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Tém tit
Trong bai viét nay, chang t6i nghién ciru tinh siéu on dinh suy rong cua phwong trinh ham Drygas
f(x+y)+ f(x=y)=2f(X)+ f(y)+ f(-y)
trén khong gian tua chudan, trong do f'la anh xa tir X vao Y va X,y,X+Y,Xx—-ye X. Két qua cua
bai viét la mé réng cdc két qua ciia Aiemsomboon va Sintunavarat (2016) vé phirong trinh ham
Drygas trong khong gian dinh chuan.
Tw khéa: Phuong trinh ham, tinh siéu on dinh, twa chuan.
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Abstract
In this paper we study the hyperstability of the Drygas functional equation of the form
f(x+y)+ f(x=y) =21 )+ f(y)+ f(-y)
in quasi-normed spaces, where f is a map from X into Y and x,y,X+Y,x—Yy e X. The obtained
results are the extensions of the results of Aiemsomboon and Sintunavarat (2016) on the Drygas
functional equation in normed spaces.
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Chuyén san Khoa hoc Ty nhién

1. M& dau

Anh xa f:R->R duoc goi la thda méan
phuwong trinh ham Drygas khi va chi khi
Fx+y)+ f(x=y) =21 )+ f(y)+ f(-y) @.)
vGi moi x,y e R. Luu y rang néu cac anh xa
f,0:R—R thoa man phuong trinh ham
Drygas thi f +g cling thoa man phuong trinh
ham Drygas.

Nam 1987, Drygas da nghién ctiu phuong
trinh (1.1) va dua ra dac trung cta cac khong
gian tua tich (Drygas, 1987). Sau d6 Ebanks &
cs. (1992) da@ m¢d rong phuong trinh (1.1)

f(X) = A(X)+Q(x) trong d6 A:R — R laéanh
Xa cong tinh va Q:R — R la phuong trinh
ham bac hai, nghia la véi mdi X, yeR, A thoa
man A(x+y)=A(X)+A(y) va Q thoa man
Q(x+Yy) +Q(x—y) =2Q(x) +2Q(y) .

Tinh 6n dinh cia phwong trinh ham
Drygas da duoc quan tam nghién cuau qua
nhiéu tac gia (Faiziev & Sahoo, 2007 va 2008;
Jung & Sahoo, 2002; Yang, 2004). Nam 2013,
Piszczek va Szczawinka d3 dua ra két qua vé
tinh siéu on dinh suy rong cho phuong trinh
ham Drygas (Piszczek & Szczawinka, 2013).
DU mot két qua vé tinh siéu 6n dinh da duoc
dua ra boi Bourgin (Bourgin, 1949), nhung
thuat ngir “siéu 6n dinh” duoc st dung lan
dau tién boi Maksa & Pales (Maksa & Pales,
2014).

Tur cac két qua cua Aiemsomboon va
Sintunavarat (2016) nghién cuu ve tinh siéu
on dinh trén khong gian dinh chuan, trong bai
viét nay chung téi thiét 1ap va chung minh céc
ket qua ve tinh siéu 6n dinh trén khdng gian
twra chuan.

Trong bai viét nay N, lan luot biéu dién
tap cAc s6 nguyén Ién hon hoic bang n,, B*
biéu dién tap hop cua tt ca cac ham tir tap hop
A= dentap hop B= .

DPinh nghia 1.1 (Kalton, 2003). Gia su X
la khong gian vecto trén truong K,x>1 va
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l]: X xX — R la mot anh xa sao cho véi moi
X, ye X vamoi aek,

1. |x|=0 khi va chi khi x=0.
2. |lax] =a[}x]-
3. [[x+yl| < x(Ix[+ ]y

Khi d6 || duoc goi la mot twa chuan va
(X, |||, &) duoc goi 1a mot khdng gian tra chudn.

Pinh nghia 1.2 (Czerwik, 1998). Gia st
X+, k=21 va d:XxX >R, la mot anh
Xa sao cho vai moi x,y,z € X,

1. d(x,y) =0 khivachi khi x =y.

2. d(x,y)=d(y,Xx).

3.d(x,2) < x(d(x,y)+d(y,2)).

Khi d6

1. d duoc goi la mot b -metric trén X va
(X,d,x) duoc goi la mot khdng gian b -metric.

