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Tém tit

Bai viét xdy dung cdc hé thirc lwong cho mét t gide ndi tiép dwong tron. Cong thirc cia
Brahmagupta vé tinh dién tich cia tir gidc ngi tiép dwoc gidi thiéu va chwng minh chi tiét. Sau do, chiing
16i xdy dung cdc céng thirc lrong gidc dé tinh cdc goc cua mot tir gidc ngi tiép trong dwong tron nhu cong
thire tinh sin, cong thirc tinh cosin va mot sé cong thike tinh chiéu cao lién quan. Bén canh dé mot sé cong
thirc tinh dién tich cua tam gidc, hinh binh hanh, hinh thoi, hinh chit nhat va hinh vuong dwoc mo ta lai
nhw mot dp dung truc tiép cong thicc dang Brahmagupta. Mot 6 vi dy minh hoa cho cdc badi todn
lién quan dén tir gidc néi tiép dwong tron dwoc dé xudt dé dp dung cdc két qua dat dwoc.

T kKhéa: Dién tich, tir gidc ndi tiép, dwong tron ngoqi tiép, hé thirc lirong, goc.
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Abstract

This study is to construct trigonometric systems for a cyclic quadrilateral in a given circle.
Brahmagupta's formula for calculating the area value of a cyclic quadrilateral is introduced and proven,
in detail. Then, trigonometric formulas are built to compute the angle value of a circle quadrilateral in a
circle such as the sine, the cosine, and other related height formulas. Besides, some formulas for
calculating the area value of triangles, parallelograms, rhombus, rectangles and squares are described as
a direct application to the formula of the Brahmagupta-type. Some illustrative examples for problems
related to a circle quadrilateral in a circle are proposed to apply the obtained results.
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1. Gi6i thiéu

Cho t& gidc ABCD c6 4 canh lan luot la
a,b,c,d noi tiép trong duong tron (O). Bai toan
dugc dat ra la: hay xac dinh sin, cos, tan va cotan
cua cac goc bén trong tir giac ABCD theo a, b, ¢, d.

A

Hinh 1. T gidc ABCD n#i tiép mot dwdng tron.

Phan tich bai toan trén ta thdy: 1) néu biét
dugc do dai mot duong chéo cua tur gidc ABCD thi
dé dang tinh duoc sin, cos, tan va cotan cua cac goc
bén trong tir giac ABCD theo a, b, ¢, d bang cach sir
dung cac dinh ly sin va cosin trong mét tam giac;
2) néu khéng biét dugce do dai duong chéo thi day
1a mot van dé twong ddi kho déi voi ngudi 1am toan
hinh hoc.

Theo hiéu biét cta chung t6i, hién tai chua cé
cong thire tong quat nao dung dé tinh sin, cos, tan
va cotan cua cac goc bén trong tr giac ABCD theo
a,b,c,d xay ra dbi véi truong hop 2).

Brahmagupta la nha Toan hoc thién tai nguoi
An Do c6 nhiéu dong gop quan trong trong linh
vuc hinh hoc so cép va ly thuyét s6 (xem
Puttaswamy (2012) va tai liéu trich dan trong do).
Ong d3 d& xuit cong thuc tinh dién tich to giac noi
tiép duong tron théng qua canh va nira chu vi cua
tor giac, mot phién ban tinh dién tich twong tu nhu
phién ban tinh dién tich cua Héron (xem Levrie
(2019)) cho tam giac bat ky néu biét trudc cac canh
clia mot tam giac. Két qua cia Brahmagupta duoc
trinh bay nhu sau:

Dinh ly (Dién tich tir gidc theo Brahmagupta)

Cho ABCD la mét tir gidc noi tiép cé 4 canh
laa,b,c,d > 0. Khi do, dién tich

S=J@-a)p-b)p-c)(p-d)
trong do p la nira chu vi cua ti giac ABCD.

Quay tré lai bai toan ban dau, thay vi di xac
dinh d6 dai mét duong chéo trong tir giac, chidng
ta biét dugc dién tich tir gidc ABCD theo cach tinh
cia Brahmagupta. Bing cach phan tach tur giac
ABCD thanh 2 tam giac cung chung 2 dinh va st
dung cong thirc tinh dién tich tam giac véi d6 dai 2
canh dd cho va sin cua g6c nam giita 2 canh do,
ching ta dé dang tim dugc sin cua goc nam giira 2
canh dwa vao gia thiét tir giac noi tiép sé& c6 tong 2
goc ddi dién ludn bang 180°. Cach xac dinh cos,
tan va cotan s¢ thdng qua cac hé thirc lugng trong
mot tam giac véi do dai cac canh da cho. Véi cach
lam theo phuong phap trén, trong bai bao nay
ching t6i s& giai quyét dugc bai toan dugc dit ra
ban dau. Bén canh ching t6i ciing tim mot s6 vi du
phan chimg dé chi ra rang két qua dat duoc trong
bai béo s& khong con ding dbi vai mot tir giac tay
y (khéng ndi tiép trong mot duong tron (0)).

