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Abstract

In this paper, we study the concepts of @ -cover, K -cover and certain spaces defined by
them on the hyperspace PR[X] of finite subsets of a space X endowed with the Pixley-Roy
topology. We prove that PR[X] is an @ -Rothberger (resp., @ -Menger, @ -Lindeldf) space if
and only if X is countable. Moreover, we show that PR[X] is a K -Lindeléf and first-

countable space if and only if X is a countable and first-countable space.
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Tém tit
Trong bai bdo nay, chiing t6i nghién ciru cdc khdi niém vé @ -phii, K -phii va cac khong
gian dwoc dinh nghia boi ching trén siéu khong gian PR[X] gom cdc tdp hitu han ciia mot
khong gian X vdi topo Pixley-Roy. Chiing t6i chitng minh rang PR[X] la khéng gian @ -
Rothberger (twong iing, @ -Menger, @ -Lindelof) khi va chi khi X la tdp dém duwoc. Ngodi ra,
chiing t6i chi ra rang PR[X] la khéng gian K -Lindelof va théa man tién dé dém dwoc thir
nhat khi va chi khi X la khéng gian dém dwoc va théa man tién dé dém dwoc thir nht.

Tir khéa: Siéu khong gian Pixley-Roy, @ -phii, K -phii.
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1. Introduction

Recently, the generalized metric properties on hyperspaces with the Pixley-Roy
topology have been studied by many authors (Li, 2023; Huynh et al., 2023; Kocinac et al.,
2022, Luong & Ong, 2023; Luong & Ong, 2024). The authors studied some concepts cover

and related spaces on Pixley-Roy hyperpspaces such as starcompact, stric B -space, P -

space, quasi-Rothberger, quasi-Lindelof, quasi-Menger, quasi-Hurewicz and Hurewicz
separability. Li (2023) reported that PR[ X ] is quasi-Rothberger (resp., quasi-Menger) if and

only if X satisfies S;(IT,. p, [T, ) (tesp., Sgn (I s [y ) )- With the aim of

investigating results equivalent to properties of the Rothberger and Menger types, in this paper
we study the concepts of @ -cover (resp., K -cover) and certain spaces defined by @ -covers
(resp., K -covers) on the Pixley-Roy hyperspace PR[X].

2. Theoretical Background

Throughout this paper, N denotes the set of all positive integers, all spaces are assumed
to be Hausdorff, other concepts and terms are understood in their usual sense unless otherwise
specified (Engelking, 1989). Moreover, if A is a family of subsets of a topology space X,

then UA =U{A: Ae A}.

The set PR[X] is the set of all non-empty finite subsets of a space X. For each
F ePR[X] and AcC X, denote [F, A]={H ePR[X]:F c H < A}.

The Pixley-Roy hyperspace PR[X] over a space X, defined by C. Pixley and P. Roy
(Pixley & Roy, 1969), with the topology generated by the sets of the form [F,V], where

F e PR[X] and V isanopensubsetin X containing F. For any space X, PR[X] is zero-
dimensional, completely regular and hereditarily metacompact (Douwen, 1977).

For each ne N, let PR,[X]={F e PR[X]:| F [<n}. Then, PR[X]=U ,_PR,[X]
and PR, [X] < PR,,,[X] for each ne N.
Remark 2.1. Let X be aspaceand neN.

(1) PR,[X] is a closed subspace of PR[X] and in particular, PR,[X] is a closed
discrete subspace of PR[X ] (Tanaka, 1983).

(2) Every PR [X] is a closed subspace of PR, [X] for each m,neN, m<n
(Kocinac et al., 2022).

Definition 2.2 (Caruvana et al., 2024). Let X be a space and U be an open cover of X.
Then, U is said to be

(I)an @-cover of X if every finite subset of X is contained in a member of U.
(2)a k -cover of X if every compact subset of X is contained in a member of .