2. Day {x } duoc goi la hgi tu dén x
trong (X,d,x) néu limd(x,,x) =0.

3. Déy {x.}, duogc goi la m¢t day Cauchy
néu lim d(x ,x_)=0.

n,m—oo

4. Khong gian (X,d,x) dwoc goi la day dii
néu mdi ddy Cauchy la mot day hoi tu.

Néu (X,[/].x) 1a mét khong gian tua
chuan thi d(x, y)=||x—y|| voi moi x,ye X
xac dinh mot b -metric trén X. Néu khéng
giai thich gi thém thi trén khong gian tya
chuan ta ludn dung b-metric trén. Khi dé

khong gian tya chuan ddy du duogc goi la
khong gian ta Banach.

binh i 1.3 (Paluszynski & Stempak,
2009). Gia s (Y,d,x) la mgt khdng gian b -
metric, & =1log,, 2 va
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D, (x,y)= in1‘{Zd"’(xi X))
i=1
X=X, %, X Xy =yeX,n2l}  (1.2)

voi moi x,y €Y. Khi do D, la mgt metric trén
Y thoa man

1 0 o

Zd (% y)<Dy(x,y)<d®(x,y)  (1.3)
Vi moi x,yeY. Pac biét, néu d la meét
metric thi #=1va D, =d.

Hé qua 1.4 (Aiemsomboon & Sintunavarat,
2017). Cho U =@, (Y,[|,x) 1& mgt khong gian
twa Banach va f,..,f,: U—>U va L,..L:
U >R, la cac anh xg, trong dé k la mét sé
nguyén dwong. Gid St rang

1. 7:YY 5YY la mét anh xa théa man
k
[7E00) - Tu(x)] < D L ) ECF (X)) - u(F, ()] (1.4)
i=1
véi moi &, ueY' va xeU.

2. Ton tgi hai anh xg¢ &:U >R, va
@:U —Y sao cho vgi moi xeU

[7o(x) - o(x)| < ().

3. Véiméi xeU va 0 =log,, 2,

(1.5)

k
£ (X)=) (A")’(x) <o (1.6)
i=1
trong do
k
A& =D Ls(f) &
i=1
voi moi 6:U >R, vamoi xeU.
Khi do ta co,
1. Voi moi x eU, gidi hgn
(L.8)

lim(7"p)(x) = (x)

ton tai va anh xg U =Y la mér diém bat
dong cua 7 thoa méan

lp(x) —w ()| <4&"(x) (1.9)

voi moi X eU.

2.V6iméi xeU, néutontai M >0 sao cho
MM (A"e)(X)’ <o (1.10)
n=1

thi diém bar dong cua T théa man (1.9) la
duy nhat.

2. Két qua chinh

Trong muc nay ching toi thiét lap va
ching minh mot s6 dinh li vé tinh 6n dinh cua
phuong trinh ham trong khong gian tya chuan.

Pinh Ii 2.1. Gid si rang

1. X la mét tdp con cua khdng gian tya
chuan (Z,||,x,) trén truong F sao cho

xe X thi —xe X va (Y,[/|.x,) la mgt khdng
gian twa Banach trén truong K.

2. Ton tai ny e N sao cho nxe X véi moi
Xxe X ,nxn,vaanhxg h: X >R, thoa méan

M, ={neN,n>n, :x, (2s(n+1)+s(n)

+s(-n)+s(2n+1) <1}
la mot tap vo han, trong do
s(n) =inf{t e R, :h(nx) <th(x) V xe X}
va s(n) théa man cdc diéu kién sau day voi
neN,
lims(n)=0 va lims(-—n) =0.
3. Ham f:X Y théa man bdt dang thirc

[T+ y)+ f(x=y)=2F ()= T (y) - T (-y)]

<h(x)+h(y) (2.1)
voi moi X, y,X+Yy,Xx—ye X.

Khi do t thoa man phwong trinh
f(x+y)+f(x=y)=2f(X)+f(y)+f(-y) (2.2)

véi moi X,y e X.
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Chu#ng minh. V6i xe X,me M, thay X
boi (m+1)x va yboi mx vao (2.1), ta co
| ((m+1)x+mx) + f((m+1)x—mx)
—2f((m+1)x) - f (mx) — f (-mx)|
=[2f (m+2)x)+ f (MX) + £ (-mx) - £ (2m+1)x) - f (X)|
<h((m+2)x) +h(mx) . (2.3)
Xac dinh anh xa 7 :Y* >Y* vei
me M, bai
(7,8)(x) =285 ((M +1)x) + £(MX) + £(-mx)
—E((2m+1)x),x e X, EeY .
Ta co, voi moi X e X
&, (X) =h((m+1)x) +h(mx) <[s(m+1) +s(m)]h(x). (2.4)
Khi d6 bat diang thac (2.3) c6 dang
|17, T () — f(X)| <&,(x). Piéu ndy chung to

(1.5) duoc thoaman voi o= f,e=¢,.

