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1. Giéi thigu

Nhiéu vin dé trong toan hoc va nhiing nganh khoa
hoc ki thuat din dén viéc giai bai toan EP sau: “Tim diém
x € K sao cho ¢(z,y) > 0 véi moi y € K, trong do
K a tap 16i, déng va +: K x K — R 1a ham hai
bién”. Bai toan EP duoc goi la bai toan can bang va duoc
gidi thiéu bdi Muu va Oettli vao ndm 1992 (Muu & Oettli,
1992). Sau d6, mét sb diéu kién cho sy ton tai nghiém cia
bai toan EP da duoc thiét 1ap boi Blum va Oettli (Blum &
Oettli, 1994), Noor va Oettli (Noor & Oettli, 1994). Bai
toan EP 14 bai toan tong quat ciia nhiéu md hinh toan hoc
nhu bai toan tdi wu, bai toan bat dang thic bién phan va
bai toan diém bat dong. Bai toan EP duoc nhiéu tac gia
quan tam nghién ctu theo nhiéu hudng khac nhau, trong
d6 ¢6 huéng nghién ctu sy ton tai nghiém, tinh chat cua
tap nghiém va phuong phap giai. Mot ky thuat quan trong
trong phuong phap giai nhirng 16p bai toan EP la xay dung
day 1ap va khao sat su hoi tu cua ddy lap nay dén nghiém
cuia bai toan can EP hoic dén hinh chiéu cua diém xuat
phat Ién tap nghiém cua nhirng 16p bai toan EP. Bén canh
do, van dé tim diém chung cua tap nghiém nhiing 16p bai
toan EP va tap diém bat dong cua anh xa phi tuyén ciing
dugc nhiéu tac gia quan tam nghién ciu. Trong hudéng
nghién ciu nay, nhiéu day lap dé xap xi diém chung cua
bai toan EP va tap diém bat dong cua nhiing 16p anh xa
khbng gian suy rong trong khéng gian Hilbert va khong
gian Banach di duoc thiét 1ap (Tada & Takahashi, 2007;
Takahashi & Takahashi, 2007; Takahashi & Zembayashi,
2009).

Gan day, bai toan EP dugc tong quét theo nhiéu huéng
khéc nhau. Mot trong nhitng cach tiép can 1a mo rong tir
ham hai bién (z,7) trong bai toan EP sang ham ba bién
Y(z,y,z). Nam 2019, Mahato va cong sy (Mahato & cs.,
2019) d3 nghién ctru su ton tai va duy nhat nghiém cua bai
toan “Tim diém x € K sao cho +(y,z,x) > 0 Vvéi moi
ye K, trong d6 K la tip loi, dong va
Y K x K x K — R laham babién ", dong thoi cac tac
gia cling gidi thi¢u phuong phap lap dé tim diém chung cua
tap diém bat dong cua ho dém dwoc céc anh xa twa ¢ -
khong glan va tap nghiém cua ho hitu han bai toan can bang
ba bién nay, mot s6 két qua hoi tu di duoc thiét 1ap. Nam
2019, Kazmi va Ali (Kazmi & Ali, 2019) da gidi thi¢u mot
t6Nng quét cua bai toan can bang ham ba bién trong (Mahato
& cs., 2019) va duogc goi la bai toan bdt ddng thirc tira bién
phan hon hop suy réng (GMVLIP). Bai toan GMVLIP
dugc xem nhu 1a mot dang bai toan can bang ba bién tong
quat va dugc phat biéu nhu sau: “Tim diém = € K sao cho

Y(y,z,z) + b(z,y) — b(z,x) >0

véi moi y € K, trong d6 K a tap 16i, dong,
Y:KxKxK—R la ham ba bhién va
b: K x K — R laham hai bién”. Bong thoi, Kazmi va
Ali (Kazmi & Ali, 2019) ciing nghién ctu su ton tai va

duy nhat nghiém cua bai todn GMVLIP ddng thoi dé xuat
phuong phép lap dé tim diém chung cua tap diém bat dong
caa ho hiru han nhitng anh xa twa ¢ -khéng gian tiém can
va tap nghiém cua ho hitu han bai toAn GMVLIP. Nam
2021, Farid va cong su (Farid & cs., 2021) da gioi thi¢u
day lap lai ghép c6 yéu té quan tinh dé nghién ciru diém
chung cua tap nghiém bai todn GMVLIP, tap nghiém bai
toan bat dang thirc bién phan va tap diém bat dong caa anh
Xa tuya ¢ -khdng gian tiém can trong khéng gian Banach.
Két qua nay duoc xem nhu 1a mot cai tién va tong quat
nhitng két qua hoi tu cua ddy Iap tir bai toan EP sang bai
toan GMVLIP.

Trong bai b4o bay, ching t6i két hop sé hang c6 yéu
t6 quan tinh, ddy lap hai budc duge dé xuit béi Thianwan
va Yambangwai (2019), phép chiéu suy rong trong khdng
glan Banach dé gi6i thiéu mot day lap lai ghép dé xap xi
diém chung cua tdp diém bit dong cta anh xa tua ¢ -
khong gidn tiém cén va tap nghiém bai toan bat ding thirc
tura bién phan hdn hop tong quat. Sau do, chung t6i ching
minh sy hdi tu cua day 1ap nay trong khong gian Banach.
Béng thoi, chung t61 xay dung vi du minh hoa cho su héi
tu cua day lap.

