB + OC.
¢/ Chitng minh ba d@iém O, G, H thing hdang .
Céch gidi 4
a/ Goi D 1a diém d6i xting cua A qua O.
BH || DC (cung vudng goc véi AC').
BD || CH (cung A
vuong goc voi AB).

Vay BDCH la hinh
binh hanh.

Hinh 5
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Do d6 M 1a trung diém cua HD
nén ﬁ = QO—M.
b/ Taco OB + OC = 20M = AH.

OA+O0B+0C =0A+AH =0H (1),

¢/ Tabiét OA+ OB + OC = 30G (2).

Tu (1), (2) suy ra @ = 3(%. Suy ra ba
diém O, G, H thang hang (duong thang O-le
cua tam giac ABC').

Sau day ching t6i dua ra bai toan nang
cao nham dé minh hoa tinh dung dan cua dinh
Iy O-le mot cach cu thé, dong thoi ren luyén
cho hoc sinh ky nang giai bai todn bang
phuong phép toa d nhu sau:

Bai todn 3: Cho tam giac ABC voi
A20,B24,C 40.

a/ Viét phuong trinh cac dudng trung truc

Cua tam giac. Xac dinh toa 6 tdm [ cua duong
tron ngoai tiép tam giac ABC.

b/ Viét phuong trinh cac duong cao. Tir
do6 suy ra toa d6 truc tam H cua tam giac
ABC.

¢/ Chung to H, I, G thang hang, ¢ dé
G latrong tam tam giac ABC.
Céch giai 5
a/ Phuong trinh ba duong trung truc
d, d,, d, cia tam gidc c6 phuong trinh lan
luot la:

d :x+y—2=0, d, :x—-2y+1=0.

1

d :x2—1=0

3
Tam [ lagiao d va d, ,taduwoc I 1;1.
b/ Phuong trinh 3 duong cao:

h tx—2y+2=0, hy :0—-2=0,

1

h, :x4+y—4=0.

3
SuyraTructam: h Nh, = H 22 .
¢/ Ta c6 toa do trong tam:

G —2+2+4;0+4+O _a é’é
3 3 33

Toel 1,1, H 2;2,Gé;é.
3°3

Suy ra H, I, G déu thudc duong thing co
phuong trinh y = z (1a duong thang O-le)

e =22 ar=|t.t 2 mo —o0ar
373 373

2.6. Hoc sinh 16p 11
Hoc sinh l6p 11 da co kién thic vé Phép
doi hinh va phép dong dang trong mat phang.
Chiing t6i de xuat cach gidi bai toan O-le néu
trén bang Phép vi tu nhu sau:
Céch giai 6
Goi A; B; C
lan luot 14 trung diém

BC, CA, AC,

Do O la tam
duong tron ngoai tiép
nén OA la duong
trung truc cua canh
BC. Suyra OA' 1L BC tai A, ma BC’ || BC
(duong trung binh) nén OA' L B'C'".

Tuong tu chimg minh dugc: OB' 1 A'C'".

Do d6 O la tryc tdm tam giac A’B’C" (giao 2
duong cao).

Hinh 6

Mat khac G latrong tdm tam giac ABC' nén cé:

cA=_tca e =_lam
2 2

e —— 1—»

GO =—2GC

17
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Suyra
V  (AABC)=AA'B'C".
G
Ma H, O lan luot 1a 1a tryc tdm tam giac

ABC vatam giac AB'C’ nén:

V(Qf%‘H) =

bién truc tam thanh truc tam).
Suy ra H, G, O thang hang va GH =
(diéu phai chizng minh).

2.7. Hoc sinh lop 12

Hoc sinh 16p 12 sau khi hoc Xxong
“Chuwong IV- So phirc”. Hoc sinh bi€t cach
biéu dién mot s6 phirc trén mat phang toa do.

0 < G—O = —%G—H (phép vi tu

2GO

Mdi sé phic z=a+bi, a,bc R dat
tuong tng véi mot diém Z(a,b) € mp(Oxy)
twong thg Mot vec to O? .

S6 phuc z goi 1a nhan caa diém Z.

Trong phan nay, chiing toi ki hiéu mot s6
phuac bﬁ[]g mot chir thuong nhu a,b,c, z...va
duoc biéu dién twong rng trén mat phang toa
do lachtinnhu A,B,C, Z...

Phép cong 2 sé phic z, = (a, +bi) va
z, = (a, + b,i) c6 tong la:

Z, =2, +z2.

