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Abstract

In this paper, we introduce a hybrid iterative process for approximating common elements of fixed
points of asymptotically quasi ¢ -nonexpansive mappings and solutions of generalized mixed variational-

like inequality problems. Then, we prove a strong convergence result for the proposed iteration in Banach

spaces with a numerical example to illustrate this point.
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1. Giéi thiéu

Nhiéu van dé trong toan hoc va nhiing nganh
khoa th’kI thuat dan dén vi¢c giai bai toan EP sau:
“Tim diem xeK sao cho w(Xx,y)=0 vdi moi
yeK,trong dé6 K la tip 16i,
v KxK =R la ham hai bién”. Bai toan EP dugc

dong va

goi 1a bai todn cdn bdang va duoc giGi thidu boi
Muu va Oettli vao nam 1992 (Muu & Oettli, 1992).
Sau d6, mot sd diu kién cho su ton tai nghiém cua
bai toan EP di duoc thiét 1ap boi Blum va Oettli
(Blum & Oettli, 1994), Noor va Oettli (Noor &
Oettli, 1994). Bai toan EP 1a bai toan tong quat ctia
nhiéu md hinh todn hoc nhu bai toan toi wu, bai
toan bt dang thirc bién phan va bai toan diém bat
dong. Bai toan EP duoc nhidu tac gia quan tim
nghién ctru theo nhidu huéng khac nhau, trong do6
c6 hudng nghién ctru su tdn tai nghiém, tinh chét
cua tap nghiém va phuong phap gidi. Mot ki thuét
quan trong trong phuong phap gidi nhiing 16p bai
toan EP la xdy dung day lap va khao sat su hdi tu
cia diy lap nay dén nghiém cua bai toan can EP
hodc dén hinh chiéu cua diém xuat phat 1én tap
nghiém cda nhiing 16p bai toan EP. Bén canh do,
van dé tim diém chung ciia tp nghiém nhing 16p
bai toan EP va tap diém bat dong cia anh xa phi
tuyén ciing dwoc nhiéu tac gia quan_tam nghién
ctru. Trong hudng nghién ctru nay, nhiéu diy lap dé
xap xi diém chung ctia bai toan EP va tap diém bat
dong cua nhitng 16p anh xa khong gidn suy rong
trong khong gian Hilbert va khong gian Banach da
dugc thiét 1ap (Tada & Takahashi, 2007; Takahashi
& Takahashi, 2007; Takahashi & Zembayashi,
2009).

Gan day, bai toan EP dugc tong quat theo
nhiéu hudng khac nhau. Mot trong nhimg cach tiép
can 1a mo rong tir ham hai bién w(x,y) trong bai
toan EP sang ham ba bién w(X,y,z). Nam 2019,
Mahato va cong su (Mahato & cs., 2019) da nghién
clru sy ton tai va duy nhat nghiém cua bai toan “Tim
diem xeK sao cho w(y,x,x) >0 vdi moi yeK,
trong @6 K la tdp 16i, dong va v KxKxK >R
la ham ba bién”, ddng thoi cac tac gia cling gidi
thiéu phuong phap lap dé tim diém chung cta tap
diém bat dong cua ho dém dugc cac anh xa tya ¢ -

khong gian va tap nghi€ém cta ho hitu han bai toan
can bé'mg ba bién nay, mot s6 két qua hoi ty da dugc
thiét lap. Nam 2019, Kazmi va Ali (Kazmi & Ali,
2019) da gi6i thiéu mot tong quat cia bai toan can
bang ham ba bién trong (Mahato & cs., 2019) va

duoc goi 1a bai todn bdt ding thirc twa bién phdn
hon hop suy réng (GMVLIP). Bai toan GMVLIP
dugc xem nhu 1a mét dang bai todn can béng ba bién
tong quat va dugc phéat biéu nhu sau: “Tim diém
x € K sao cho
w(Y, X, X)+b(x,y) —b(x,x) >0

véi moi yeK, trong @6 K la tdp 1oi, dong,
v :KxKxK—>R la ham ba
b:KxK—>R la ham hai bién”. Pong thoi,
Kazmi va Ali (Kazmi & Ali, 2019) cting nghién
clru sy ton tai va duy nhét nghiém cua bai toan
GMVLIP dong thoi dé& xuit phuong phap lip dé
tim diém chung cta tip diém bat dong cua ho hiru
han nhitng anh xa tua ¢ -khong gidn tiém can va tdp
nghi€ém cta ho hitru han bai toan GMVLIP. Nam
2021, Farid va cong sy (Farid & cs., 2021) da gidi
thiéu day lap lai ghép c6 yéu t6 quan tinh dé nghién
ctru diém chung cua tdp nghiém bai toan GMVLIP,
tap nghiém bai toan bat dang thirc bién phan va tip
diém bat dong cua 4anh xa tua ¢ -khong gidn tiém
can trong khong gian Banach. Két qua nay dugc
xem nhu 14 mot cai tién va tong quat nhitng két qua

hoi tu cta day lap tr bai todn EP sang bai toan
GMVLIP.

Trong bai béo bay, chung toi két hop s6 hang
¢6 yéu to quén tinh, day ldp hai budc duge dé xuat
boi Thianwan va Yambangwai (2019), phép chiéu
suy rong trong khong gian Banach dé gidi thiéu
mot day lap lai ghép dé xap xi diém chung cia tap
diém bat dong cua anh xa tya ¢ -khong gidn tiém

bien va

can va tip nghiém bai toan bat ding thirc tua bién
phan hdn hop tong quat. Sau do, ching t6i chimg
minh sy hdi tu cuia day 1ap nay trong khong gian
Banach. Pong thoi, chung t6i xay dung vi du minh
hoa cho su hoi tu cta day lap.