2. Mt s6 khai niém va két qua co ban trong khong
gian Banach

Cho E 1a khong gian Banach tronva £~ la khong gian
lién hop cua E . Véi moi = € E, anh xa dbi ngau chuan
tic J : E — 2 duoc xéc dinh boi
Jr={z € E :(z",2)=||z|[=]|z |[}.Xét phiém
ham Lyapunov ¢ : E x E — R dugc xac dinh boi

¢(z,y) =l = [ —2(z, Jy)+ || y |, Vz,y € E.
Sau day, chiing t6i s& trinh bay mat sé tinh chat cia phiém
ham Lyapunov.
Nhan xét 2.1 Véimoi z,y,z € F ,tacod
@ Uzl =1yll) <oy <l=+I[lyl)
@) ¢(z,y) = ¢(z,2) + ¢(2,y) +2(x — 2,Jz — Jy).
@) ¢la,J ' (AJy + (L= N)Jz))
@ ¢(z,y) =z || || Jz — Jy ||

+Hllyll Az =yl
©) ¢(z,y) = p(z,2) + (2, y)
+2(x — z,Jz — Jy).

<zl || Jze=Jyl[+[lz—yll- ]yl
B6 dé 2.2 (Kamimura & Takahashi, 2002, Ménh d¢ 2).
Cho E lakhong gian Banach 16i vatron, {z } va {y } 1a
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hai ddy trong E saocho { } hoac {y } bichan. Khi do,

néu lim

Ki hiéu F(S) = {z € K : Sz = z}1a tap hop diém bt
dongcuaanhxa S : K — K.

DPinh nghia 2.3 Cho F 1a khong gian Banach tron, K 1a tap
conkhacrongciia F vaanhxa S : K — K .Khido

(1) (Qin &cs., 2009, 1r.1052) S dugc goila fua ¢ -khdng gian
néu F(S)=@ véi moi pe F(S) va z€ K taco
¢(p, Sz) < P(p, ).

(2) (Qin & c¢s., 2010, tr.3876) S duoc goi la twa ¢ -khdng

(xn,yn) =0 thi lim || T -y |= 0.

gian tiém cdn néu ton tai day sé thuc {t } thoa man
(3

t >1limt =1 va F(S)=9 sa cho
o(p,S"z) < tngb(p, z) vé6i moi n>1LzxcK va
p € F(S).

(3) (Anh & Hieu, 2015, Binh nghia 2) S duoc goi la dong

néu véi moi day {u } C K thoa man limu, =a va

T —>0C

lim Sun = b thi Sa = 0.

(4) (Kazmi & Ali, 2019, Dinh nghia 2.2) S duge goi la
chinh quy tiém cdn déu trén K néu véi moi tap con bi
chin A C K taco

lim sup || $""'a — S"a ||= 0.

n—00 e
B6 dé 2.4 (Hao, 2013, Budc 1 trong chirng minh S:ﬁa Pinh
li 2.1). Cho F la khong gian Banach phan xa, 10i va tron
saocho E va l?* c6 tinh chdt Kadec-Klee, K la mét tdp
con dong khdac rong cua E vaanhxa S : K — K ladong
va tua ¢ -khong gian tiém cgn. Khi do F(S) la tdp con
dong va loi ciia K.
Phép chiéu suy rong trong khong gian Banach, dugc ki higu
boi 1T,
khong gian Hilbert. Phép ghiéu suy rong trong khong gian
Banach c6 mot so tinh chat co ban sau.
B4 dé 2.5 (Alber, 1996, tr.15 — 50). Cho E la khdng gian

Banach phan xa va 16i déu va K la tdp con khdc rong
cia E . Khidévéimoi x € Eva y,z € K taco

z=1 2 & (z—yJr—Jz) <0.

B6 dé 2.6 (Alber, 1996, tr.15 — 50). Cho E la khong gian
Banach phan xa, 16i va tron. K la tdp con loi, dong va
khéc rong cia E . Khi dé véimoi © € K va y € E ta
co

la mot mé rong cua phép chiéu metric trong

oz, 11 y) + o(I1, y,y) < é(,y).
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Tiép theo, chiing toi gisi thiéu mot s6 két qua lién quan
dén nghiém bai toan GMVLIP.

Pinh nghia 2.7 (Preda & cs., 2007, tr.417). Cho £ la
khong gian Banach phan xa va K 14 tip con khac rong
cia F.Ham ¢ : K x K x K — R dugc goi la «v-don
diéu yéu suy rong néu ton tai ham o : F x E — R sao
chovéi z,y € K taco

¢(y7 z, y) - MZ/» T, :l:) S CM(IL’, y)

a(z,ty + (1 —t)x)

t—0 t

=0.

Tiép theo, ta xét cac gia thiét sau:

(H1) E l1a khéng gian Banach phan xa, 16i ngit, tron
déu, E*lér khong gian d6i ngu cua F sa0 cho F va NE*
c6 tinh chat Kadec-Klee, K 1a tip con 161, dong, khac rong
cia F .

H2)y: KxKxK —R Ila
a:KxK—R 1a ham hai bién,
b: K x K — R laloivalién tuc théa méan

b(z, x) — b(x,y) — by, x) + b(y,y) = 0.

Xét bai toan 2.1: Tim z € K sao cho

bién,
ham

ham ba

1
1/)(%517717) +_<y —LL’,JZL’—JZ)
T

+b(x,y) — b(z,z) <0, Vy € K .
Bo dé 2.8 (Kazmi & Ali, 2019, binh Ii 3.2). Gia si cac
gia thiét (H1) — (H2) duwoc théa man va
(1) ¥(y,x,.) la nita lién tuc trén.
() Y(.,x,2) lal6i va nira lién tuc dwdi.
®) ¥(@,y,2) + ¥(y,2,2) = 0.
(4) ¢ 1a o -don diéu yéu suy réng.
(5) a(.,y) la nira lién tuc dudi.
Khi dé, Bai toan 2.1 ¢ nghiém.
Ki hiéu: Q la tap nghiém cua Bai todn GMVLIP: Tim
diém x € K saocho
Y(y,z,x) + b(x,y) — b(z,z) >0, Vy € K.