Viéc giai quyét dugc bai toan trén gitip nguoi
hoc ¢ thé nhin nhan mét cach téng thé hon vé hé
thirc lugng trong mét tam giac bai vi mot tam giac
tay y ludn noi tiép dugc trong mot dudng tron (O)
va tir giac noi tiép duong tron (O) chinh 1a su chén
thém 1 dinh nam trén vong tron (O) khéng tring
Vi 3 dinh ctia mot tam giac cho trudc.

Xay dung hé thie lwong trong mot tir giac noi
tiép co vai tro quan trong trong hinh hoc, né gidp
chiing ta tinh toan dugc cac gia tri sin, cos, tan va
cotan ciia mot goc nao do6 trong mot tir giae noi ticp
dua vao d6 dai 4 canh da biét ma khdng nhat thiét
do duoc do dai duong chéo tir giac, 1am co so dé
nghién cau hé thic lugng trong mot da giac ndi
tiép tong quat sau nay. Theo hiéu biét chung toi,
hién tai van chua thay c6 bat ky mot loi giai nao
lién quan dén bai toan dat ra bén trén.

Hg¢ thure luong trong tam giac 1a mot ndi dung
toan hoc - hinh hoc quan trong va da dugc st dung
kha phé bién trong thuc té, duoc ap dung dé do
dac, tinh toan cac yéu t6 vé goc - canh cho mot tam
giac tuy y (xem Grigorieva (2013), Hartshorne
(2000) va Blinkov (2010)) va mét sé ap dung do
dac trong thyc té. Hé thirc lugng trong tam giac va
giai bai toan trong tam giac da tré thanh kién thirc
kinh dién va chung duoc dwa vao sach gido khoa
giang day cho hoc sinh THCS va THPT. Cac bai
toan lién quan dén hé thic luong trong tam giac
duogc khai thac va stir dung hing ngay va chung trd
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nén kha quen thuc véi tat ca moi ngudi trong doi
song hang ngay (xem Bold (1969), Eves (1990) va
Nelsen (2001)).

H¢ thirc luong trong tir gidc ndi tlep duong
tron 1a mot cha dé nghién ctru tuong dbi moi va
hap dan, dugc chung t6i dé xuat nghién ctru trong
bai bao nay nhim muyc dich cung cap cho chung ta
mot cong cu do ludng cac yéu té goc-canh cta mot
tr giac ndi tiép dudng tron. Hé thuc trong tir giac
noi tiép 1a mot trong nhiig cong thirc sir dung dé
tinh toan cac gia tri cua ham luong gidc (sin, cos,
tan, cot) clia cac goc trong tir giac noi tiép. bay la
noi dung thu vi va c6 nhiéu ap dung thyuc té nén
chung da tré thanh dong luc cho ching t6i nghién
ctru va hoan thién ndi dung nghién cuu trong bai
bao nay.

2. Dién tich tir giac ndi tiép

Phan nay phat biéu va chimg minh lai cong thirc
tinh dién tich cho cac hinh tr giac noi tiép trong
duong tron cia Brahmagupta. Chiing minh cua ching
toi  duoc dya trén y tudng ching minh cua
Brahmagupta. Bén canh d6 mdt vai ung dung cua
cong thurc cho cac tr gidc dac biét dugc thiét lap.