2. Mot sé khai niém va két qua co ban
trong khong gian Banach

ChoE la khong gian Banach tron va E  la
khong gian lién hop cia E . V6i moi X € E, anh xa

dbi nghu chuén thc J:E — 2% duoc xé4c dinh boi

IX={x" e E": (X", x)=| x|P|x"|}. Xét phiém

ham Lyapunov ¢: E xE — R dugc xac dinh boi
¢(x, y) =l XIIF =20, )+ Y IIF, vx, y € E.

Sau day, chung t6i s& trinh bay mot s6 tinh chét
cta phiém ham Lyapunov.
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Nhén xét 2.1 V6i moi X,y,z€E ,tacd

@ =Ny H* <gy) <AIxI+1ylD)?.

(2) ¢(x,y)=d(x,2) +#(z,y) + 2Ax 2,3z - y).

(3) ¢(x, I (AJy +(1-1)I2))

<Ag(X,y)+ Q- A)p(x,2),VA[0]1]

@) O Y) I XN IX= Iy I+ y [Nl x =yl

() ¢(x,y) =@(x,2) +$(z,y) + 22X~ 2,3z - Jy).

(6) g(x,y) =(X,Ix=Jy) +{y —x,Jy)

I Ix =y [+ x =yl Tyl

Bé‘dé 2.2 (Kamimura & Takahashi, 2002,
Ménh dé 2). Cho E la khong gian Banach 16i va
tron, {X.} va {y,} la hai day trong E sao cho {x,}
hodc {y,} bi chan. Khi do, néu limg(x,,y,)=0 thi

lim ” — ”:0
nN—o0

Kihiéu F(S)={x € K :Sx=x}a tap hop diém
bat dong ctia anh xa S: K — K.

Pinh nghia 2.3 Cho E Ia khong gian Banach
tron, K 1a tip con khac rong cia E va anh xa
S:K > K.Khidd

(1) (Qin & cs., 2009, tr.1052) S dugc goi 13 fia
¢ -khong gidn néu F(S) =< véi moi peF(S) va
xe K taco ¢(p,Sx) <g(p,X).

(2) (Qin & cs., 2010, tr.3876) S duoc goi 1a fua
¢ -khéng gian tiém cdn néu ton tai diy sd thuc
{t.} thoa man t >1limt =1 va F(S)=J sao

cho ¢(p,S"x) <t.@¢(p,x) véi moi n>1 xeK va
peF(S).

(3) (Anh & Hieu, 2015, Pinh nghia 2) S dugc
goi 1a déng néu véi moi diy {u }— K thoa min
limu, =a va limSu, =b thi Sa=b.

(4) (Kazmi & Ali, 2019, Pinh nghia 2.2) S
dugc goi la chinh quy tiém cdgn déu trén K néu vaoi
moi tap con bi chan Ac K taco

limsup||S"*a—S"a||=0.

nN—o0 acA
B6 dé 2.4 (Hao, 2013, Budc 1 trong chimg
minh cua Pinh li 2.1). Cho E la khdng gian Banach

phan xa, 16i va tron sao cho E va E* ¢6 tinh chat
Kadec-Klee, K la mét tip con dong khac rong cuia
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E va anh xa S:K —>K la dong va twa ¢ -khdng
gidn tiém can. Khi d6 F(S) la tdp con déng va loi
cua K.

Phép chiéu suy rong trong khong gian Banach,
duoc ki hiéu bo1 I1,, la mot md rong cua phép
chiéu metric trong khong gian Hilbert. Phép phiéu
suy rong trong khong gian Banach c¢6 mot so tinh
chat co ban sau.

Bo dé 2.5 (Alber, 1996, tr.15 - 50). Cho E la
khong gian Banach phan xa va 16i déu va K la tap
con khdc rong cia E. Khi d6 véi moi Xx€E va
y,zeK taco

2=l x<=(z-y,Ix-Jz)<0.

B6 dé 2.6 (Alber, 1996, tr.15 — 50). Cho E la
khéng gian Banach phdn xa, 16i va tron. K la tdp
con 16i, déng va khdc rong ciia E . Khi d6 véi moi
xeK va yeE taco

PG y) + (I Y, y) <P(x,Y) -
Tiép theo, chung t61 gi6i thiéu mot s6 két qua
lién quan dén nghiém bai toan GMVLIP.
Pinh nghia 2.7 (Preda & cs., 2007, tr.417).

Cho E la khong gian Banach phdn xa va K 1a tap
con khac rong cia E. Ham y: KxKxK >R

dugc goi 1a a -don diéu yéu suy rong néu ton tai
ham a:ExE — R sao cho vdi X,y e K taco

w (Y, % Y) —w (Y, X, X) <a(X,y)

Vi It'"(} a(x,ty+t(1—t)x) _

0.

Tiép theo, ta xét cac gia thiét sau:

(H1) E 1a khong gian Banach phan xa, 16i
ngat, tron déu, E”1a khong gian d6i ngdu cia E sao
cho E va E” ¢6 tinh chit Kadec-Klee, K 1a tap
con 101, dong, khac rong cia E .

(H2)y :KxKxK >R
a:KxK—>R 1la ham hai bién,
b: KxK —R 1a16i va lién tuc thoa man

b(x,x) —b(x,y) —b(y,x)+b(y,y)>0.
Xét bai toan 2.1: Tim x e K sao cho

la ham ba bién,
ham

w(y,x,X)+%<y—x,JX—JZ>

+b(x,¥)—b(x,x) <0, VyeK.
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Bo dé 2.8 (Kazmi & Ali, 2019, Dinh Ii 3.2).
Gia s cac gia thiet (H1) — (H2) dwoc thoa man va

1) w(y,x,.) la nita lién tuc trén.