Xac dinh anh xa A, :R* —R* boi
(Ani)(X) = &, (27((+1)X) +7(Mx) + 1 (-mx) +7((2m+1)x))
Vi n e RS, xe X.

Khi d6 (1.7) dugc théa man véi k=4,
f,(X) = (M+2D)x, f,(x) =mx, f,(x) =-mx

f,(X) =(2m+1)x, L (X) =2x,° va
L) =L() =L,() =K.

Hon nira, v&i moi &, ueYY,xe X, theo
DPinh nghia 1.1, ta co
=T, (X)) = |2E((M+1)%) + E(Mx) + E(=mx) - £((2m +1)X)
—2u((m-+1)X) = g2 (MX) = g2 (—mx) + g2 ((2m+1) X)H
< 2x, (& = (M +D)x)| + 1, (€ — ) (mx)|

+i5,° (& = ) () + x5, | (€ — ) (2m +2)x)|

7260

=S LOOlE- (0]
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Bing phép quy nap toan hoc, ching ta s& chi ra
rang véi moi x e X,n>0,me M,,
Al e (X) < ., *[s(m+1) + s(m)][2s(m +1) + s(m)
+5(—m) +s(2m+D)]"h(x). (2.5)

Tu (2.4), ta suy ra (2.5) dang voi n=0. Gia st
rang (2.5) dung cho n=I1, véi leN,. Véi
n=1+1 tacé

Ay'ey (%)
= Ay (A, (X))
=2, ° Al &, (M+1D)X) + x,2AL &, (MX)

+x, 2 AL g (—mX) + &, Al g, (2m +1)X)
<Z[s(m+1) + s(m)][2s(m+1) + s(m) + s(~m) +s(2m +1)]'
s{2h((M+1)x) +h(mx) + h(=mx) + h((2m +1)x)]
<xZ[s(m+1) +s(m)][25(m +1) + (M) +s(~m)

+s(2m+1)]"*h(x).
Piéu nay chi ra rang (2.5) ding véi n=1+1.
Do d6 (2.5) dung véi tit ca ne N,. Theo dinh
nghia M, va tong cip s6 nhan, véi xe X va
me M, thi

(AnEn)”(x)

i M

<Y &/ [s(m+1) +s(m)]’[2s(m +1) + s(m) + s(-m)
+ s(2m +1)]7h?(x)
_ [s(m+2)+s(m)]"h’ (x) <. (26)
1-k2[2s(m+1) +s(m) +s(-m) +s2m+D)"
Tur (1.6) va (2.6) ta suy ra dugc
£ = [s(m+1)+s(m)]”h’(x)
1-x2°[25(m+1) +s(m) +s(-m) +s(2m +1)]”°

Do d6, theo Hé qua 1.4, véi mdi me M, ton

tai mot nghiém F_ : X —Y cua phuong trinh
F.(X)=2F (m+1)x)+F, (mx)+F (-mx)-F ((2m+1)x)

sao cho
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[s(m+1)+s(m)1’h’(x)
1-&2[25(m+1) —s(m) —s(-m) —s(2m +1)]°
Hon nita theo (1.8), ta ¢6

[f(0-F, | <4 @7

lim 7,7 £ () = F, (X). (2.8)

Tiép theo chling ta chiing minh
Tot (x+Y)+ T F (=) =210 H0) =T £ (1) =T £ (=)
< &M[2s(M+1) + s(M) +s(=m) +s(2m +1)]" (h(x)
+h(y)) (2.9)

VoI moi X, y,X+y,x—yeX vaneN,.

