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Tém tit

Trong bai bdo nay, ching toi gioi thiéu cac dao ham bdc tw do cho cdc anh xa da tri va nghién ciru
mot s6 tinh chat ciing nhu cdc qui tdic tinh ciia ching. Sau do, chiing t6i dp dung cac két qua vé dao ham
co bdc tw do nay aé nghién cuu cdac diéu kién t6i wu cho bai todn t6i wu da tri. Bén canh dé, chung toi
cing dwa ra cac vi du minh hoa cho cac két qua dat duoc.

Tir khéa: Pao ham cé bac tw do, On dinh ciia anh xa da tri, diéu kién t6i wu, bai todn téi wu da tri.
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Abstract

In this work, we first introduce some new notions of generalized differentials, namely derivatives with
degree of freedom of multifunctions. We then establish the sum rule for these derivatives. And finally, by
using this sum rule and some properties of the obtained derivatives, we provide necessary conditions for
the stability of multifunction and optimality conditions of set-valued optimization problems.
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1. Giéi thigu

Xuyén suét bai bao nay, ta ky hiéu X,Y,Z la
cic khong gian dinh chuan. Chung t6i ky hiéu
R*: = [0, ), By la hinh cau don vi trong Y. Cho K
la non khac rong trong Y, ta ki hiéu F,(x) =
F(x) + K. Cho ham ¢: R* - R*. Khi d6 ¢ dugc
goi 1 tia nhan tinh néu ¢@(t) > 0, véi moi t # 0
va ton tai 6 > 0 sao cho @(ab) < @p(a)p(b), Véi
moi a,b > 0,ab < §. Cho day sé thuc (t,), ky
hiéu t,, - 0*nghia la t,, > 0 va t,, > 0 vGi moi n.
Chung t6i ky hiéu F: X — 2Y dé biéu dién mot 4nh
xa da trj tir X vao Y. Cho F: X — 2¥. Khi d6 mién
hitu hiéu, tap do thi caa F 1an luot dugce xac dinh
nhu sau:

domF={x€eX|F(x)+ 0},
grF={(x,y) ly€F(x)}.

Cho C la mét tap con cua khdng gian dinh
chuan X. Khi d6, cone C, int C va C lan luot duge
xac dinh nhu sau:
coneC:={Ac|lc€C,A=>0}, intC:=
{x €C| Ilancanmé V ctax,V C C]

va C == {x € C | ton tai day {x,,} € C,x,, - x}

Tiép theo, chung t6i gidi thiéu mot s6 loai dao
ham cho 4nh xa da tri. Khong gidng nhu dao ham
cua cac ham don tri, dao ham cia anh xa da tri
thuong dugc dinh nghia théng qua cac ndn tiép
tuyén (hay non tiép xic). C6 nhidu loai nén tiép
tuyén di duoc gidi thiéu va nghién ctru. Trong
phan sau, chung t6i giéi thiéu mot sb non tiép
tuyén (va cac dao ham twong ung) thuong dugc sir
dung trong nghién ctru cac bai toan tdi uu.

Pinh nghia 1.2. (Bonnans & Shapiro, 2006,
Pinh nghia 2.2.1, 2.2.2, 2.2.3) Cho M 1a tap con
claXvaxeM.

(i) Non tiép tuyén Bouligand cia M tai %,
dugc ki hiéu boi Ty, (%), 1a tap hop nhiing vector
v € X thoa man didu kién tlir51+infw =0.

(i) Non tiép tuyén ké cia M tai x, duge ki
hiéu boi T (%), 1a tap hop cac vector v € X thoa
man diéu kién lim &M _ o

t-0t t

(iii) N6n tiép tuyén Clarke cua M ta &, dugc ki
hiéu boi Cy(X), la tap hop nhirng vector v € X
lim d(x+tv,M) —0

thoa méan diéu kién
t—-0t x>z t

(iv) N6n tiép tuyén trong cua S tai x,, ki hiéu

baoi ITg(xy), duge dinh nghia nhu sau:
ITs(xo) = {u € X:36 > 0,Vt € (0,6),vu'
€ Bx(u,8),xo + tu’' € S}.

Nhan xét 1.3. Ttr dinh nghia, ta ¢c6 CF,(u) c
DYE,(u) c DE,(u),Vu € X.