(2) w(.,x,2) la 16i va nira lién tuc dudi.

@) w(xy,2)+w(y.x,2)=0.

(4) v 1 a -don diéu yéu suy réng.

(5) a(.,y) la nira lién tuc duoi.

Khi do, Bai todn 2.1 co nghiém.

Ki hiéu: Q la tdp nghiém cia Bai toan
GMVLIP: Tim diém x € K sao cho

w(y, X, X)+b(X, y) —b(x,x) >0, VyeK.

Bo dé 2.9 (Kazmi & Ali, 2019, BG de 3.3.).
Gia str cac gia thiet cua Bo dé 2.8 dwoc thoa man,
a(X,y)+a(y,X) >0 voi moi X,yeK. Voi r>0,
xét anh xa T, :E = K xdc dinh boi:

Tx={zeK :w(y,z,z)+l<y—z,Jz—Jx>
r
+b(z,y)-b(z,2) <0,V yeK}
voi moi Xe E. Khi do
(1) T.x la anh xa don tri.
(2) <TrX_Try!‘]TrX_‘JX>
ST x=T,y,JT.y—Jy).
(3) F(T,)=0Q.
(@) $(0,T,X) +4(T,% %) < (0, %),
vqeF(T,.), xeE.
(5) Q la tdp doéng va loi.
(6) T, la anh xa twa ¢ -khbng gian.
() ¢(p.T.X)<d(p.x), VpeF(T).

B6 dé sau duoc sir dung trong chirmg minh két
qua chinh.

B dé 2.10 (Yang & cs., 2012, tr.6072 — 6082).
Cho E la khong gian Banach 16i déu, r>0 va
B[O, r] 1a hinh cau dong cta E . Khi d6, vai moi day
{x }< B[0,r] va ddy {4} cic so duong théa mén
> 2, =1, ton tai ham g, :[0,2r)—[0,%0) 1i, lién

n=1

tuc va tang ngat véi g,(0)=0 sao cho vdi moi

i jeNi<jtaco |2 4% IF<D A [, I
n=1 =1
=42;9, (1% —x; [))-

3. Két qua chinh

Trude hét, chiing t6i két hop s6 hang c6 yéu t6
quén tinh, day ldp hai budc dugc de xu@t baéi
Thianwan va Yambangwai (2019), phép chi€u suy
rong trong khong gian Banach dé gi6i thiéu mot
day lap lai ghép dé xap xi diém chung cuia tap di€m
bat dong cua anh xa tua ¢ -khong gian tiém cén va
tap nghiéng bai toan bt déng thuc tua bién phan
hon hop tong quat. Sau do, ching to6i chiing minh
su hdi tu cuia day 1ap nay trong khong gian Banach.

Xét cac gia thiét sau:

(H3) Cac anh xa «a:KxK->R,
v KxKxK—>R vab:KxK-—>R théa man cac
gia thiét cia B6 dé 2.8, B6 dé 2.9 va w(y,.,y) lién
tuc.

(H4) Véi mdi i=12, S :K—>K la dong,
chinh quy tiém can trén K va la anh xa tya ¢ -
khong gidn tiém can véi diy {t"}yc[Loo),
limt® =1, tap F(S,) bi chin trong K, nghia la

ton tai ¢ >0 sao cho F(S,) c{xeK:||x|<{} va
F=F(©)NF6S,)nQ=J.

Pinh li 3.1. Gia st cac gia thiét (H1) - (H4)
dugc thoa man. Xét day lap {u,} duoc xac  dinh
boi:

u,u, eK,Q =Q, =K
z,=u,+c,(u,-u,,)
v.=J"((1-b,)Jz, +b ISz )
w, =J"((1-a,)JS)v, +a,JS)v )
Yo =T, W,
Q. ={z2€Q,:4(z,y,)<d(z,2,)+ &}
Uy, =1, U
trong do, & =(t —-D@+tb)<+z D> {a}
{b,}<[0,1]] sao cho Iirnrligf b,(1-b,)>0,

liminfa,(1-a,) >0, r e€[o,0) véi >0 va
{Cn}c(O,l).

(3.0

n+l
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Khi d6, day {u,} hoi tu dén u” =TT ,u,.

Ching minh. Phép chiing minh cua Dinh i
duoc chia thanh 6 budce sau:

Buéc 1. Ching minh phép chiéu TI.u, Xac
dinh. That vay, theo B6 dé 2.4 ta co F(S,),F(S,) la
tap dong va 16i. Mt khac, theo B6 d& 2.9(5) ta ¢
Q la déng va 16i . Do d6 F =F(S,)NF(S,) nQ
1a tap dong va 16i trong K . Hon nira, theo gia thiét
ta cO F la tap khéac rong. Vay phép chiéu IT,u,
xac dinh.

Buéc 2. Chitng minh phép chiéu I, u; xac
dinh. T dinh nghia cia Q__,, tacd

n+l?

Q. ={z€Q,:4z,y,)<dz,2,)+ &}
={zeQ, lzIF -2z, Jy, )+l v, I
Azl -2z, 3z,)+ 11z, IF +&,}
HzeQ), 12,3z, -Jy,)
Az, IF =11y, IF +&}

Ta chirng minh Q

(3.2)

na la tap dong véi moi
neN bang phuong phap quy nap. Véi n=0,1 ta
co Q=0Q,=K.Vi K latip dong nén Q,Q, la
tap dong. Gia su €, 1a tdp dong v6i moi n=>2.