Vé6i n=0, (2.9) tré thanh (2.1). Gia su
rang (2.9) dang véi n=reN, véi moi
X, ¥, X+Yy,Xx—yeX, taco

Tot f () + T (x=y) =277 £ () =T £ () =T, f (=)
=TT £ (x+ W) + T, T f (x=y) = 2T, T £ ()
-1, T, (N -T,7,f (—Y)H
=27 (M +D)(x+ ) + T F(m(x+y)) + T £ (-m(x+ )
=T, F(@m+D(x+y)+ 27, (M+D)(x~y)) + T, F (M(x~y))
+ 7 f(—m(x=y) -7, f((2m+1)(x-y))-2(27, f (M+1)x)
+ 7, F (M) + 7, f(—mx)-7, f((2m+1)x))
=27, f(m+D)y) =T f(my) =T f (-my)+ 77 f((2m+1)y)
=27, F((m+D(=y) -7, f (M(=y)) -7, f (-m(-y))
+ 7, f(2m+1)(-y))|
<K, 2k [25(M +1) +s(m) + s(=m) +s(2m + D] [2h((m + 1))
+2h((m+1)y) + h(mx) + h(my) + h(-mx) + h(—my)
+h((2m+1)x)+h((2m+1)y)]

<2 D[2s(m +12) +s(m) +s(—m) +s(2m +1)] (h(x) + h(y)).
Suy ra (2.9) dung v6i n=r+1. Didu nay suy
ra rang (2.9) ding véi moi ne N,.

Pat d(x,y)=|x-y| véi moi x,yeV.
Khi d6 (Y,d,x,) la mot khdng gian b -metric.
Tu (2.9) va (1.3) trong Binh 1i 1.3, ta c6
0<Dy(To F(x+Y)+ T F(x-Y). 2T F () + T F (y) + T £ (<)
<d’(Ty F(x+y)+ T, (x=y),. 21 F () + T, T (1) + T (=)

T (e y)+ T (k) -2 (-T2 (9)- 17 )
< &P [25(m+1) + s(m) +5(-m) +s(2m +1)]" (h(x) + h(y))’
=0 (2.10)

Suy ra

T f(x+ )+ T (x=y) =2T7F (0 + T (y) + T (=),
Lay gioi han hai vé cua (2.7) khi m — oo, ta
duge  0<lim [f)-F, ()| <0, suy ra

lim| f (x) - F,, (x)] = 0. Do d6

lim F, () = (). (211)

Tu (2.11) v6i x,y e X, tacod
lim(2F, (X)+F,(y)+ F,(=y) =2f(x) + f(y) + f (-y). (212)

m-o

Tur (2.10), tasuy ra
lim Dy (7, £ (x+y) + T, £ (x=y), 277 (x) + T, £ ()
+77f(-y)) =0. (2.13)

Vi D, lién tuc, cho n—oo trong (2.10), su
dung dinh nghia cuia M, va (2.8), véi moi
X,ye X, taco
Dy (F(x+y)+F,(x=),.2F, () + F, (y) + F, (=)
=limD, (7, f(x+y)+7. f(x-Y),27 f(x)
+ T (V) + 17 (=y). (2.14)
Két hop (2.13) va (2.14), ta c6
D, (f(x+y)+ f(x=y).2f(x)+ f(y)+ f(-y)
=limD, (F, f(x+y)+F, f(x-y),2F,(x)
+F, () +F,(=y)
=0.
Do d6

f(‘x+y)+ f(x—y)=2T(X)+ f(y)+ f(-y).
bicu nay ching to f l& mot nghiém cua
phuong trinh tuyén tinh tong quat (2.2). U
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Pinh Ii 2.2. Gid sir rang

1. X la mét tdp con cua khdng gian tua
chuan (ZIl Il ,x,) trén trwong F sao cho

xe X thi —xe X va (Y|l Il ,x,) la mgt khong
gian twa Banach trén truong K.

2. Ton tai n, eN sao cho nxe X véi moi
Xxe X,n>n, vaanhxg u,v: X -> R, thoa méan

M, ={neN,n>n, :«,[25,(n+1) +5,(n) +5,(-N)
+5,(2n+D] <}
la mot tap vo han, trong do

s, (N)s, (n) =s,,(n),
s,(n) =inf{t e R, :u(nx) <tu(x) véi moi x e X},
s,(n)=inf{t e R, :v(nx) <tv(X) véi mai x e X},
va s,(n),s,(n) théa man cac diéu kién sau day
voi neN
(W) limss, (£n)s, (£n) =0;
W,) !m s,(n) =0 hogc Ml s,(n) =0.