Definition 2.3 (Caruvana et al., 2024). Let X be a space. Then, X is said to be

(1) @-Lindeldf (resp. K -Lindeldf) if every @-cover (resp. K-cover) of X has a
countable subset as an @ -cover (resp. K -cover) of X.
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(2) w-Menger (resp. K -Menger) if for every {U, :n € N} is a sequence of @ -covers
(resp. K -covers) of X, there exists a sequence {, :n € N} such that foreach ne N, V), is

a finite subfamily of U, and | )V, is an @-cover (resp. K -cover) of X.
neN

(3) w-Rothberger (resp. K -Rothberger) if for every {Un ‘ne N} is a sequence of @
-covers (resp. K-covers) of X, there exists, for each neN, U, el such that

{Un ‘ne N} is an @ -cover (resp. K -cover) of X.

Definition 2.4 (Engelking, 1989). Let X be a space. Then, X is said to be

(1) first-countable if for every point X of X, there exists a countable base.
(2) second-countable if X has a countable base.

Lemma 2.5 (Ko¢inac et al., 2022, Lemma 2). Let X be a space. If C is a compact subset of
PR[X], then UC is a compact subset of X.

Lemma 2.6 (Huynh et al., 2022, Theorem 3.1.1). Let X be a space. Then, X is a first-
countable space if and only if so is PR[X].

3. Main Results

Lemma 3.1. Let U be a K -cover of a space X. Then, HZ{U [{X},U]ZU EU} isak-
xeU

cover of PR[X].

Proof. Suppose that U is a k -cover of X and A is a compact subset of PR[X]. Then,
U.A is a compact subset of X by Lemma 2.5. Because U is a K -cover of X, there exists
U,el such that JAcU,. This implies that for each Ae. A, if we pick

acAc|JAcU,, then Ae[{a},UA]. It shows that A < [{X},UAJ. Hence, i

xeU 4

is a k -cover of PR[X].

Lemma 3.2. Let X be aspace. Then, { U [{X}, X ] :F ePR[X ]} is an @ -cover of PR[X].
xeF
Proof. Suppose that A is a finite subset of PR[X]. Then, |J.A € PR[X]. Moreover, for each
Ae A, ifwetake ae AcUA, then Ae[{a}, X]<= |J [{X}, X].
xel JA
It shows that A U [{X}, X ]
xel JA
Hence, the proof is completed.

Theorem 3.3. The following statements are equivalent for a space X

(1) PR[X] is an @-Rothberger space;
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(2) PR[X] is an @-Menger space;

(3) PR[X] is an w-Lindelof space;

(4) X is countable.
Proof. (1) = (2). Let PR[X] be an @ -Rothberger space and {&l,, : n € N} be a sequence of
@ -covers of PR[X]. Then, for each n € N, there exists U, € 4l such that {U, :n € N} is
an @-cover of PR[X]. Now, for each neN, if we put U, ={U,}, then U, is a finite

subfamily of {, and | T, = {?/ln ‘ne N} is an @ -cover of PR[X]. Hence, PR[X] is an
neN

@ -Menger space.

(2) = (3). Let PR[X] be an @ -Menger space and i be an @ -covers of PR[ X ]. For each
neN, we put 2, = 4. Then, {8, :n e N} is a sequence of @-covers of PR[X]. Since
PR[X] is an @-Menger space, for each n € N, there exists 2U,, is a finite subfamily of 3,

such that |J 20, is an @-cover of PR[X]. This implies that |J 20, is a countable @ -
neN neN

subcover of 4. Hence, PR[X] is an @ -Lindel6f space.

(3) = (4). Assume that PR[X] is an @ -Lindelof space. By Lemma 3.2,

{U [{x}, X ]:F ePR[X]}

xeF
is an @-cover of PR[X]. Because PR[X] is an @-Lindeldof space, there exists

{F,, : m € N} is a sequence of members of PR[X] such that { U [{X}, X] ‘me N}

xeF,

is an w-cover of X. Now, we will prove that X is countable. Let y € X. Then,
{y}€PR[X]. This implies that there exists m, € N such that {y} € U [{X}, X]. It
xeF,
My

shows that there exists Xy € F, such that {y}e [{Xy}, X ] Thus, y =X, . Therefore, we

claim that X = ( J {y}={J {x}c= U me | Fn.

yeX yeX yeX meN
Hence, X is countable.