Liy {x*?}cQ, ,sa0 cho rLig;x&“*z) =x®? | Tu
gia thiét quy nap Q. la tap dong va
{4y, <O,y nén X e
Mat khac, tir (3.2) talai co
2 Xr(r1k+2) ’ ‘JZk+1 - ‘Jyk+1>
Nza IF =1 Vi IF +&a 3.3)

Cho m—oo trong (3.3) va str dung tinh lién
tuc ctia anh xa J(.), ta duoc

2<X(k+2) 1 ‘Jzk+1 - ‘Jyk+1>

S” Zk+1 ”2 _” yk+1 ”2 +§k+1'

Piéu nay chimg t6 x*? eQ, ,, do do Q, .,

(3.4)

la tdp dong. Vay theo nguyén ly quy nap ta co Q. ;
la tap dong voi moi ne N .
Tiép theo, ta chimg minh Q_, 14 tap 16i véi

n+l

moi neN biang phuong phdp quy nap. Véi

58

n=01tacé =0Q,=K. Vi K la tap 15i nén
Q,Q, la tap 16i. Gia sit Q,, 1a tap 16i voi moi
k>2.

Liy x,yeQ ., te[0l] vi Q. ,cQ., VA
X,yeQ,,, nNén x,yeQ, . Theo gia thiét quy nap,
taco Q,, la tap 10i nén

tX+(1-t)yeQy,,. (3.5)
Vi xeQ,,, néntaco
2(%, 32,1 = Y1)
A zea IF =11 i I+ (3.6)

Khi d6, nhan hai vé cua (3.6) vdi t, ta duogc

2<tX, Jzk+1 - ‘Jyk+1>

< t(” Zk+1 ”2 - ” yk+1 ”2 +§k+1) (37)
Vi yeQ, , néntacod
2<y’ ‘Jzk+l - ‘]yk+l>
S” Zk+1 “2 _” yk+1 ”2 +§k+1' (3-8)

Khi d6, nhan hai vé cua (3.8) véi (1-t), ta
dugc 2((1-t)y,Jz, , —IY,..)

< (1_t)(|| L ”2 _” Y ”2 +§k+1) (3-9)
Cong vé theo vé ctia (3.7) va (3.9), ta duoc

Atx+(@A-1)y,Jz,,, — Iy,.0)

Nz IP =1 Yiesr [P +&ia (3.10)

Te (35 va (3.10), suy ra dugc
tx+(1-t)yeQ, ,. Do 46, Q,,, la tap 15i. Vay
theo nguyén 1y quy nap ta c6 Q ., la tap 16i véi
moi neN.

Tiép theo, ta chimg minh F cQ_ véi moi
neN" bang phuong phap quy nap. Véi n=1,2 ta
c6 Q=Q,=K.Vi FcK nén FcQ,Q,. Gia
st FcQ, nén ta liy peF thi peQ, theo

Nhan xét 2.1 (3) va dit t_ = max{t®,t?} ta co
¢( vak) = ¢( p, J 71((1_ bk)‘]Zk + bk ‘]Slkzk ))
<(@-b)p(p. ) +bA(P. S Z)

< ¢(p, Zk) _bk¢( P, Zk) + bktél)¢(p, Zk)

:¢(pizk)+bk (tlEl) _l)¢( p1zk)' (3-11)
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#(p.Y) =#(p.T, I M ((1-23,)IS;,
+8,J5kv,))
<¢(p,I 7 (L-2)ISV, +a,IS;V,))
<(L-a)a(p.S/V,) +a.p(p. SV, )
<atPd(p,v) +1-a)t?¢4(p,v)
<atd(p,v)+A-a)ta(p,v,)

= tk¢( p,Vk )
Thay (3.11) vao (3.12), ta c6

¢( P, yk) = tk (¢(p- Zk) + bk (tlgl) —1)¢(p, Zk))
<t #(p,z,) +tb (t, —Do(p, z,)

=¢(p,z)—d(p,2,) +tP(P,Z,)
+t.b (t —Da(p.z,) =d(p,z,) +t —DB(p,z,)
+b (t, —Da(p,z,)

=4(p.z,) +(t ~D(A+tDb)4(p.Z,)

<¢(p.z.)+( -DA+tb,)

(LIRS kA

<@(p.z,) +(t ~DA+tb )+ Z )*

=4(p,z,)+ <. (3.13)
Diéu nay ching to peQ,,, hay FcQ,.

(3.12)

Do do, theo nguyén ly quy nap ta c6 F cQ, v6i
moi NeN. Vi FcQ, va F=J nén Q, #J
voimoi neN.,

Vay phép chiéu I, U, xéc dinh.

Buwéc 3. Chirng minh {U,} la bi chan va gici
han limg(u, ,u,) ton tai. Tl dinh nghia cta {u } ta
c6 u,=I,u, do dé theo B6 d& 2.6, ta co
Pu,.u,)= ¢(HQH U, ;)
< ¢(p, ul) _¢( p’HQnul)
<h(p,u), ¥peQ,. (3.14)

Liy ueF vi FcQ, nén ueQ,. Khi do,
trong (3.14) 1y p=u,taco

#(u,,uy) < g(u,u,). (3.15)

Do do,
U, = HQM u €Q

{fu,u)} b chan. Vi
cQ, néntlr (3.14) ta cod

n+l

¢(un ' ul) = ¢(un+17 ul)! vn 21 .

Diéu nay chimg t6 rang {#(u,,u,)} 1a ddy tang.