Bo dé 2.9 (Kazmi & Ali, 2019, B6 dé 3.3.). Gia st cac gia
thiet cia Bo de 2.8 dwoc thoa  man,
a(z,y) + oy, z) > 0 véi moi xz,y € K. Véi > 0,

xét anh xa Tr : B — K xdc dinh boi:
1
Tx={2€K:(y,2,2)+—(y — 2Jz — Jx)
r
+b(z,y) —b(2,2) <O,V y e K

voi moi x € E . Khi dé
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1) T.x 1a anh xa don tri.
@(Tx—Ty,JTx—Jz)
<(Tx—TyJTy—Jy).
3) F(T)=1.
@) ¢(¢,Tz) + ¢(T z,2) < ¢lg, ),
Vge F(T), z€E.

(5) Q la tdp déng va loi.
(6) T la &nh xg tira ¢ -khong gian.

(7) o(p,Tx) < d(p,x), Vp € F(T)).

B dé sau duoc sir dung trong chang minh két qua chinh.
Bo dé 2.10 (Yang & cs., 2012, tr.6072 — 6082). Cho E la
khdng gian Banach 16i déu, » > 0 va BJ[0,r] la hinh cau

dong ciia £ . Khi d6, voi moi ddy {z, } C B[0,r] va ddy

{A,} céc s duong thoa man > A =1, tn tai ham

n=1

g, :[0,27‘ —>[O,oo 16i, lién tuc va ting ngat Vvoi

9.(0)=0 sao cho véi moi 4,j€N,i<j ta co

= 2
HE:MH<Z&H%H
n=1

_)\,)\Jg,(H xi - ‘Tj H)

3. Két qua chinh

Trude hét, chung t6i két hop s hang c6 yéu t6 quan
tinh, ddy lap hai budc dwoc dé xuat boi Thianwan va
Yambangwai (2019), phép chiéu suy rong trong khong
gian Banach dé gioi thiéu mot day lap lai ghép dé xap xi
diém chung cua tdp diém bat dong cta 4nh xa tya o -

khong gian tiém cén va tp nghiém bai toan bat dang thirc
tua bién phan hon hgp tong quat. Sau do, chung toi ching
minh sy hoi tu ciia day 13p nay trong khong gian Banach.

Xeét cac gia thiét sau:

(H3) Céc dnh  xa a:KxK—R,
P KXxKxK —R va b: KxK — R théa man
cac gia thiét ciia B6 dé 2.8, B6 dé 2.9 va ¢(y,.,y) lién
tuc.

(H4) Véimdi i =1,2, S, : K — K ladéng, chinh
quy tiém can trén K vala anh xa tua ¢ -khong gidn tiém

=1, tap F(S,) bi

(>0 sao cho

can véi diy {t,(f)} C [1,00), lim t,(f)

chin trong K, nghia 1a ton tai

FS)c{zeK:||z|<} va
F=FS)NF(S,)NQ=a.

Pinh li 3.1. Gia sir cac gia thiét (H1) - (H4) duogc thoa
mén. Xét day lap {u_} duoc xac dinh béi:

u,u, € K,Q =0, =

Z =u + cn(un — un_l)

v o= J (- b)Jz +bJS'z )

lw =J'(1—-a)JS'v +aJS)v) (3.1)
b =Tu,
={2€Q 92,y ) <d(z,2)+E}
=1, u

L n+1 ”H

trongdo, £ = (¢t —1)(1+tb )¢+ 2, |I), {a,},
{6} €[0,1] sao cho liminfd (1—5 ) > 0,

n—0o0

liminfa (1—a )>0,7 €[4

n—0C

00) véi 6 > 0 va
c. C(0,1).
Khi d6, day {u } hoitudén v =11 u, .

Chirng minh. Phép chimg minh cta Dinh li dugc chia
thanh 6 budc sau:

Buéc 1. Chimg minh phép chiéu 11 u, xdc dinh. That vay,
theo B6 dé 2.4 taco F(S,),F(S,) 1a tap dong va 16i. Mat
khéc, theo B6 d& 2.9(5) ta c6 2 1a déng va 16i . Do d6
F =F(S)NF(S,)NQ la tap dong va 16i trong K .
Hon nira, theo gia thiét ta co F 1a tap khac rdng. Vay phép
chiéu IT ,u, xac dinh.

Buéc 2. Chimg minh phép chiéu 11,

n+1

u, xdc dinh. Tu

dinh nghia cia €}  taco

nl?
0., ={2€Q :9(zy,)<dz2)+E}
={z€Q 2P -2z Jy,)+]ly, Il
2 |F =2z Jz,)+ [ 2, I +€,}
={z€Q :22Jz —Jy )

Az, IF =1y, IF+€3

Ta chiing minh Qn g

(3.2)
1a tap dong véimoi n € N bing

phuong phép quy nap. Véin = 0,1 taco 2, =, = K
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. Vi K lathp dong nén (2 ,€}, 1a tap dong. Gia su (2,

1a tap dong véi moi n > 2. Lay {xf:H)} C (), ,sa0cho
lim 2" = g™ Tir gia thiét quy nap €, 1a tap
\ k+2 A k+2
doéng va {Jl:fn+ Nc €., C8,. nén *+? ¢ Q0
Mat khac, tir (3.2) talai co
k+2
2<$7(n+ >’Jzk+l B Jyk+1>
2 2
SH Zk+1 H - || yk+1 H +€k+1' (33)

Cho m — oo trong (3.3) va sir dung tinh lién tuc cua
anh xa J(.), ta dugc

(k+2)
2<$ . 7J’zk+1 _Jyk+1>
2 1P =y [P+ (3.4)
Pidu nay ching to ' € (), , dodo €, , latap dong.