(4)= (). Let {4,:neN} be a sequence of @w-covers of PR[X]. Because X is
countable, PR[X] is countable. Now, we put {A < PR[X]: A is finite} ={F, :m e N}.

For each m e N, since 4, is an @-cover of X, there exists U/, € I, suchthat F, c U..

This implies that {U, :me N} is an @-cover of PR[X]. Hence, PR[X] is an @-
Rothberger space.

Theorem 3.4. Let X be a space. Then, PR[X] is a K -Lindelof and first-countable space if

and only if X is a countable and first-countable space.
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Proof. Necessity. Assume that PR[X] is a k -Lindeldf and first-countable space. By Lemma
2.6, X is a first-countable space. Next, let K be an arbitrary compact subset of PR[X].

Then, {[F, X ]Z Fe IC} is an open cover of K in PR[X]. This implies that there exists

® (my) T =)
{F veoes Fic }CICsuchthat/CCiLZJl[F',X].

i=1

My .
Therefore, we claim that {U [ FD, X ] 1 I c PR[X ]}

isa k -cover of PR[X]. Because PR[X] is a k -Lindeldf space, there exists {K :s € N} is

My :
a sequence of compact subsets of PR[X] such that {U [F,é'), X ] :seN }
i=1

is a k -cover of PR[X]. Now, we will prove that X is countable. In fact, let X € X. Then,

Mo -
{x} € PR[X]. This implies that there exists S, € N such that {X} € U [F,g), X :|
i=1 "

It shows that there exists I, < My such that {X} € [Flgx), X J Thus, {X} = Flgx). Therefore,
. mKSx . m'Cs .
X=U®=UFY<cUUFRP<UUFY.
xeX xeX xeX i=l " seNi=l
Hence, X is countable.

Sufficiency. Suppose that X is a countable and first-countable space. By Lemma 2.6,
PR[X] is a first-countable space. Since X is countable, PR[X] is also countable. This

implies that PR[ X] has a countable base B. We put 2 = {U@ CcB,Cis finite}.

It easy to see that 2 is countable. Let i be an arbitrary K -cover of PR[X] and K
be an arbitrary compact set in PR[X]. Then, there exists U, € 4 such that K < U,.
Because U is an open subset of PR[X], there exists a subfamily @U;c of B such that

U = U@uK.This implies that ©;, is an open cover of K in PR[X]. Therefore, there
exists a finite subfamily ’D;j,}c of Dy, such that Kc UQEJK c Uy.

Now, if we put § = {U QEJK :ICcPR[X], K is compact} , then § is a subfamily of
2. Thus, § is countable. For each V € §, we pick U, € Y such that V < U,,. Then,
{Uv Ve S} is a countable K -cover of PR[X]. Hence, PR[X] is a k -Lindel&f space.
Example 3.5. An example of a space X that is @ -Rothberber (resp., @ -Menger, @ -Lindeldy)
Solution. Let X be a countable set with an arbitrary topology.
Claim 1. X isan @ -Rothberger (resp. @ -Menger) space.

Assume that {U/, : m e N} is a sequence of @ -covers of X. Because X is countable,
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{F c X :F is finite} ={F, :k € N}.

For each k € N, since U is an @-cover of X, there exists U, € U, such that F, cU,.
Then, {U, :k € N} is an @-cover of X. Thus, X is an @ -Rothberger space.

Now, foreach me N, ifwe put 1, ={U,,}, then V, is a finite subfamily of U, and | J V/,
meN
is an @-cover of X. Hence, X is an @ -Menger space.

Claim 2. X isan - Lindelof space.

Assume that U/ is an @w-cover of X. Because X is countable,
{F < X :F isfinite} ={F, :k e N}.
Since U isa @-cover of X, foreach k € N, there exists U, € U suchthat F, cU,.

Therefore, {U, 1k € N} is an @w-cover of X. Hence, X is @ - Lindelof space.

4. Conclusion

In this paper, we present and provide detailed proofs of some new results concerning
the equivalence of @ -cover (K -cover) and certain properties defined by them between the
topological space X and the Pixley-Roy hyperspace PR[X]. These results contribute to
enriching the field of research on generalized metric properties in general topology.
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