(3.16)

Vay {¢(u,,u;)} hoi tu hay ton tai gi6i han

limg(u,,u,) .
n—o0

Buéc 4. Ching minh rang limu, =u"eK.

n—oo

That vay, véi m>n, taco

u,=I, 4, €, Q. (3.17)

Lay p= u,, trong (3.14) ta dugc

¢(un ! ul) = ¢(um ! ul) - ¢(um ! HQn ul)
=¢(um’ul) _¢(um’un)' (318)
Bét ding thirc (3.18) twong dwong

¢(um ! un) < ¢(um ) ul) - ¢(un ' ul)' (319)

Vi limg(u,,u,) ton tai nén ta co
lim ¢(u,,u,)=0. (3.20)

Mit khac, E 14 16i va tron déu nén theo Bo dé
2.2, tach

lim ||u, —u,||=0. (3.21)

Diéu nay chimg to {u,} la ddy Cauchy trong
K. Vi E la khodng gian Banach va K la tap dong
nén ton tai u” e K sao cho limu, =u".

n—o

Bué6ce 5. Ching minh rang u” € F . Pau tién

ta chimg minh u" e F(S,). Vi u,,€Q ,cQ, nén
theo dinh nghia cua Q,_,, ta co
¢(un+1’ yn) < ¢(un+l7 Zn) + é:n' (322)

Tir (3.20) va (3.21), khi ta chon m=n+1 ta

dugc !mﬂu“”’u”) =0 (3.23)
rIg’g llu,,, —u, [|=0. (3.24)
Theo dinh nghia cua z,, ta co
Il Zo =u, (1= Uy +¢, (U, =u, 1) = u, i
=c,|lu, —u,, .
(3.25)
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Do do6 tir (3.24) va (3.25), ta co

lim||z, —u, [|=0. (3.26)

Khi d6 tir (3.26) va tinh lién tuc ctia anh xa
J(.),taco

lim|| Jz, — Ju, ||=0. (3.27)

Vi {u,} 1a day bi chdn nén theo (3.26) ta co
{z,} 1a diy bi chan. Khi d6, ton tai A>0 sao cho

0<& <A, —1) (3.28)
Vi limt =1 nén liy gi6i han (3.28) khi

n—w

n—oo, ta dugc lim& =0.Tur (3.24) va (3.26),
taco

lim|u,, -z, ||=0. (3.29)

n+l

Tur (3.29) va tinh lién tuc cta anh xa J(.),
taco

lim|| Ju,,, - Jz, ||=0. (3.30)
Tur Nhén xét 2.2 (6), ta co
¢(un+l' Zn) = <un+l' ‘]un+l - ‘Jzn> +<un+l - Zn ' ‘Jzn>
S” un+1 ” . ” ‘Jun+1 - ‘]Zn ”
+” Zn _un+1||'|| Zn ” (331)
Do d6 tir (3.29), (3.30) va (3.31), ta co
limg(u,,,,z,)=0. (3.32)
Theo Bb dé 2.3, ta c6
lim|lu,, -z, ||=0. (3.33)
Tir (3.22), (3.32) va lim¢& =0, taco
lim g(u,., y,) =0. (3.34)
Theo Bb dé 2.3, ta ¢
lim|lu,., -y, [I=0. (3.35)
Tur (3.33), (3.35), ta c6
lim||z, -y, |=0. (3.36)

Khi do, tir (3.36) va tinh lién tuc ctia anh xa
J(),tacéd
lim|| Jz, —Jy, ||=0. (3.37)

Tuong tu (2.12) va (2.13) ta co
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$(p,W,) <t.¢(p,V,).
Thay (3.11) vao (3.38), ta c6

#(p,w,) <é(p,z,)+¢,.
Tu B6 dé 2.11 (4) va (3.39), ta co

P(Yn W,) <SP, W,) —4(Pp, Y,)
<@¢(p.z,)-4(p.Y,) +¢,

=z, IF =11y IF +2(p, Y, — 2,0 +&,
<z =10y, D-Alzy T+ 1y 1D
+2[ pll- 1Y, — 2z, 11 +&,

<1z, =Y DAl z, 111 A 1D

+2[ I, =2, 146, (3.40)
Do d6 tir (3.36), (3.40) va lim& =0, ta co

(3.38)

(3.39)

limg(y,,w,)=0. (3.41)
Tir (3.41) va B6 dé 2.3, ta co
lim|ly, —w, ||=0. (3.42)

Vi J lién tyc trén moi tap bi chan nén ta co

lim|| Jy, — Jw, [|=0. (3.43)
Tir (3.36) va (3.42), ta co
lim| z, —w, [|=0. (3.44)

Vi J lién tuc déu trén cac tap bi chan nén tu
(3.44), taco lim|| Jz, — Jw, [|=0. (3.45)

Liay peF véi S, la anh xa twa ¢ -khong
gian ti€ém can. Theo Nhan xét 2.1 (1), ta co

Al pll=NSz, I)* <¢(p.S z,)

<tP4(p,z,) <t (I pll+lz, I)*

<t (Gl Z, ) (3.46)

Vi {t®} va {u,} 1a day hoi tu nén tir (3.26),
(3.45) suy ra {S;'z,} bi chan do d6 {JS/z } bi
chan. batr, =sup{|| z, [| Il S;'z, II}

neN

=SU£>{|| Jz, |1,1198;'z, I}

Khi do Jz,,3S'z, € B[O,r;] voi moi neN.