Vay theo nguyén Iy quy nap ta cé ) . Ia tap dong voi

moi n € N,
Tiép theo, ta chimg minh €2 1a tap 16i véi moi n € N
bang phuong phap quy nap. Véi n=0,1 ta co

Q =Q, =K. Vi K latap1si nén €, 1a tap I6i.

Giasw (2, latap 15i véimoi k > 2.
Lay zy€Q ,tel0l] vi Q.,CQ. . va
z,y €4, , nén z,y €€ . Theo gia thiét quy nap, ta
c6 €2, ., latap 16i nén

tr+(1-t)ye (3.5)
Viz e ,néntaco
A2, J2,, —Jy,.)
Dz 1P =[5, I 46,0 @6)
Khi d6, nhan hai vé cua (3.6) véi ¢, ta dugc
2tz Jz,,, — Jykﬂ)
<t 2 IF =1y I +60) (3.7)
Viy € QM nén ta c6
2(y, Jz, | — Jyk+1>
2y IF =1y IF 46,0 (38)
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Khi d6, nhan hai vé cia (3.8) véi (1—t), ta duoc
21—ty Jz,, — Jy,..)

<S@A= 2z IF =y IF +60) (3.9)
Cong vé theo vé cua (3.7) va (3.9), ta dugc
20tr + (1 —t)y, Jz,,, —Jy,.,)
SH zk+1 HQ - || yk+1 ||2 +£k+1' (310)

Tir (3.5) va (3.10), suyraduoc tv + (1 —t)y € Q, ,
Do do, €2, ,, latap 16i. Vay theo nguyén ly quy nap ta co
., latap 16i voi moi n € N.

Tiép theo, ta chung minh F C . véimoi n € N’ bang
phuong phap quy nap. Véi n = 1,2 tac6 2, = Q, = K
Vi FCK néenFCQ,Q . Giasit F C(), nénta
ldy p € F thi p €, theo Nhan xét 2.1 (3) va dat

t, = max{t",t*} tacé
o(p,v,) = ¢(p,J (1 —b)Jz, +b.JS2,))
< (1-5)d(p,z,) +b,6(p,S/2,)

< ¢(p,z,) —bd(p,2,) +bte(p,z,)
= ¢(p,2,) +b,(t" —Do(p, 2,)- (3.12)
$(p,y,) = o(p, T J (1 a,)JS v, +a,JS)v,))

< @(p,J (1 —a,)JS[v, +aJS5v,))
< (1—a,)o(p,5v,) + a,¢(p,S,v,)
<at"¢(p,v,) + (1= a )t 7é(p,v,)
<.t d(pv,) + (1 —a )t o(p,v,)

- tk¢(p7 /Uk ) *
Thay (3.11) vao (3.12), ta co

o(p,y,) < t,(o(p,2,) + b, (1" —
<t0(p.2,) + bt —1)o(p,z,)
= ¢(p,2,) — d(p,2,) + 1,8(p, 2,)

+4.b,(8, —Do(p, 2,) = ¢(p,2,) + (¢, — Dé(p, 2,)
+t.b,(t, —1é(p, 2,)
= o(p,2,) +(t, 1)1 +1,b,)d(p,2,)

(3.12)

)¢(p7 k))
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<o(p,z,)+(t, —1)A+tDb)

e l+1 2 1D

< é(p,z) + (4, = DA+ 1)+ 2, [])°
= ¢(p,2,) + &

biéunay chungto p € (), hay F C (), .Dodo, theo

(3.13)

nguyén ly quy nap ta c6 F C €2 véi moi n € N. Vi
FCQ vaF =@ nen) =T véimoinecN.
Vay phép chiéu I, u, xac dinh.

Buéc 3. Ching minh {u } Ia bi chan va giéi han

lim ¢(u_,u,) ton tgi. T dinh nghia cua {u } ta co

u, =TI, u, do d6 theo Bo d¢ 26, ta oo
¢lu,,u,) = oI, u,u,

< ¢(p,u,) — ¢(p, 11, u,)

< o(p,u,),Vp €1 . (3.14)

Lay u € F vi FCQ nén ueQ . Khido, trong
(3.14) lay p = u,tacod

¢(Un, U’l) S ¢<U, U’l)' (315)
Do  do, (v ,u,) bi ~ chan. Vi
u =1, v €Q  CQ néntr(3.14)taco

P(u,,u) <, ,u,),¥n >1.

Diéu nay chingtorang  ¢(u ,u,) la day ting.

(3.16)

Vay ¢(u ,u) hoityhay tontai gioi han lim ¢(u, ,u, )

Buéc 4. Ching minhrang limu = u’ € K . Thatvay,

n—oo

voi m > n,taco

u = HQWUJ1 € CQ. (3.17)
Liy p = u  trong (3.14) ta duoc
¢(un7 ul) S (b(umaul) - ¢(um7 ngnul)
= P(u,,u)—o(u, ,u ). (3.18)
Bat dang thire (3.18) tuong duong
gb(um’ un) S gb(um’ ul) - (b(un’ ul)' (319)

Vi lim ¢(u, ,u,) tOn tai nén ta co
n—0C

lim ¢(u ,u )=0. (3.20)
Mait khac, E 13 16i va tron déu nén theo B6 dé 2.2, ta co
lim [[u —u, [|=0. (3.21)

Diéu nay ching to u ~ laddy Cauchy trong K . Vi E
la khong gian Banach va K la tap déng nén ton tai
u € K saocho limu =u’.