DPinh ly 1 (Dién tich
Brahmagupta)

Cho ABCD la mét tir giac noi tiép c6 4 canh
laa,b,c,d> 0. Khido, dién tich

S=J@-a)@-b)@-c)(p-d

t¢  giac theo

trong d6p = L2 13 nwa chu vi cua to gidc
ABCD.
Chirng minh:

Vi tir dién ABCD ndi tiép trong mot duong
tron nén tong 2 goéc trong nam doi dién nhau cua tir
gidc bang 180°. Su dung tinh chat tong 2 géc
luong giac bu nhau cua ham s6 lugng giac sin:
R—[-1,1]taco

sin ADC = sin(180° — ADC) = sin ABC
va ham s lugng giac cos: R — [—1,1] ta dwoc
cos ADC = —cos(180° — ADC) = — cos ABC.
Do do:
a’ + b? — 2ab cos ABC
= c? + d? + 2cd cos ABC

vi ca hai vé déu cling bang véi AC? va dién tich

1 —
S= E(ab + cd)sin ABC.
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Rt cac gia tri luong giac cta goc ABC, sau
do6 binh phuong va cong chiing lai véi nhau ta dugc
( + b? dz) N ( 4S )2 B
2(ab + cd) 2(ab + cd)
Thuc hién tinh toan don gian hang dang thic
trén nhu sau:
165% = (2(ab + cd) — a* — b* + ¢* + d?)
X (2(ab + cd) + a* + b* — ¢* — d?)
=((c+d)? - (a—b)?)
X ((a+ b)? — (c — b)?)
=16(p—a)p—-b)p—-o)p-d.

RUt gon 16 cho 2 vé va sau d6 lay can bac hai
cuia 2 vé trong dang thac trén ta duoc
S=J@-a@-bp-op-4d.

Diéu phai chimg minh. []

Nhdn xét: Néu tir giac ABCD khdng noi tiép
duong tron thi cong thue trén khong con ding.
Chang han, xét hinh thang vuéng ABCD cé canh
goc vubng 1A AB = 2, BC = 2AD = 4. Khi d6 ap
dung cong thac tinh dién tich hinh thang vuéng
ABCD ta dugc két qua

1
$ =5 (AD + BC)AB = 6(dvdy).

Néu &p dung cong thac tinh dién tich trong
binh Ii 1, ta goi M la trung diém canh BC suy ra
MCD la mot tam giac vudng cén tai M va tinh duoc

DC = 2V2,
p=4+ V2.

Khi do:

S'=2(V2+1)V2v2 —1 (dvdy).

RO rang la § # S, va tir day chung ta két thic
viéc kiém tra. []

Hé qud 1 (Dién tich hinh binh hanh) Cho
ABCD la mot hinh binh hanh néi tiép cé 2 canh
lién tiép nhau la @, b > 0. Khi d9, dién tich

S = ab.
~ Chung minh: Ta c6 ABCD la mét ti giac noi
tiép c6 4 canh 1a a, b, a, b. Khi do, ta c6 ntra chu vi
hinh binh hanh 1a p = a +b. Ap dung Pinh 1i 1, ta c6
§=V-a)®-b)
=(P-a)(p-b)=ab. []
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Nhdn xét: Cong thac tinh dién tich trong Hé
qua 1 &p dung cho hinh chir nhat canh a,b la S =
ab vahinhvudng canha [a S = a?.

H¢ qua 2 Hinh binh hanh ni tiép dudng tron
1a hinh chit nhét, hinh thoi ndi tiép dudng tron la
hinh vuéng va hinh thang ndi tiép dudng tron la
hinh thang céan.

Chiing minh: Goi ABCD la hinh binh hanh
ndi tiep duong tron ¢ 2 canh lién tiép nhau la a, b.
Ap dung Hé qua 1, ta c6 cong thuc tinh dién tich
hinh binh hanh ABCD:

S=ab (1)

Mt khéc, dién tich hinh binh hanh ABCD bang
tong dién tich caa hai tam gidc ABC va ADC, nén

1 _ A
S = 2 (absinABC + absin ADC) (2)
= absin ABC.
Tu (1) va (2) suy ra

sinABC =1 => ABC =90°.

Vay ABCD 1a mét hinh chit nhat.

Néu ABCD 1a hinh thoi thi né 1a hinh vudng
bdi vi hinh thoi 1a hinh binh hanh c6 2 canh ké bang
nhau va c6 mot goc vuong do chirng minh trén.

Néu ABCD la hinh thang thi n6 ¢6 2 cap canh
ddy song song vé6i nhau. Khong mat tinh tong quat
ta gia sa rang AB//CD. Khi do6

ABD =BDC (hai gdc so le trong).

Suy ra s6 do hai cung bi chéNn tuong ang voi 2

goc trén bang nhau va diéu nay dan dén
AD = BC.

Vay ti gidc ABCD la hinh thang can.  []

3. H¢ thirc lwgng trong tir giac ndi tiép

Phan ndy cung cip cic cong thirc tinh sin va
cdsin cua cdc goc trong mot tu giac ndi tiep. Pong
thoi, xdy dung cong thirc duong cao ha tir dinh
xuong canh doi dién.