Do d6, theo B6 d& 2.10, tdn tai ham
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g, :[0,2r,) ->[0,%) 16i, lién tuc va ting ngit voi
9. (0)=0 sao cho
|(1—b )Jz, +b ISz, |
<@-b) |z, I +b, 11 3S;'z, |’
—b,(1-b,)g, (1 3z, - ISz, [I)
=(1-b,)lz, II* +b, [ S{'z, II
—b,@-b,)g, (Il 3z, =35z, ). (3.47)
Khi d6, tir dinh nghia cua v, va (3.47), ta co
#(p,Vv,) = (P, " ((1-b,)Jz, +b,35]z,))
< plPF -2(p,(L-b,)Jz, +b,ISz,)
+137N(@A~Db)Jz, +b ISz, |
< plf —2(p,A-Db,)Jz, +b ISz )
+]|@=b)Jz, +b ISz, |}
<l plf =2(p,A-Db,)Jz, +b ISz )
+2-b) [z, I +b, 18]z, II
—b,(A-b,)g, (I 3z, - ISz, [))
<@-b)(I pI* -2 p, Iz,)
+1z, IF) +0, Al pI)*
~2(p,38)'z,)+1S/z, IF)
b, @-b,)g, (I 3z, - I8;'z, |I)
<(1-b,)é(p.z,)+b,é(p,S 'z,)
—b,(1-b,)g, (1 3z, = ISz, [I)
<(@-b)¢(p,z,) +b P 4(p, z,)
—b,d-b))g, (Il Iz, - IS;'z, II)
<(L+b, (" ~D)é(p.2,)
—b,(1-b,)g, (I 3z, - 3S,'z, |)).
Thay (3.48) vao (3.38), ta co
#(p.w,) <t,(1+b, (t, —1D)é(p. z,)
—b,t,1-b,)g, (1 Iz, - ISz, [|)
<g(p,z,)+<&,—bt,(1-b,)

(3.48)

g, (I 9z, - 38;'z, )
<#(p.z,)+¢, —b,(1-b,)

g, (13z, =387z, [)). (3.49)

Diéu nay din dén

b,@-b,)g, (I 9z, - 35z, |)

<4(p.z,) = (P, W,) + &,

Az, IF = llw, IF +2(p,w, —2,) +&,

<z, 1= 1w, D-lz, 11+ 1Tw, 1)

+2[ pll-lw, =z, [|+¢,

<(1zy =, ID-Al Z, 1+ 11w, 11)

+2[I pll- 11z, —w, [+, (3.50)

Vi lim& =0 va liminfb,(1-b,)>0 nén t
(3.44) n;z (3.50), n—;: suy ra  duogc

limg, (| Jz, -3S;'z,[)=0. Do g, (0)=0 nén ta co
lim|| Jz, —JS"z, ||=0. (3.51)

Vi J 14 lién tuc déu trén mbi tap bi chin nén
taco lim||z, —S/z, ||=0. (3.52)
n—o0

Miit khac, taco limu, =u” nén tir (3.26), ta c6

lim|z, —u"||=0. (3.53)
Tu (3.52) va (3.53) tacod

lim|| Sz, —u"||=0. (3.54)
Hon nita, ta lai co6
1Sz, —u" <118z, —§]'z, |
+1S'z, —u’||. (3.55)
Tur (3.54), (3.55) va tinh chinh quy ti€ém can

déu cia S, nén ta suy ra duoc

lim|| Sz, —u” ||=0. Mit khac, vi S, c6 tinh dong
n—oo

nén két hop véi (3.54) ta c6 Su"=u". Do do

u eF(s,).
Tiép theo ta chimg minh u” € F(S,), ta c6
|| v, — Iz, ||=]| @—Db,)Iz, +b,JS;'z, — Iz, ||
=||Jz, —b,Jz, +b,JS/'z, — Iz, ||
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= ” bn‘]slnzn _bn‘JZn ”

=b, |38z, - Jz, || (3.56)
T (3.51) va (3.56), ta co
lim||Jv, —Jz, || =0 (3.57)

Vi J7 1a lién tuc déu trén cac tap bi chan
nén ta co lim|v,—z,[|=0 k& hop voi
n—oo

lim||z, —u"|| =0 ta suy ra duogc lim||v, —u” || =0.
nN—o0 n—o

Do @0, {v,} 1a day bi chan. Vi S, la anh xa tua ¢ -
khong gian tiém cén nén theo Nhan xét 2.1 (6)
tacéd

¢(U*, S1nvn) = tn¢(u*lvn)
<t (Tu" [ )1 9u” = v, |
+Hllum =V, (L1, 1D (3.58)
Vi J lién tyc déu trén cac tip bi chin va
lim|v,—u"[|=0 nén ta c6 lim|Jv,—Ju"||=0.
n—o n—o0
Do d6 tir (3.55) ta suy ra dugc limg(u’,S/'v,)=0.
Theo Bd dé 2.2 ta duge

lim|| S]v, —u"||=0. (3.59)

Véi peF theo Nhan xét 2.1 (1), ta co
U PI=11Sv, ID* < 4(p,S/V,) <t,¢(p.V,)
<t (I pll+1v, ID?
<t, &+, I (3.60)
Khi do tir (3.60) va {v,} 1a day bi chan nén ta
suy ra dugc {S/'v,} va {S,v,} bi chan. bat
r =SUE{|| Zy LIS,V LISV, 11}

=supg]] Jz, [L.I ISV, (L1 ISV, 113 (3.61)

Khi d6 Jz,,JSv,,JS)v, €B[O,r,] v&i moi
neN. Do d6 theo B6 d& 2.10 ton tai ham
g,, :[0,2r,] > [0,0) 16i déu va ting ngit sao cho

g, (0)=0 va
1(1-a,)38!v, +2,3S3v, |
<@-a,)[13S}v, IF +a, I ISy, |P
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—a,(1-a,)g, (1 ISV, — IS;V, II)- (3.62)

Tu (3.62) va lap luan tuong ty nhu ching
minh & (3.48), (3.49), ta céd

#(p,W,) <é(p,z,)+&,

-a,(1-a,)g, (198, — IS}V, ).~ (3.63)

Diéu nay din dén

a,(1-a,)g,, (1 38;v, —JS;v, |I)

<¢(p.z,) - PP, W,) + ¢,

=z, IF = llw, I +2(p,w, —2,) +¢,

<z, 1= 1w, ID-Ulz, 11+ 11w, 1)