Buéc 5. Chang minh rdng » € F . Pau tién ta ching
minh u~ € F(S).Viu €8  CQ néntheo dinh

n+1

n+1’ taco

¢(un+l’yn) S QZS(’U/”H,Z") + En
Tu (3.20) va (3.21), khi ta chon m =n + 1 ta dugc

nghia cua

(3.22)

lim ¢(u, , ,u ) =0 (3.23)
lim [|u , —u [[=0. (3.24)
Theo dinh nghia cua z , ta co
H Z" - un H:H un + C7L (un - unfl) - un, H
=c [lu —u_ | (3.25)
Do do6 tir (3.24) va (3.25), ta co
lim ||z, —u, [|=0. (3.26)

Khi d6 tr (3.26) va tinh lién tuc cua &nh xa J(.), ta co

lim || Jz —Ju [|=0. (3.27)

Vi {u } laday bichin nén theo (3.26) tacé {2 } laday
bi chan. Khi o, ton tai A > 0 sao cho

0< & <At —1) (3.28)

Vi lim¢ =1 nén ldy giéi han (3.28) khi n — oo, ta

n—oc ;

dugc lim § = 0.Tur (3.24) va (3.26), ta co

lim [|u,  —2 [|=0. (3.29)
T (3.29) va tinh lién tuc cia anh xa J(.), tacéd
lim || Ju  —Jz ||=0. (3.30)

Tur Nhan xét 2.2 (6), ta cé
¢(U7L+17 zn) = <un+1’ Jun+1 - JZ7L> +<un+1 - zn’ Jzn,)

w1, =z, ]

n+1
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+Hzn—un+1|\.Han. (3.31)
Do d6 tir (3.29), (3.30) va (3.31), ta ¢6
lim ¢(u,, ,z, )= 0. (3.32)
Theo B6 dé 2.3, ta co
lim [[u,  —z [[=0. (3.33)
Tir (3.22), (3.32) va lim €, = 0, taco
lim ¢(u, ., ,y,)=0. (3.34)
Theo B6 dé 2.3, taco
lim ||, , —y, ||=0. 339
Tir (3.33), (3.35), ta ¢6
lim [z, —y [|=0. (3.36)

Khi do, tir (3.36) va tinh lién tuc cia &nh xa J(.), taco

%LHXI | Jz —Jy |[=0. (3.37)
Tuong tu (2.12) va (2.13) ta cod
¢(p,w,) <t ¢(pv,). (3.38)
Thay (3.11) vao (3.38), ta co
o(p,w,) < d(p,z,)+ & . (3.39)
Tu B6 dé 2.11 (4) va (3.39), ta c6
oy, w,) < d(p,w,)—(p,y,)
< ¢(p,2,) —d(py,) + &,
=z, I =y, I +2Ap,y, —2,) + &,
<z, =1y, ID-Al 2, [+ 119, 1)
+2|[pll-ly, =2, || +¢,
<z, =y, DAl 2, [[+1ly, )
+20[pll-1ly, — 2, [[+€,- (3.40)
Do d6 tir (3.36), (3.40) va lim ¢, = 0, tacs
%eri ¢y ,w )=0. (3.41)
Tur (3.41) vaB6 dé 2.3, ta cd
lim |y, —w, ||= 0. (342)
Vi J lién tyc trén mdi tap bi chan nén ta cé
’1L1_>1£1C || Jy —Jw [|=0. (3.43)

T (3.36) va (3.42), ta cd
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lim ||z —w [|=0. (3.44)
Vi J lién tuc déu trén cac tap bi chan nén tir (3.44), ta co
lim || Jz —Jw, ||= 0. (3.45)

Lay p € F véi S, laanhxa tua ¢ -khong gidn tiem can.
Theo Nhan xét 2.1 (1), ta co

e[l =118, 1) < ¢(p,S]'2,)
<tV(p,z ) <t (Il pll+1l 2, |}
<t0(CH] 2, (1)

Vi {t"} va {u } 1a day hoi tu nén tir (3.26), (3.45) suy
ra {S'z } bi chin do d6 {JSz } bi chin . Pat

(3.46)

rn=supq{ ||z |, Sz ||}
neN

= sup{ || Iz, |11 1S, I }.

neN
Khi do Jz ,JS!'z € B[0,r,] véi moi n € N. Do do,
theo Bo dé 2.10, ton tai ham g :[0,2r) — [0,00) 16i,

lién tuc va tang ngat voi g (0) = 0 sao cho

|
<@=b) 1z, [ +b, 1 ISz, I

(1=0b)Jz +bJS'z |
—b,(1=0,)g, ([ Jz, — Sz, |])
=@A=b) 2, I +b, ISz, If
=b,(L=0,)g, (Il J2, = 5[z, [])- (3.47)
Khi dé, tir dinh nghia cia v va (3.47), ta co

o(p,v,) = o(p,J (L —=0,)Jz, +bJS!z )
<Iplf —2p,1-0,)Jz, +bJ5z,)

+ [ J (A —=0b )]z +bJS"z )|}

< p|F —2(p,1—b,)Jz, +bJS z,)

+[A—=b )]z, +bJS'z |f

< p|F —2(p,1—b,)Jz, +bJS z,)

+H1=b) 1z, | +b, 118z, I}

—b,(1=1b,)g, ([ Jz, = ISz, [])

<@A=v)lpIf —2p,Jz,)
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+z, )+, 2 )
—2p,J8;'z, )+ |1 5z, IF)

b, (1=0,)g (Il Jz, =I5z, ])
<(1=0b)(p,2,)+b,0(p,5)'z,)
—b,(1=1b,)g, (| Jz, = JS}'z, |])
< (1=0,)¢(p,2,) + bt d(p,2,)
—b,(1=0,)g, (Il Jz, = ISz, |])
< (1+5,(8 = 1))e(p,z,)

—b (1— bn)gr1 (|| Jz, —JS!'z |]).