3.Ham f : X —Y théa man bdt dang thirc
£ 0 y)+ £ (x=y)=2F (0= F(y) - F (=) <utw(y) (215)
V6i Mol X, y, X+ y,Xx—Yy € X.

Khi d6 f théa méan phwong trinh

f(x+y)+ f(x=y)=2f(x)+ f(y)+ f(-y) (2.16)
Vol moi X,y e X.

Chu#ng minh. Véi xe X,meM, thay X
boi (m+1)x va y bai mx vao (2.15) da cho
||f((m+l)x+mx)+ f((m+)x-mx)-2f((m+1)x)
- f(mx) - f(—mx)||
:HZf((m +1)x)+ f(mx) + f (-mx) - f ((2m+1)x) - f (X)H
<u((m+21)x)v(mx). (2.17)

Xac dinh anh xa 7,:Y* >Y* véi me M, béi

26

(7,6)(x) = 25 ((M +1)X) + £(mX) + £(—mx)
—£((@m+1Dx),xe X, EeY .
Ta co, vai moi xe X
£, =u((m+D)x)v(mx) <[s,(m+1)s,(M)Ju(x)v(x). (2.18)
Khi d6 bat ding thac (2.17) c6 dang
|7, T (x)— f ()] <&,(x). Piéu nay ching to
(1.5) dugc théamén voi o= f,e=¢,,.
Xac dinh anh xa A :R* - RX véi moi

meM,,neR”, xe X bsi

(A (X) = &, * (27((M +2)X) +77(MX) + 77(-mX)

+n((2m +1)x)). (2.19)
Khi d6 (1.7) duoc thoa mén véi k=4,

f,(X) = (m+1)x, f,(X) =mx, f,(X) =—mx,

f,(X) =(2m+1)x, L (x) =2x,° va
L(xX)=L(X)=L,(X)=x,> Vv6i xeX. Hon
ntra véi moi &, u eYY,xe X va theo Pinh
nghia 1.1 vé khdng gian tya chuan, ta co

|70 & () = T, u(¥)|
= [[2£((m +1)x) + £(Mx) + £(=mx) — £((2m +1)x)
= 2u(( +1)X) = () - (=) + (2 + )|

< 2,2 (£ ~ )M+ DX + 1,2 (& — ) ()|
+ 2 (& = (- + 526 - s)(@m+ D)

=S TLOO (€ (00N

Bing phép quy nap toan hoc, ching tdi s&
chi ra rang véi moi x € X,n>0,me M,,
Anen (x) < Kfn[sl (m+Ds, (M)][2s, (M +1) +5,(M)
+5,(-m) + 5, (2m+ D u(V(X). (2.20)
That vay, tur (2.18), ta suy ra (2.20) dang
v6i n=0. Gia su rang (2.20) ding cho n=1,
trong d6 | e N, taco
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Ay'en(X)
= Ay (A&, (X))
=2K,°A! & (M+1)X) +x,°Al & (mX)
+1,°A e (—mx) + x5, Al g ((2m+1)x)
< ZKY X KY [S1(m +1)s,(M)][2,, (M +1) + 5, (M) +5,(=m)
< K\?HZ[S (m+1)s,(M)][2s,(M+1) +5, (M) +s5,(-m)
+5,(2m+ D] [2u((M+2)x)v((M +1)X) + u(mx)v(mx)
+U(=mx)v(—=mx) +u((2m+2)x)v((2m +1)x)]
< KY2|+2[51(m +1)s,(M)][2s,,(M+1) +5,, (M) +5,(-m)
+8,(2M -+ )] [25,, (M -+ DU(xV(X) + 5, (MUKIV(X)
+83, (=MU(X)V(X) + 5, M +Du(X)v(X)]
< iy P[5, (M +1)s, (M)][25,, (M +1) +5,, (M)
+5,(—m) + s, (2m + D] u(x)v(x).
Diéu nay chi ra rang (2.20) dang véi n=1+1.
Do d6 (2.20) dang v6i moi ne N,. Theo dinh
nghia M, Vva tong cap s6 nhan, véi xe X,
me M, va &=log,, 2 thi
>

n=

&)’ (X)

0

< z K\?zn [s,(m+1)s, (m)7’ [25,,(M+1) +5,,(M)

+85,(=m) +s, (2m+1)]"u’ (x)v’ (x)