+2[| pll[Iw, -z, | +¢,

<(lzy =, ID-A Zg 11+ 11w, 11)

+2[I pll- 11z, —w, [+, (3.64)

Vi lim¢& =0 va liminfa,(1-a,)>0 nén ti
(3.44) nj; (3.64) n—; suy ra  dugc

limg, (| 3S;'Vv, —JS;v, [)=0. Do g, (0)=0 nén
ta co

lim || ISPy, — JS2v, [|=0. (3.65)

N T TN by ~ X o, R ~
Vi J7 lalién tuc déu trén moi tap bi chan nén

taco lim||S/v, —S)v, ||=0. (3.66)
Do @9, tur (3.59) va (3.66), ta c6
lim|| Sjv, —u”||=0. (3.67)
Hon nira, ta lai ¢
1S3V, —u” 1< 11837V, =S5V, |l
+]|Sov, —u"|l. (3.68)
Twr (3.67), (3.68) va tinh chinh quy tiém can
déu cia S, nén ta suy ra duoc

lim|| S;™'v, —u” ||=0.Mit khéc, vi S, c6 tinh déng
n—
néntacd S,u”=u". Dodo u" eF(S,).

Cubi cung ta can ching minh u” eQ. Liy
peF tir(3.13) va Bb dé 2.9(7), ta cb

#(p.Y,) <g(p.T, I (1-2a,)IS]V, +a,IS;V,))

<¢(p, 7 ((1-a,)ISV, +3,IS;V,))
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<4(p.z,) +¢&, (3.69)

Viy, =T w, nén véimoi yeQ,taco
1
l//(y’ yn’yn)+r_<y_yn1‘Jy_‘]Wn>

+ b(yn’ y) _b(yn' yn) >0. (370)
Tir (3.70) va tinh & -don diéu yéu cua y , ta co
Jy —Jw
ly-y, e =2

n

1
2= (Y =Yoo Iy = W) (Y ¥,

_b(yn ’ y) _l//(yv yn’ yn)

2 a(Yy, Y) =¥ (Y, YnY)

+b(yn’ yn) _b(yn’ y)

Vi y théa mén cac diéu kién cua B6 d¢ 2.8
va B6 d& 2.9 nén « 1a lién tuc. Khi dé sir dung
(3.43), két hop tinh lién tyc cua w,b va lay gioi
han dang thic (3.71) ta thu duoc

au’,y)-y(y,u’,y)
+bu”,u")=b(u",y)<0,vyeK

Véi te(0,]) va yeK, dit y, =ty+@1-t)u".
Vi K 14 tap 16i nén y, € K . Khi do, ta co

(3.70)

(3.72)

au’,y) —w(Y.u',Y,)
+b(u",u")—b(",y,) <0
Khi d6 tur (3.73) suy ra dugc
a(u’,y,) Sy (y,u',y,) —bu’,u’) +b’, y,)
<y (y.u' )+ @-ty(u,u’,y,)

—b(u",u") +tb(u”, y) + @-t)b(u",u")

<[y (y,u,y) +b(u’,y)—bu ,u)l.  (3.74)

Tu (3.74) va tinh lién tuc cua anh xa
w(y,u’,.) néntaco

limfy (y,u", %,) +b(u, y) —b(u",u")}

zlimM.
t—0 t

(3.73)

(3.75)

Tu d6 ta suy ra dugc

w(y,u,u)+bu’,y)-bu’,u)>0  (3.76)

Dodé u" eQ.Vay u e F.
Budc 6. Chirng minh u =TI U, . That vay, vi

U, =Il, U, nén theo B6 dé 2.5, véi moi

yeQ ., tacd

n+1?
<un+1 -Y ‘]ul - ‘Jun+1> <0,
Liy peF, Vi FcQ,, nén peQ, .. Khi

do, trong (3.77) chon y=p,tacod
Ju, ) <0.

(3.77)

<un+1 - P ‘]ul - (378)

Vi J lién tuc trén mdi tap con bi chin va
limu, =u" nén lay gi6i han (3.78) ta dugc

U = p,Jdu, —Ju"y<0. (3.79)

Viy tir (3.79) va theo B6 dé 2.5 ta suy ra duoc
u =I1,u,. O

Nhan xét 3.2 Mdi anh xa tya ¢ -khong gidn la
mot anh xa tua ¢ -khong gian tiém can voi t, =1
voi moi ne N’ . Do d6, tir Pinh 1i 3.1 ta ¢6 hé qua
vé su hoi tu ctia day 1dp cho anh xa tya ¢ -khong
gian nhu sau.

Hé qua 3.3 Gia su cac gia thiét (H1) — (H3)
dugc thoa man. Hon nita, voi mdi S:K > K 14
doéng, chinh quy tiém can trén K va la anh xa tya
¢ -khong gian. Tap F(S) bi chan trong K , nghia

la ton tai ¢ >0 sao choF(S)c{xeK:|x| <<}
VAaF =F(S)nQ=<. Xét ddy {u,} la day lap
duoc xac dinh boi.
u,u, e K,Q =Q, =K
z,=u,+c,(u,—u,,)
v, =J7"((1-b,)Jz, +b JSz,)
w, =J"((1-a,)ISv, +a JSv,)
Yo =T, W,
Q.. ={2€Q,:4(z,y,)<4(z.2,)+ &}
u

n+l = HQMul

trong o, & =t ~DA+t .0 )< +Iz, ),
{a,}.{b,}<[0,1] sao cho Iliminfb (1-b,)>0,

liminfa,(1-a,)>0, r,€[5,0) v4i 6>0 va
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{c}<=(01). Khi d6, diy {u} hoi tu dén
u =TI1,u,.