Thay (3.48) vao (3.38), ta cd

o(pw,) <t,(1+0,(t, —1)o(p,z,)
—bt(1—-0b)g (|| Jz —JS'z |])
<o(p,z,)+¢, —0t (1-0b)
g, (Il J2, —J87%, |l
<o(pz,)+¢&, —b,(1-b,)
g, (11 J2, —J87%, 1))

(3.48)

(3.49)
Diéu nay dan dén
b,(1=1,)g, (|| Jz, =I5z, [])

< ¢(p7zn)_¢(p7wn) +§n
=z, IF = llw, IF +2pw, —z,)+¢
<z, 1= lw, ID-(l 2, [+l w, 1)

+2{[pll-[[w, -z, [[+¢,

<z, —w, D2, | +lw,I)

2| pll- 1z, —w, [|+E,. (3.50)

Vi lim¢ =0 valiminfp (15 ) > 0 nén tr (3.44)

n—0o0 n—0o0

va (3.50), ta suy ra dugc llmg (|| Jz, —=JS[z |]) =0

. Do g, (0) =0 nén ta c6 711152 | Jz —JS'z ||=0

| (3.51)
Vi J ' la lién tyc déu trén mdi tap bi chin nén ta c6
711152 |z, =8z ||=0 (3.52)

Mt khac, taco lim u_ = u’ néntir (3.26), ta co

n—o0

lim [| 2, —u ||=0 (3.53)
Tir (3.52) va (3.53) ta ¢

lim [| §}'z, — u ||=0 (3.54)
Hon nira, ta lai co
182, —u" [[ <] 8]z, — S}z, |
+[1Srz, —u || (3.55)

Tur (3.54), (3.55) va tinh chinh quy tiém can déu cua S,

nén ta suy ra duoc lim || Sz — u’ ||= 0. Mat khéc,
n—o0

Vi S1 c6 tinh dong nén két hop vai (3.54) ta co Slu* =
.Dodéu € F(S).

Tiép theo ta chung minh u” € F(S,), tacé
o, = Jz, 1= (L= bV, 45,087, ~ 2, |
= H JZ” - anZn + bﬂJSlnzn - JZ” H

= || bﬂJSILZ" - anZﬂ ||

=b || Sz, —Jz ||. (3.56)
Tir (3.51) va (3.56), ta cd
lim || Jv, —Jz [|=0 (3.57)

Vi J ' 1 lién tuc déu trén cac tap bi chin nén ta c6

hmHv -z |[=0 két hop Voi
lim |z, —u || =0 ta suy ra dugc
l1m||v —u || =0.Dodé, {v } Ia day bi chan. Vi

S1 Ia &nh xa tua ¢ -khbng gién tiém can nén theo Nhan
xét 2.1 (6) tacd

¢(u’,S/'v,) <t dlu’,v,)
<t (lu ][ Ju” = Jv, ||

+lu =, [ [lv, [)- (3.58)
Vi J lién tuc déu trén céc tap bi chan va
lim |[v —u || =0 nén ta c6

lim || Jv, — Ju ||=0. Do do tir (3.55) ta suy ra dugc

lim ¢(u’, St

n—o0

v ) = 0.Theo Bo dé 2.2 ta dugc
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lim || $/'v, —u" [|=0. (3.59) lim || JS'v, —JS}v, ||=0. (3.65)
V6i p € F theo Nhan xét 2.1 (1), ta co Vi J ' la lién tuc déu trén mdi tap bi chan nén ta co
(ol =118, I <o(p.S,) <t,6(p.0,) lim [ 870, =$;v, [I=0. (3.66)
< tn<H pll+]] v H>2 Do d6, tir (3.59) va (3.66)*, tacéd

<G, I 350 2l S, =0 o0

Hon nira, ta lai c

Khi d6 tir (3.60) va {v_} 1a ddy bi chin nén ta suy ra duoc . .
' 155w, —u [[ <[5 v, =S, ||

{S/v } va {S)v } bichin. bt

) ) +1 85w —u . (3.68)
r,=sup{ ||z, |L.[| Sv, [l.I[S5v, ||} ’ ‘
neN Tir (3.67), (3.68) va tinh chinh quy tiém can déu cua S,
= %gg{ 1Tz, 1,11 IS, (1] IS, 11} (3.61) nén ta suy ra duoc lim || Sy — u’ ||= 0.Mat khac,

Khidé Jz ,JS'v ,JS;v € B[0,r,] véimoin € N.Do Vi S, c6 tinh dong nén ta c6 S,u =u’. Do dé
do theo B d& 2.10tn tai ham g :[0,27,] — [0,00) 16i  u" € F(S,).

déu va tang ngit sao cho 9,(0)=0va Cudi cling ta can chung minh ' € Q. Ldy p € F t
(3.13) va B dé 2.9(7), ta co

|(1—a)JS'v +a JSiv | 1 | n
Bp.y,) < o(p. T, T (1= 0,) IS0, +3,J5]0,))