Pinh nghia 1.4 (Anh, 2014, Dinh nghia 3.1).
Cho F: X — 2Y 1a m0t anh xa da tri va (xg,y,) €
grF.

(i) Bao ham trén Studniarski bac m cua F tai
(%0, y0) dugc dinh nghia bai:
D™F(x0,y0)(W) = {v €Y |3ty > 0%, (up, v) » (w,v)
sao cho Vn, y, + ti'v, € F(xy + t,u,)}

(ii) Pao ham dudi Studnuarski bac m cua F
tai (xg, ¥o) duoc dinh nghia boi:

D™F(xo,y)(x) = {vevY|vt,-»0%u,->udv,>v

sao cho Vnq, wy, + t'v, € F(xy + tyu,)}
Nhan xét 1.5. Trong truong hop m =1 thi
D™ = DbF,D™ = DF.
2. Pao ham c6 bic tw do ciia anh xa da tri
Trong muc nay, ching toi gidi thiéu mot sd
dao ham suy rong la mo rong cua cac dao ham
Studniarski va thiét 1ap mot so tinh chat cua dao
ham nay. Bang cach thay t;* trong dinh nghia dao
ham trén va dao ham dudi Studniarski bac m boi
¢ (t,) va cach xac dinh cac day trong DPinh nghia
1.5, chung t6i gidi thiéu cac khai niém dao ham co
bdc tw do (hay cac dao ham twong vng vdi mot
ham) nhu sau:
DPinh nghia 2.1. Cho F: X - 2¥ 1a mét 4nh xa
da tri va (xg,y,) € grF.
(i) Pao ham twong ung voi ¢ cua F tai
(%0, y0) dugc dinh nghia bai:
DPF(x,y0)(w) = {v €Y |3ty - 0%, (up, 1) > (1, v)
sao cho Vn,yo + @(t,)v, € F(xy + thuy)}
(ii) Pao ham chat twong ung vdi ¢ cua F tai
(x9,¥o) dugc dinh nghia bai:
DeF(x0,vo)(w) = {veYIVt, > 0" u, »udv, > v
sao cho V1, yo + @(t,) v, € F(xo + taun)}
Vidu 22. Gia st X=Y =R va Fp,;: X >
2Y,n = 1,2,3, ... dugc xac dinh boi:

Fon(x) ={y €Y:y=>x?"},Vx €X

Gia str (xg,y0) = (0,0) v6i n=1, ta cé:
D?F,(0,0)(u) ={veY:v >u?},Vu € X.
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Vi o(t) = t? ta co:
D?F,(0,0)(w) = {v €Y |3at, > 0%, (uy,v,) = (W, v): Vn, t2v, € F(tyu,)}
= {veR|v=>u?}VueXx.
D?F,(0,0)(w) = {v €Y |Vt, > 0%,u, > u v, - v: Vn, t2v, € F(t,u,)}
= {veR|v=>u?},Vu€eX.
Vi p(t) = et ta co:
D?F,(0,0)(w) = {v €Y |3ty » 0%, (up, vn) = (w,v): Vn, t2v, € F(tyu,)}
= {veR|v=0}=R*"Vuex.
Nhan xét 2.3. Trong truong hop ¢@(t) =t™
thi D?F trd thanh D™F.
Pinh 1i 2.4. Cho F;: X - 2Y, i =1, 2 la mot
anh xa da tri va (xq,y;) € grF;. Khi d6 véi moi
u € X, taco:

D?(Fy + F;)(xg,y1 + y2) (W)
=2 ?¢F1(x0;3’1)(u)
+ D?F,(x0,y2) (W).

Chung minh. Gia sit v € D?F; (xq,y1) (W) +
D¥?F,(x9,v,)(w). Khi @6 ton tai w; €
DYF; (x0,y1)(W) VA w, € DYF,(x,y,)(u) sao
cho v =w; +wy. Vi wy; € D?F;(xg,y1)(w) nén
tr Pinh nghia 2.2 ta tim thiy t, —» 0%,u, -
u,v, »>w; sao cho y, + @(t,)v, € Fi(xg +
taln). (2.1)

Vi w, € D?F,(xo,y,)(u) nén véi cac diy
th:=t, » 0%, 4,:=u, > u. Khi do ton tai day