_ [s,(m+D)s, (m)]"u” (X\)v" (X)
1- KYQ[ZSu(m+1)+Slz( m) + 8, (- m)+812(2m+1)]0

<o, (2.21)
Tu (1.6) va (2.21) ta suy ra duoc
£ ()= [s,(m+2)s,(m)I"u” (V" (x)

L= [28,(M+0)+ 5, (M) +,(-m) + 8, (2m+1)]

Do d6, theo Hé qua 1.4, véi mdi me M, ton

tai mot nghiém F, : X —>Y cua phuong trinh
F.(X)=2F, ((m+1)x)+F,(mx)+ F,(-mx) - F, ((2m+1)x)

sao cho

[ () -F, ()|
- [s,(M+1)s, ()]’ u(x)*v(x)"
T 1— Ky9[2512(m+l) s, (M) —s,(-m)— 512(2m+1)]e

voi @(x)=f(x) va w(x)=F,(x). Hon nira
theo (1.8), ta co lm?'m” f(xX)=F,(x). (2.23)

(2.22)

Tiép theo ching ta ching minh
T H )+ T3 f (k=) =277 £ (0 -T £ () - T )|
<" [25,(M+1) +5,, (M) +5,, (-m)

+5, (2m + D] (U(x)v(Y))
vai moi X, y,X+y,x—yeX vaneN,.

That vy v6i n=0 (2.24) tro thanh (2.15).

Do d6 (2.24) ding véi n=0. Véi reN, va
gia s rang (2.24) dung voi N=r véi moi
X, ¥,X+Yy,x—yeX, taco
T (e y)+ T3 (=) -2 (0= T3 () - T, ()
o f(X=y) =27, 7 1 (X)

~LI f W) -T,T; 1 (-y)

=2z f(m )0+ y)+ T e ) + T F(-m(x+ )
ST F((2m+D)(x+ ) + 2T (m+2)(x-y))+ T" f (m(x- y))
+ T FEmOc-y)) - Ty F((2m+2)(x- ) - 227, f(m +1)x)
+T () + T f (-mx) = 7" £ (2m +1)x)) - 27" £ (m+1)y)
=T f(my)-T5 F(-my) + T F((2m+2)y) - 277 F(m+1)(-y))
Ty F(m(=y)) =T F(-m(=y)) + T, F(2m+D)(-y)|
<1 K T2 (M40) 48, (M) +5, () 45, (2m+ D [2u(+Dv((m+1)y)
+u(mx)v(my) +u(=mx)v(-=my) +u((2m+Dx)v((2m+1)y)]

(2.24)

< K\?HZ [2s,,(M+1) +5,, (M) + 5, (=)
+8, (2m+ 1] [2s,, (M +Du(X)v(y) + s, (Mu(x)v(y)

+ 8, (=mMUu(X)v(y) + s, (2m+u(x)v(y)]
1125, (1) 45, (M) 45, (-m) +5, 2+ D] “u(x)v(y).

Suy ra (2.24) dung voi n=r+1. Diéu nay suy
rarang (2.24) dung véi moi ne N, .

27
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Pat d(x,y)=|x-y|véi moi xyeY.
Khi d6 (Y,d,x,) la mot khdng gian b -metric.
Tu (1.3) trong Binh Ii 1.3 va (2.24), ta co

0< Dy (7, f(x+y)+ 7, f(x-), 27, f(x)
+ T, F (V) + 77 T(-y))
<d?(TMf(x+y)+ T f(x—y), 27" £ (X)
+ 73 T () + 7, T (-y)
= |70 (x+y) + T3 £ (x = y) =27, £ (%)
~T7 £ (y) =T, £ (=)
< Kfzn [25,(M+1) +5,,(M) + 5, (—m)
+ 5, (2m+ D] (U’ (v’ (y)) = 0. (2.25)
Suy ra
T+ + T T (x=y) = 2T F(X) + T F () + T F(-).
Ly gioi han hai vé cua (2.22) khi m — oo
ta dugc 0 < lim [ (x) - F,(x)[ <0.