<(—a)l||JS'v | +a ||JS v |P
S ¢(p’ Jfl((l B an )JSIn,Un + anJSQHUn))

—a (1— a”)ng(|| JS'v —JS]v ||). (3.62)

T (3.62) va lap luan twong ty nhu ching minh & (3.48), < 9, z") * 5"' (3.69)
(3.49), taco Viy =T w nénvéimoiy €, taco

oo, < 6(p.7,) + € "

—a,(1—a,)g, (| JS;'v, — IS}, ||). @oy VW) +E<y_y""]y_‘]w">

Diéu nay din dén +b(y,,y)—by,,y,) > 0. (3.70)
a,(1—a,)g, (Il JSv, — IS, |I) Tir (3.70) vatinh « -don diéu yéu cua 1+ , ta co

< ¢(pz,)—o(pw,) + & I | | Jy, —Juw, ||

Iz, IF =1, IP 42,0, = 2,)+§, o "

<l 1= Ilw, )l 2, 1+ 1w, Il 25@_%@_MM%%>

+2 || p || H wn _zn H —I_gn
<(lz, —w [).(lz, || +w, [])
> aly,y) —v(y,y,,v)
+2 (| pll-lz, —w, || +E . (3.64)

+b(y,9,) = 0(y,.9)- (3.71)
Vi lim ¢ =0 valiminfa (1 —a )> 0 néntir(3.44) e B . .
s n—oo " ! Vi ¢ thoa man cac dieu kién cua Bo de 2.8 va Bo de 2.9
va . (369 ot sy ra 4wt ey galien tuc, Khido st dung (3.43), két hop tinh lién
lim g, (|| J5'v, —JS;v, ||)=0.Dog, (0) =0 nénta tyccia t,b valdy gisi han dang thirc (3.71) ta thu duoc

n—oo

co

by ,y) — V(W9 .y, )

alu’,y) — v(y,u’,y)
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+b(u,u’) —b(u',y) <0,Vy € K (3.72)
Vi te(0,]) vaye K, dity, =ty+(1—thu . Vi
K latap16inén y, € K . Khi do, ta co
a(u’,y,) = Y(y,u’,y,)

+b(u’,u’) —b(u',y,) <0
Khi d6 tir (3.73) suy ra duoc

a(u'sy,) <Yy, uyy,) —blu',u’) +b(u',y,)
< Ply,u’sy,) + 10—y, uy,)
—b(u ,u’) +th(u,y) + (L —)b(u ,u)
<[d(yu'sy,) +b(u’y) —b(u’,u)].
Tur (3.74) va tinh lién tuc ciia anh xa 9(y,u,.) néntaco

lim (s, ") + b, y) —blu'u))

(3.73)

(3.74)

> 1im 20 8). (3.75)
-0
T do ta suy ra dugc
Yy, u ,u’) +b(u,y) —blu,u ) > 0. (3.76)

Dodou €Q.Vayu € F.
Buéc 6. Ching minh « = I, u . That vay, vi

w . =1, wu, néntheo BS dé 2.5, véi moi y € Q2

n+1 n+1"?

taco

(w,., =y, Ju —Ju, ) <0, (3.77)

1

Liy pe F Vi FCQ |
(3.77) chon y = p , tacd

nén p € (. Khido, trong

(w, , —p,Ju, —Ju ) <0. (3.78)

nt1
Vi J lién tyc trén mdi tap con bj chan va lim u, = u
nén lay gigi han (3.78) ta duoc o
" Ju, — Ju') < 0. (3.79)

Vay tir (3.79) va theo B6 dé 25 ta suy ra dugc
u = I, u. O

Nhan xét 3.2 Mdi anh xa tya ¢ -khéng gidn 1a mot anh
xa tya ¢ -khong giadn tiém can voi ¢ =1 véi moi

n € N'. Do dé, tr Binh Ii 3.1 ta ¢6 hé qua vé su hoi tu
cua day Iap cho anh xa tya ¢ -khong gian nhu sau.

H@é qui 3.3 Gia st cac gia thiét (H1) — (H3) duoc thoa
man. Hon nira, véi moi S : K — K 1a dong, chinh quy
tiém can trén K va la &nh xa tua ¢ -khéng gidn. Tap
F(S) bi chan trong K , nghia la ton tai ¢ > 0 sao cho
FS)C zeK:|z||<( vaF=F(SNQ=@.
Xét day {un} la day lap duogc xac dinh bai.

u,u, € K,Q) =€, =K
Zn = un + cn (un - unfl)

v =J'((1-0b)Jz +bJSz )

uj” =J'((1- ;n)JSvn +a, JSv )

y =T w,

Q,, ={z€Q, :0(2y,) < dz2,) + &)
un+1 = Q ul

g, =, —DA+tb)C+Iz, ),
{a },{b } C[0,1]sa0 liminfb (1—5)>0,

liminfa (1—a )> 0,7 €[6,00) véi 6>0 va

n—00

trong do,

cho

{c.} € (0,1). Khi do, day {u_} hoitudén v =II u,.