= (a, +b9) + (a, + b,i)
=(a, +b)+(a, +0,)i
Nén OZ, = (a +1b);(a, +b,) twong
’ na v e o r t tln
ung vai véc to tong , 23
71, .
07, = 0Z, + 0Z, Z
X
theo qui tic hinh 0
binh hanh. Hinh 7

18

Néu M la trung diém cua Z,Z, thi

— 07, 17> -
OM = 5 =—(0Z, +02%,) Suy ra
m:z1+z2‘

2

Theo (Cao Minh Quang, 2009, tr. 16) co
néu két luan nhu sau: “Ba diém Z, Z, 7, nam

trén dwong thang khi va chi khi ty sé don
V(z,z2,2,) =

2, %, 14 so thuc

2T %

Suy ra phwong trinh tham sé Ciia dwong
thang qua Z,Z, la: z =Xz, + (1= Nz,

Tir két qua trén ching t6i dé xuat bai toan
nhang cao ve duong thang O-le giai dugc bang
phuong phap s6 phuc nhu sau:

Bai toan 4: Trong mit phang toa do
Cho tam giadc ABC. Biét cac dinh
A, B, C duoc biéu dién boi céc sé phuc co
nhan lan luot a, b, c. Hay tim sé phic biéu
dién cac diém H,G,0 lan luot 1A tryc tam,
trong tAm va tdm ciia dudng tron ngoai tiép cua
tam giac ABC theo a,b,c?

Ozy .

Tur d6 kiém chung H, G, O thang hang?
Céch giai 7

Ta biét, trong mat phiang toa do (Oxy)
phep doi truc toa do bang phuong phap tinh
tién theo mot véc to cho truge thi bién mot
duong thang thanh mot duong thang song song
V6i no, bao ton vi tri va ti so khoang cach cac
diém trén duong thang ay.

Do vay, khong mat tinh tong quét cia bai
toan. Ta chon mat phang toa do (Oxy) c6 goc
toa do O trung vai tam duong tron ngoai tiep
tam giac ABC da cho

Nén O biéu dién sé phirc bang khong.
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Céc diém A, B,C duoc biéu dién boi céc
s6 phirc c6 nhén lan luot a,b,c nhu dé bai.

Goi D la diém
dbi xing cia O qua
BC. Do M trung
diém

BC  nén
b+c
m =
2
d=2m=>b+c.

biém G' c¢6 nhin

g'==(a+b+c)

1
3
12

3 3

b+ec
2

=—a+—-m
3 3

nam trén trung tuyén AM (tr phuong trinh
tham s0).

Tuong tu, chimg minh dugc diém G' cing
nam trén hai trung tuyen tir dinh Bva C.

Vay G'=G, tic la trong ttm G ¢6 nhan la
[a+b+c
9=\

3

Mat khac tir giac AHDO la hinh binh hanh
E:@ nen h=d+a=a+0b+c

Tryc tdm H ¢6 nhan 1a s phic h=a+b+c.

Suyra h = 3g tac la OH = 30G.

Vay 3 diém H, G, O thang hang (duong
thang O-le trong tam giac ABC).

3. Két luan

Trén co s¢ nghién cu va suu tam Ccac
céach tiép can va chimg minh dinh 1y O-le tr
sach giao khoa va cac tai lieu tham khao, bai
Vviét da trinh bay cac cach thé hién duong O-le

mot cach ¢ hé thdng théng qua Céach gidi 1;
Céch giai 2; Cach giai 3; Céach gidi 4; Céch
giai 5; Cach giai 6; Cach giqi 7. Cac cach giai
da duoc chon loc, sip xép tinh chinh va c6 b
sung nham c6 dong lai cac kién thac dé phu
hop véi kha nang va trinh d6 cua cac hoc sinh
theo tirng khéi 16p riéng 1é (tir 6 dén 12), nho
d6 s& mé rong duge dbi tugng hoc sinh tim
hiéu kién thac vé duong thang O-le mot céch
doc 1ap qua nhiéu hinh thtrc khéc nhau.

Bai viét da dé xuat cac bai toan mai: Bai
toan 1; Bai toan 3; Bai toan 4 nhiam lam cho
kién thirc duong thang O-le duoc thé hién lién
tuc trong timg nam hoc phd thong. Diéu nay
vira thé hién tinh 6n tap, tinh ké thira kién thuc
cii dé séng tao ¥ twong mai cho hoc sinh, dong
thoi gitp hoc sinh kiém chimg tinh ding dan
cua dudng O-le dudi hiéu hinh thic va nhiéu
phuong phap khac nhau trén co sd toan hoc.
Riéng hoc sinh cudi cap c6 thé théng ké dugc sb
céch tiép can duong thang O-le trong tam giac
thdng qua nhiéu cach va nhiéu noéi dung hoc
nhu: Hinh hoc phing, Hinh hoc toa d6, Hinh
hoc véc to, Phép bién hinh va trén tap so phic...

Hon nira qua cach trinh bay ching minh
dinh 1y O-le, bai viét da gi6i thiéu cac ky ning
chang minh “3 diém thang hang” la chu de
quan trong, can thiét dbi voi hoc sinh phd théng
qua nhiéu cach khac nhau nhu: duong thang qua
hai diém dau di qua diém thtr ba (Céch giai 1);
sir dung kién thic vé hai goc ké b (Cach giai
2); hai goc dbi dinh (Cach giai 3); hai véc to
cung phuong (Cach giai 4); ba diém cuing thuoc
mot duong thang (Céch giai 5); anh qua mot
phép vi ty (Cach giai 6); biéu dién s6 phic trén
mat phang toa do (Céch giai 7)./.
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