U, > w, théoa min y,+ @(t,)0, € F,(xo +
thUy), Vn. (2.2)
Tr (21) va (22) suy ra y;+y,+

o(ty) (v, + Uy) € (F; + F,)(xg + t,uy). Do do
v =w; +w; € DY(F; + F;)(x0, y1 + ¥2)(W).
Vay ta co0 D?(Fy + F;)(x0,y1 +y2)(w) 2
D?F, (xo,y1) (W) + D?F,(x0,y2) (W). O
Vi du sau chi ra raing néu thay D? = D¢ thi
DPinh li 2.5 1a khong ding.
Vi du 25. Gia st X=Y=R,C =R,va
F;,F,: X - 2Y duoc cho béi:

. 1

Fy(x) = {1} néu x= ;,n =1,2,
{0} néu x=0,
. 1

Fy(x) = {0} néu x-= n= 1,2,
{1} néu x=0.

Vi ¢(t) = et taco:
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D?F,(0,0)(0) ={v e R | 3t,, » 0%, (u,,v,) » (u,v)
sao cho Vn, efrv, € F,(t,u,)} = {0,1}.
D?F,(0,1)(0) = {v e R | 3t, » 0%, (u,, v,) = (u,v)
sao cho Vn, 1 + etrv, € F,(t,u,)} = {—1,0}.

Mat khac, ta co
(F; + F)(x)

, 1
{1} néu x=0hoécx=£,n=1,2,...

) néu nguoc lai.

Suy ra D®(F; + F,)(0,1)(0) = {0}.

Vay DPF;(xo,y1) (W) + D?F,(x,y2) (W) &
D?(Fy + F3)(xo, y1 + y2) (W).

Bao hépl thirc trong Pinh 1i 2.5 1a chat. Diéu
nay dugc thé hién trong vi du sau day.

Vi du 26. Gia st X=Y=R,C =R,va
F;, Fy: X > 2Y duoc cho béi:

. 1

Fy (x) = {1} néu x-= ;,n =1,2,
{0} néu x=0,
. 1

Fy(x) = {0} néu x-= ;,n =1,2,
{1} néu x=0.

Vi @(t) = et, ta co:
D?F,(0,1)(0) = {v e R|3t, - 0%, (up,vy) = (w,v): 1+ etrv, € F,(t,u,),Vn}

{-1,0}
{v e R|Vt, » 0%, u, - u, v, > v: e, € F(tuy,), Vn}

D?F,(0,0)(0)

)
Mat khac, ta co

(F; + F,)(x)
, 1
{1} néu x=O0hodcx = E,n =1,2,..

1) néu nguoc lai.
Suy ra D?(F; + F,)(0,1)(0) = {0}. Do dé ta co:

D?(F; + Fz)(xo'gﬁ +y,(w) D D?F (xp,y1) (W) +
D?F,(x0,¥,) (W).

3. Ap dung ciia dao ham cé béc tw do vao
nghién ctru diéu kién toi wu

Trong muc ndy, chang téi trinh bay mot sb
ap dung cua dao ham c6 bac tu do trong viéc
nghién cau tinh ¢@-6n dinh cua &anh xa da tri va
nghién ctru diéu kién t6i uu. Trudc tién, ching toi
goi lai khai niém ntra lién tuc dudi cua cac anh xa
da tri va dé xuit khai niém ¢-6n dinh cua anh xa
da tri nhu sau:
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Dinh nghia 3.1. Cho F: X — 2¥ 1a mot 4nh xa
da tri va (x0,¥0) € grF.
(i) (Anh, 2014, Pinh nghia 2.3) F dugc goi 1a nia
lién tuc dudi tai (xg,yo) Néu tdn tai cac 1an can
U,V cla xy,ypsaochoVNF(x)#@ véi moi
x € U.

(i) F dugc goi 1a @-on dinh tai (xq,v,) néu
t6n tai hang s6 L > 0 va lan can mé U cua x, Sao
cho véi moi x e U\ {xp}tacd: F(x) c {yy}+
Lo(llx — xol1) By

binh |i 3.2. Gia s Y la khdng gian hitu han
chiéu va ¢: Rt - R*1a ham tya nhan tinh. Khi d6
néu F: X — 2Y la ntra lién tyc dudi va @-6n dinh tai
(x0,¥0) € grF thi D?F(xq,yo)(uw) # @,Vu € X.