Nhan xét 3.4 Ta nhan thdy mdi khong gian Hilbert la mot
khéng gian Banach. Do do, tir Binh Ii 3.1 ta ¢ hé qua vé
su hoi tu cua day Iap trong khéng gian Hilbert nhu sau.
Hé qua 3.5 Gia su cc gia thiét (H3) — (H4) dugc thoa
man. Hon nta, H la khdng gian Hilbert phan xa, 16i ngat
va tron déu, H  1a khong gian di ngiu cua H sao cho
H va H  c6 tinh chit Kadec-Klee, K la tap con Idi,
dong, khac rong cia H . Xét day {u”} la day lap dugc
x4c dinh boi

u,u, € K, =Q, =K
Zn = un + Cn(un - unfl)

v =J ' (1-b)Jz +bJS'z)

w =J ' (1-a)JS'v +aJS v )
y =T w

n T n
n

o =12€8Q 1 9(zy,) <d(z,2)+ ¢}

trong

)
<

do,
g =, —DA+td)C+I 2, 1) {a,}
{6} C[0,1]  sao liminfb (1—5 ) >0,

n—0C

cho
liminfa 1—a )>0, 7, €[6,00) véi 6>0 va

n—0o0

{c.} C(0,1).
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Khi d6, diy {u } hoitudén v =TI u .
Vidu 3.6 Cho £ = R la khdng gian Banach véi chuan
| z ||=| z |, V& € E.Khi d6, anh xa d6i ngiu chuan tac

2

J laanh xa déng nhét va phiém ham ¢(z,y) = (z — y)
,Ve,ye b,

Vi K =[—1;1] xét bai toan can bang tim z € K sao
cho ¥(y,z,x) + b(z,y) — b(z,z) <0

trong d6, ham ba bién ¢ : K X K x K — R duoc xé4c
dinh boi Y¥(z,y,2) = (x — y)z véi z,y,2 € K ; ham hai
bién b:KxK — R  duogc dinh  boi
b(z,y) = xy —2°. Vi i=12 xét ham

Xac

moi

S : K — K duoc x4c dinh boi Sz = ﬁ,Vm ceK.
13 22

Bang cach kiem tra tryc tiép ta thay cac diéu kién cua Dinh

Ii 3.1 duoc thoa man. Do @6, diay (3.1) hoi tu vé

0 = IT,u, . Tiép theo, chiing t6i minh hoa sy hoi tu cia

day Iap (3.1) trong mét s6 trudng hop bang tinh toan trén
phan mém Sci-lab 6.0 nhu sau:

Truong hep 1: a = va mot sb truong hop

10n +1

b ,c €(0,1) nhu sau:
TH11Lp =2 *t o n

" 100n+2 " 100m +2
TH12.p =+l _n

" 100n+7 " 50n+1
TH13. b =— ¢ =—2"

" o437 10n+1
TH14. b =—2 ¢ ="

" 10n+1 " 6n+1

YK T ver 13
0 Tibg ves 14

Hinh 1. Dang di¢u hdi tu cia 4 day lap trong truwong
hop 1
3n +1

va mét s truong hop
™+ 6

Truwong hep 2: b =

a ,c € (0,1) nhu sau:

n?
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TH2l 4 =20, __ ™
" 100n+37 " 2000n + 3
TH2l 4 ——F2 . __ "
" 100n+3" " 20n+1
TH23. a zg—n,c = n
" 10n+5 " 20n+1
TH24. g =", =100
" 10n+2 " 60n+4

Hinh 2. Dang diéu hoi tu caa 4 day lap trong trwong

hop 2
Truwong hep 3: ¢ = n—+1 va mot s6 trudng hop
" 10n+3
a ,b € (0,1) nhu sau:
TH3L ¢ = 20 5 — 98n+l

"100n4+7 " 100n +2°
n b — 3n+1

TH32.aq =— " —p =72
" 100n+5" " 100n + 3
TH33. g =22 tl, __ n
" 100n+37 " 1000n + 7
TH34. g =— " =99
" 1000n+2 " 1000n + 3
\
"."\
™

oo
T ——
e i ey o e

sibuvclicn

Hinh 3. Dang di¢u hi tu caa 4 day lip trong truong
hop 3
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Trwong hgp 4: ¢ = dn + 1 b = sntl

" Tn+3"" Tn+6
truong hop ¢, € (0,1) nhu sau:

va mot s6

TH41. ¢ = —"*
" 100n +1
TH42. ¢ = —" .
" 20n+2
TH43. ¢ ——" .
" 10n + 3
TH44. ¢ = —"
" 6n-+4
]

Hinh 4. Dang diéu hoi tu caa 4 day lap trong truwong
hop 4
Nh4n xét 3.7 Tir 4 truong hop, ta nhan thy sy hoi tu cia
day lap (3.1) dén diém bat dong chung 0 khéng phu thuéc
nhiéu vao viéc chonddy {a },{b } maphuythudc chu yéu

vao viéc chon day {c }.Ngoai ra, khitachon {c } trong
Truong hgp 4 thi hoi tu nhanh hon céc truong hop con lai.
Day lap (3.1) la day lap dwoc chling toi phat trién dua trén
day lap cua binh li 4.1 trong bai bdo K. R. Kazmi and R.
Ali (2019). Do @0, tiép theo ching tdi so sanh sy hoi tu
cua hai day lap nhu sau:

P6i voi didy lap cua Pinh li 41 ta chon
" omn " 4n " n—+1 .
a = ,a, = NOSES va
10n +1 10n +1 10n +1
o= +1 . Béi voi day lap (3.1) do khéng bj phu
2n+3

thugc vao cach chon a , bn nén ta dung lai cac truong hop
(4.2), (4.3), (4.4) trong truong hop 4 dé minh hoa rd nhit.

Hinh 5. Dang diéu hoi tu cia day lip trong Pinh li 4.1
va 3 day lap trong trwong hop 4
Lg‘ri cdm on: Bai bdo nay dugc hé tro boi Truong Pai
hoc Déng’Thép v6i Bé tai nghién ciu khoa hoc cua sinh
vién ma s6 SPD2022.02.11.
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