Suy ra lim |f (x)=F,(x)|=0. Do d6

lim F,(x) = f (). (2.26)

Tur (2.26), ta ciing c6
lim(2F, (x)+ F, (y) + B, (=y)) =2£ (x) + £ (y) + f (y). (2.27)
'T'Tro (2.25), tasuy ra
!1!11 D, (7, f(x+y)+ 7, f(x-y),27, f(x)
+1, (V) + 71, (-y) =0. (2.28)
Vi D, lién tuc, cho n—>co trong (2.25), st

dung Hé qua 1.4 va dinh nghia cua M,, Véi
moi X,y e X, taco

Dd (Fm (X+ y) + Fm (X - y)’ 2Fm (X) + Fm(y) + I:rn (_y)
—1im D, (7, f (x+ y)+ T f (x=),27, 1 (%)

+ 7, T () + 7, f(=y)).
Két hop (2.26) va (2.29), ta c6

(2.29)

28

D, (f(x+y)+ f(x=y),2f(X)+ f(y)+ f(-Y)
= Llrg D,(F,f(x+y)+F, f(x-y),2F,(X)

+F, () + R, (=y)) =0.
Do do6

f(‘x+y)+ f(x—y)=2f(X)+ f(y)+ f(-y).
bieu nay chang to f la mot nghiém caa
phuong trinh tuyén tinh téng quét (2.16). O

3. Mét sé trudng hop dic biét

Hé qua 3.1. Gid sir rang

1. X la mét tdp con cua khéng gian tua
chuan (Z,||.x,) tén truong F sao cho
xe X thi —xe X va (Y,||.x,) la mgt khong
gian twa Banach trén truong K,c>=0 va
p<O0.

2. Ton tagi neN véi nxeX, xeX,
n>n, va anh xg f:X —Y théa man bdt
phuong trinh

[f O y)+ FO=y) =28 00 £ ()= F ) <e + 1))
Vol moi X, y,X+Yy,Xx—Yye X.

Khido f thoa man phwong trinh
f(.x+§/)+ f(x=y)=210)+ f(y)+ f(-y)
Vol mol X,y € X.
Chizng minh. Pinh nghia h: X - R, dugc Xac
dinh bai h(x) =c||x|” véi ceR,,x e X.

Véi moi neN,c>0, khi do
s(n)=inf{t e R, :h(nx) <th(x),xe X} n|".

Tuwong tu, ta c6 s(—n)=-n|’=n|?. Suy ra
lims(n) =lims(-n) =lim[n|’=0. Do  d¢
&2 (2s(n+1) +s(n)+s(-n)+s(2n+1)) <1. Khi
do, tat ca cac diéu kién trong Pinh li 2.1
la dang. Do d6, f thoa man phuong trinh
f(x+y)+ f(x=y)=2f(x)+ f(y)+ f(-y).UU
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Hé qua 3.2. Gid si rang

1. X la mét tdp con cua khdng gian tua
chuan (Z,||,x,) tén truong F sao cho

xe X thi —xe X va (Y,[/|.x,) la mgt khdng
gian twa Banach trén truong K, ¢>0 va
p, qeR vdi p+qg<0.

2. Ton tai nyeN Véi nxeX, xeX,
n>n, va anh xg¢ f:X —Y théa man bat
phuwong trinh

[f O y)+ f(x=y)-2F 0= F () - F =y <c(p +y[")
V6i Mol X, ¥, X+ y,Xx—y e X.
Khido f thoa man phwong trinh

PO+ F(x=y) =2 )+ T () + F ()

véi mol x,y e X.
Ch#zng  minh.

uv: X >R,

binh nghia
u(x)=slx|”  va

anh xa
Vi
v(x)=r|x|', trong d6 sreR,, sr=c
p,geR,p+qg<0, vdimoi x € X.

Theo dinh nghia s,(n),s,(n) trong Binh li 2.2
vac>0, taco

s,(n)=inf{teR, :u(nx) <tu(x),xe X}=n|".
Tuong tu, ta cd

s(-nN)=-nf’4nf’

s,(n)=inf{t e R, :v(nx) <t(vx),x e X}=n|*
S (=n)=-n[*=n[.

Voi p,geR, p+q<0, do d6 p<0 hoac

q <0. Khi do lims;(n) =0 hoac lims,(n) =0.

Vai ¢=0 thi r=0 hoac s=0. Tur dinh nghia
cua s, va s,, taco lims (xn)s,(£n) =0.

Suy ra
KYZ (2s,(N+D) +5,(N) +5,(—N) +5,(2n+1)) <1.

Khi d6 cac diéu kién trong Dinh I 2.2 1a dang.

Do do6, f thoa man phuong trinh

f(x+y)+ f(x=y)=2f(X)+ f(y)+ f(-y) UL
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