Dinh |i 2 Cho ABCD 1a mét tir gi4c noi tiép
c64canhlaa, b, c,d > 0. Khido:

a’ + b% — ¢ — d?

p———

ABC = ;
cos 2(ab + cd)
m_b2+c2—d2—a2_
cos ~ 2(ad+bc) "’

—a? — b?% + ¢% + d?

cosADC =—— b vca)
cos DAB — —b? — % + d? + a?
2(ad + bc)
Chung minh:

Ap dung dinh li c6sin trong tam giac ABC va
ADC taco

a? + b% — ¢% — d?

P —

cosABC =

2(ab + cd)
hay
__ a’+b?-c*-d?
(ab + cd)cos ABC = >
tuong duong véi (vi cos ABC = —cosADC)
a’ + b? — 2ab cos ABC
=c%? + d* — 2cd cos ADC.
B
il
A

Vg

D
Hinh 2. Tt gidc ndi tiép dwong tron
Piang thirc trén chinh 14 dinh 1i cosin trong
tam giac. Cac truong hop con lai dugc ldp ludn
tuwong tu. Diéu phai chirmg minh. []
Vi du 1: Cho ABCD la mét tir giac noi tiép co
4 canh 1a a,b,c,d > 0. Chirng minh rang t(:)ng
binh phuong hai duong chéo ti giac bang tong
binh phuong céc canh tir giac khi va chi khi

ab + cd _ cos BCD
ad + bc  cosABC
Bai giai:
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Ap dung hé thirc lugng trong tam gidc ABC
va ADC taco

AC? = a? + b%? — 2ab cos ABC
=c2 4+ d?* —2cd cos ADC.
Do do:

AC? =%(a2 +b% +c% + d?)

— (ab + cd) cos ABC.
Lap luan tuong ty nhu cach lam trén ta dugc
BD? = %(a2 +b%+c%+d?)
— (ad + bc) cos BCD.
Cong hai ddng thte trén lai voi nhau, suy ra
AC? + BD? = (a% + b? + ¢* + d?)
— (ab + cd) cos ABC
— (ad + bc) cos BCD.
Viy:
AC? + BD? = (a% + b? + ¢* + d?)
khi va chi khi
(ab + cd) cos ABC + (bc + da) cos BCD = 0,
va dang thirc sau twong dwong voi
ab+cd  cos BCD
ad +bc cosABC
biéu phai ching minh. []

~ Nhan xét: Néu ABCD 1a hinh binh hanh thi
dang thirc

ab+cd cos BCD
ad + bc cos ABC
ty dong thod man va do do t‘c;)ng binh phuong hai
duong chéo hinh binh hanh bang tong binh phuong
cac canh cua hinh binh hanh.
Dinh Iy 3 Cho ABCD la mét tir giac noi tiép
c64canhlaa,b,c,d > 0. Khidd

sin ABC 2,/(p - a)(pa—b ?g,t —o)(p-d)
2J(p-a)p-b)(p-c)(p-d)
ad + bc '
2J(p-a)p-b)p-c)(p-d)
ab + cd ’
2\/(p—a)(p—b)(p—c)(p —d)
ad + bc ’

1=

)

sin BCD =

sinADC =

—

sin DAB
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trong d6 p la nua chu vi cua ta gidc ABCD.

Chung minh:

Ap dung két qua ching minh trong Pinh 1i 1
ta duogc

1 ___
S = 2 (ab + cd)sin ABC

o ABC = 25
sin " ab+cd
B
i

D
Hinh 3. T gidc ndi tiép dwong tron
Ma dién tich S duoc xac dinh theo Pinh 1i 1,
tasuy ra

2Jp-a@-bH@p-9p-d
ab +cd '
Mot cach tuong tu ta cling ¢

2Jp-a)p-b)p—-c)(p—-d)

ad + bc

Lap luan tuong ty nhu trén ta cling thu duoc
cac cong thirc con lai.

sinABC =

sinBCD =

Diéu phai ching minh. []

DPinh Iy 4 Cho ABCD la mét tir giac noi tiép
cd4canh laa,b,c,d > 0. Goi AE, AF lan luot 1a
cac duong cao ha tir dinh A 1én c&c canh BC va DC
cua tir gidc ABCD, va S la dién tich tr giac ABCD.
Khi dé:

_ 2as .