Chitng minh. Cho u = 0, day la truong hop
tam thuong boi vi ta luén c6 0 € DPF(xg, y,)(0).
Vi véy ta gia st u # 0. Ly t,, — 0*. Véi moi lan
can mo V cia y,, ton tai 1an can mé U cua x, sao
cho véi moi x e U:V N F(x) # @. Vi xo + t,u—
Xo Nén x, + t,u € U v6i n da 16n. Do d6 ton tai
Vn € F(xg +tau) NV,

Boi tinh chat ¢-6n dinh cua F, ton tai A > 0
sao cho:

Vn € F(xo + thu) S {YO} + Ap(lit,ul)By ©
v} + Aqo(tn)qo(ll u 1) By.

v ooas 1Ya=yol

o(tn)
nghia 1a {(y, — yo)/@(t,)} 1a mot day bi chan va
c6 mdt day con hoi tu. Boi Pinh nghia 2.2, gidi han
cia diy con nay 1a mot phan t cua tap
D?F(x0,y0)(w). O
Hai vi du sau chimg t6 ring tap
DPF(xg,yo) () c6 thé 1a tap rong néu gia thiét cua
DPinh li 3.1 khong dung.

Vi du 3.3. Gia st F: R — 2R dugc dinh nghia

<Ap(lul). Piéu nay co

boi:
(0) néux < —1,
F(x) = {{x} néu —1 < x < 0 hogcx > 1,
{x1/3} néu0o<x<1
va @(t) =t™, voi moi m = 1. Khi d6, ta co
F(x) ={x'3} v6i 0 <x <1 va D?F(0,0)(w) =
@ v6i moi m > 1, & day F 1a nira lién tuc dudi tai
(0,0) nhung khong la ¢-on dinh tai (0,0). That
vay, v6i moi V-mg, 0 € V. Gia str (—¢,€) c V véi
€ >0 (nao d6). Lay U = (—1,1). Khi d6 vai moi
x € U ta xét hai truong hop sau:

Truong hop 1: 0 < x < 1. Trong truong hop
ndy F(x)={x"3}. Vi —1<x<1 nén —-1<
x/3 <1.SuyraF(x)nV # Q.

Truong hop 2: —1 < x < 0. Trong truong
hop nay F(x)=x. Suy ra F(x)NnV #0.
Do d6 F 1a mia lién tuc dudi tai (0,0).

Tiép theo ta kiém tra tinh ¢-on dinh cia F tai
(0,0).

Truong hop 1: m = 1. Véi moi L = 0,U mé
chtra 0, chon x € [0,1]. Khi d6 F(x) = x/3. Vi
x'/3 ¢ L|x|(~=1,1) v6i x du gan 0 nén F(x) ¢
L|x|(—=1,1) khi x du gan 0.

Truong hop 2: m > 1. Véi moi L = 0,U mé

chtta 0, chon x € <—m_1\F,0)nUx. Khi d6
L 0

\ m-1/1 A ,
Fx)=x.Vi0>x>— \E nén ta co P

L,nghiala x < —L|x|™. Do d6 x & L|x|™(—1,1).
Vay F khong 1a ¢-6n dinh tai (0,0).
Vi du 3.4. Gia st F: R — 2R duogc dinh nghia

boi: F(x) = {(Z) néu x #0,
' {0} néu x=0

va @(t) = t™. R& rang F 1a ¢-6n dinh vi ton tai
L=1>0,U=(-11) chta 0 sao cho Vx € U\
{0} ta c6 F(x) =@ c{0}+LIlxI™By. Tuy
nhién D?F(0,0)(uw) =@ véi moi u # 0. Do do
khing dinh ciia Binh Ii 3.1 khong con ding nira. Li
do 1 F khong nira lién tuc dudi tai 0. That vay, lay
V = (—=1,1) lan can m¢ cua 0, véi moi U mo va
chua 0, Iéy 0#x€U ta cd F(x) =0. Suy ra
VNF(x)=

Tlep theo, chung t61 trinh bay ap dung cua dao
ham cé béc tu do dé nghién ctru diéu kién can cho
nghiém yéu dia phuong ctia bai toan tdi uu sau:

>

Cho X,Y,Z la cac khong gian dinh chuan,
CCSY,DCZ lacac non 16i co phian trong khéc
rong va chia 0. Cho S # @,S € X,F:S - 2¥ va
G:S — 2%. Xét bai toan toi wu nhu sau:

{ Minimize F(x), Q)
x€S,G(x)N(=D) #D.
KihiéuA:= {x € S:G(x) n (—D) # @} la tap
kha thi cua bai toan (Q).
_ Trong phan tiép theo, chlng toi ludn gia thiét
rang anh xa ¢ 1a ntra lién tuc phai tai 0, nghia la:
v&i moi day t, —» 0%, taco ¢(t,) » 0.
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Pinh nghia 3.5. Gia sir x; € A voi A 1a tap
kha thi cua bai toan (Q). Diém (xy,y,) € grF dugc
goi 1a mot nghiém yéu dia phwong cia (Q) néu ton
tai 1an can mo U cia x, sao cho (F(ANnU) —
Yo) N (—intC) = @

Ménh dé 3.6 (Jiménez & Novo, 2003, Ménh
dé2.3). NeuS S X latap 16, xo €S vaint S # @
thi ITipes(x0) = int cone (S — x).

B6 dé 3.7. Néu z, € =D,z € — int cone
(D + z,) va ton tai t, » 0%,¢(t,) —» 0%sao cho

1 N , e
m(zn — zy) — z thi z,, € —int D véi moi n.
n

Chung minh. Tu z € — int cone (D + zp) ta
€0 —z€ITinp(—2p). Do dinh nghia cua
IT,  p(=2), ta c6: 36 >0,Vt€ (0,6),Vu' €
Bx(—z,6),—zy+ tu’' €intD.

Tir tinh chét lién tuc phai tai 0 cua ¢ va gia
thiét day t,, » 0%, tacd ¢(t,) = 0*. Do d6, khong
mat tinh tong quét ta co thé gia sa @(t,) <

SVnEN Vlﬁ( Zo)ﬁznénV(’)’indﬁ

16n, ta co —m( n — Zo) € B(—2z,6). Do d6 voi

. iy ~(zn—20)
n du 16n, ta c6: —z, = —z, +(p(tn)ﬁ
intD.

Piéu nay c¢6 nghia 1a z,, € —int D véi moi n.
Do d6, chirng minh dugc hoan thanh. OJ

Dinh i sau ddy cung cap diéu kién can cho
nghiém yéu cua bai toan (Q) theo dao ham tuong
ung vaéi ¢

Dinh li 3.8. Gid st x, €intS va z €
G(xo) N (=D). Khi do néu (x,,y,) € grF la mot
nghiém yéu dia phuong cua (Q) thi voi moi
X € Q = domD(p(F X G)+(X0,y0,ZO) ta CO

D?(F x G)4+(x0,¥0,20) (X)
n —(intC X intcone(D + ZO))

= Q.
Chirng minh. Gia sit rang D?(F x
6)+ (0, ¥0,20) () N = (int € X int cone (D +

ZO)) * Q.

Khi d6 ton tai y €Y,z € Z sao cho (y,z) €
D?(F x G)+(x0,¥0,20)(x) (3.1
va (y,z) € —(intC x int cone(D +z5)).  (3.2)

Tae (3.1) t, = 0%, (uy, vy) -
(x,(y,z)) sao (Yo, z0) + @(tn)(vy) €

ton  tai
cho
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(F X G)4(xg + tpuy). Khi do ton tai (y,,z,) €
(FXG)y(xg+tyu,) sa0o cho  (yg,29) +
@) (Wn) = s 2n).

Piéu nay twong dwong voi Omzn)=(o20) "’Z;‘))(;(;/O’ZO) -

v, 2). (33)
Tu (3.2) va (3.3) cho n du 16n, ta c6 y, —
Yo € —intC (3.4)

va tir B d¢ 3.6, ta dat dugc: z, € —intD.  (3.5)

Boi  vi oz, € Gy(xg+ tyx,) N—D,x +
tnXn, € AN U VGindulon. T (3.5), taco

Yn — Vo € (F(ANU) —y,) N —intC.

Diéu nay mau thuin véi Dinh nghia 3.4. Vay
tacéd

D?(F X G)4+(xg,¥0,29)(x) N —(int C X int
(cone (D +2y)) =0

Do d6, dinh ly da dugc chitng minh. O

L(n cam on: Bai bdo nay dugc tai trg bdi dé
tai ma so6: B2022.SPD.02.
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