Nhén xét 3.4 Ta nhan thiy mdi khong gian
Hilbert la mét khong gian Banach. Do do, tir Dinh
li 3.1 ta c6 hé qua vé su hoi tu cua day lap trong
khong gian Hilbert nhu sau.

H¢ qua 3.5 Gia sur cac gia thiét (H3) — (H4)
dugc thoa man. Hon nita, H la khéng gian Hilbert
phan xa, 16i ngit va tron déu, H™ 1a khong gian dbi
ngdu ciia H saocho H va H” c6 tinh chit Kadec-
Klee, K 1a tap con 161, dong, khac rong ciia H . Xét
day {u.} la day lap duoc xac dinh boi

u,u, eK,Q =Q, =K
z,=Uu,+c,(u,-u, )
v,=J7"((1-b,)Jz, +b ISz )
w, =J"((1-a,)ISv, +a JS)v.)
Yn =Tran
Qn+1 :{Z € Qn : ¢(Z, yn) < ¢(Z' Zn) + é:n}
Uy = HQM U

trong do,

& =, ~Da+t,b)¢+lz, ) {a} {o.}<[01]
sao cho liminfb,(1-b,)>0, liminfa,(1-a,)>0,
r e[o,») véi §>0 va {c,}c(0,1).

Khi d6, day {u,} hoi tu dén u” =TT ,u,.

Vi dy 3.6 Cho E=R la khéng gian Banac’h
véi chuan || x||= x|, ¥xeE. Khi d6, anh xa doi
ngiu chuan tic J 1a 4nh xa dong nhit va phiém
ham ¢(x,y) =(x—y)*, Vx,yeE.

Vi K =[-11] xét bai toan cin bang tim
x e K sao cho w(y,x,X)+b(x,y)—b(x,x) <0
trong d6, ham ba bién y: K x K x K >R duoc xac
dinh boi w(Xx,y,2)=(X—Yy)z v6i X,y,ze K ; ham
hai bién b:KxK >R duoc x4c dinh bai
b(x,y)=xy—x*. Véi i=12 xé ham

S K —>K duoc xdc dinh boi 3x=2—xi,vXeK.

moi

Bing cach kiém tra tryc tiép ta thiy cac diéu kién
cua Pinh i 3.1 dugc thoa man. Do do, day (3.1)
hoi ty v& 0= IT,u,. Tiép theo, chiing t6i minh hoa
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sy hoi tu cua day 1ap (3.1) trong mot sO truong hop
bang tinh todn trén phan mém Sci-lab 6.0 nhu sau:

Truwong hop 1: a va mot sb

" 10n+1
truong hop b, ,c, €(0,1) nhu sau:
TH1l b =+l o n
100n+2' " 100n+2
TH12. b=t ¢ N
100n+7' " 50n+1
TH13. b, =—" ¢ =—1 .
2n+3 10n+1
TH14.b =" n

,C, = .
10n+1 6n+1

Hinh 1. Dang diéu hdi tu ciia 4 day lip trong truwdng

hop 1
Trwong hop 2: b, = sn+l va mot s6 trudng
n+6
hop a,,c, €(0,1) nhu sau:
TH21 a =—N . __ ™M
100n+3 2000n+3
TH21. a =*2 o __N
100n+3 20n+1
TH23.a =—0 _ ¢ -_"
10n+5 20n+1
TH24. a =— 10n

C, = :
10n+2 60n+4
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Hinh 2. Dang diéu hoi tu ciia 4 day lip trong trwong

hop 2
n+1 ‘
Trwong h 3: ¢ = va mot sO
g op " 10n+3 ’
truong hop a,,b, €(0,1) nhu sau:
TH 3.1 a - 99n b, = 98n+1 .
100n+7 100n+2
TH32.a =—— " h ——ntl
100n+5 100n+3
TH33. 8 —oon+l, _ n
100n+3 1000n+7
TH34.a, = b =—oo9n

1000n+2 " 1000n+3’

.....

Hinh 3. Dang diéu hgi tu ciia 4 day lip trong trwong
hop 3
_4n+1 0 3n+l
" n+3"" 7n+6
mdt so truong hop ¢, € (0,1) nhu sau:

Truwong hop 4: a va

TH4l. ¢ =—1 .
100n+1
TH42. ¢, =—2 .
20n +2
TH43. ¢, =— 1 .
10n+3
TH44. ¢, =—"
6n+4
a

Hinh 4. Dang diéu hdi tu cia 4 day lip trong trwong
hop 4
Nhan xét 3.7 Tu 4 trudng hop, ta nhan thiy
sw hoi tu cua day lap (3.1) dén diém bat dong
chung 0 khong phu thudc nhi€u vao viéc chon day
{a }.{b,} ma phy thudc chii yéu vao viéc chon day
{c,}. Ngoai ra, khi ta chon {C,} trong Truong hop
4 thi héi tu nhanh hon céc trudong hop con lai.
~ Day lap (3.1) 1a day lap dugc chung toi phat
trién dua trén day lap cia Dinh li 4.1 trong ‘péi bao
K. R. Kazmi and R. Ali (2019). Do @do, ti€p theo
chung t6i so sanh sy hoi tu cia hai day 1ap nhu sau:
Pbi voi diy lip cua Dinh 1i 4.1 ta chon

n_oN n_4n n_ N+l Vi
& T lon+1'® T 101 T 10011
5" = "L B&ivéi day Tap (3.1) do khéng bi phu

- 2n+3
thudc vao cach chon a b, nén ta dung lai cac
truong hop (4.2), (4.3), (4.4) trong trudong hop 4 dé
minh hoa r6 nhat.

Hinh 5. Dang diéu hdi tu ciia day lip trong Dinh li
4.1 va 3 day lap trong trwong hop 4
Loi cdm on: Bai bdo nay dugc hd tro bai
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