AE = ab +cd’
2dS

AF = ab + cd
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ABCD. Puong thang qua € song song Vi AD cit
AB tai H. Xac dinh d6 dai doan CH.

Hinh 4. Pwong cao AE va AF

Chung minh:
Ap dung cong thic lugng gidc c6 dudng cao D
AE véi E la hinh chiéu cua A 1én canh BC, ta c6 Hinh 5. CH song song AD
sin ABC = ﬁ Bai giai:
a Vi tir giac ABCD noi tiép duong tron duong
= AE = asinABC. kinh BD nén ta c6 cac goc
St dung Pinh li 3 v6i cong thire tinh dién tich BAD = BCD = 90°.
S trong Pinh li 1, ta nhan duqc;l;et qua Do dé dé dai canh géc vudng €D 13
SinABC = ————. CD =+/AB? + AD? — BC? = a\/7
Do d6: va dién tich tir giac ABCD la
2aS 1 4 + \/7
AE = —— =~ (AB. . = Z,
b7 cd § = (AB.AD + BC.CD) S—a
Xét cho truong hop con lai, ta dugce Ap dung hé thirc lugng tr giac ndi tiép ta co
. AF A 28 4++7
sinADC = —- sin ABC = = ;
AB.BC+CD.DA™ 2(1+7)
= AF =dsinADC.
Lai st dung Pinh 1i 3 véi cong thirc tinh dién 4+7
tich S trong Dinh 1i 1, ta co sin ADC = sin(180° — ABC) = ————;
25 2(14+7)
SinADC = ———. sinBAD = sinBCD = 1.
Do d6: Vi CH song song véi AD nén CH 1a duong
2ds cao ha tr dinh € xuong duong thang AB cua ti
AF = ——— i4c noi tiép ABCD.
ab + cd J ,Q P . e tinh dud
Pidu phai ching minh. [ Ap dung cong thire tinh duong cao ta dugc
Vi du 2: Cho tir gidc ABCD ndi tiép mot CH = 2.BC.S _ 4+V7 a
duong tron duong kinh BD trong d6 AB = AD = AB.BC+CD.DA 2(1++/7)

2a, BC = a. Tinh sin cua c&c goc trong tor giac
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Dinh Iy 5 (Hg thic luong tir gic ndi tiép)
Cho ABCD la mét tir giac noi tiep c6 4 canh la
a,b,c,d > 0. Khi dé:

28
sinABC = ab+cd
____ a’+b? d?

cosABC 2(ab+cd) '
_ 45
tan ABC =

cotABC = s
Churng minh:
Két hop Pinh 1i 1va Pinh 1i 3 ta ¢6 cong thiic sin:
. o= 2§
sinABC = m

Ap dung Dinh li 2 suy ra cong thirc cosin:
a’ + b% — ¢ — d?
2(ab + cad)

Ap dung hé thirc lugng trong trong duong tron
ta duoc:

cos ABC =

____ sinABC
tanABC
cosABC
____  cosABC
cotABC = —,
sindBC

Suy ra cac két qua con lai. []

Vi du 3: Cho ABCD la mot tir giac noi tiép
cé4canhlaa,b,c,d > 0. Ching minh rang

S = %\/4(ab + cd)? — (a? + b? — ¢% — d?)?
Bai giai:
Ap dung hé thire luong trong tir gidc ABCD
ndi tiép ta co
o 28
sinABC = ab+cd’
Theo Pinh li 5:
a’ + b? — ¢* — d?
2(ab + cd)

Binh phuong 2 vé cac dang thirc trén va cong
v¢ theo v€ cua ching lai vai nhau dan dén

cos ABC =

100

(az + b?% — % - d2>2 N < 4S )2
2(ab + cd) 2(ab + cd)
Do do:
(45)? = (2(ab + cd))? — (a® + b* — ¢ — dz)Z.
Suy ra

1
S = Z\/4(ab + cd)? — (a? + b% — c? — d?)2.

Diéu phai chimg minh. []

4. Két luan

Trong bai viét ching t5i da thiét 1ap duogc cac
h¢ thirc lugng cho tir gidc ni ti€p trong mot duong
tron bao gdm cong thire tinh sin va cdsin, tan va
cotan cia tat ca cac goc trong mdt tir gidc ndi tlep
dudng tron; cac cong thirc tinh d6 dai cua duong
cao tr giac noi ti€p ha tor mot dinh xudng cac canh
doi dién theo yeéu to dién tich cling dugc thiet lap.
Mot sO vi du cling dugc de xuat cho su 4p dung.
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