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Abstract

This paper computes the regularity index of a scheme Z = 3P; + 2P>+++++2Ps
the set of six fat points in projective space P> With the method of evaluating the upper
and lower bounds, it shows the value of the regularization index to be calculated. This
result is presented in Theorem 3.4.
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1. Giéi thi¢u

Cho P":=P; la mft khong gian xa anh n-chidu trén trudng dong dai sb & va
R =k[x,,%,,....X, ] 1d vanh da thac n +1 t € N bién x,,x,,...,x, v6ihé s6 trén k. Cho
P,..,P lacac diém phan biét trong P", ky hi¢u g, laidéan nguyén t6 thuan nhét xac
dinh boi P, i=1,...,s. Cho m,,...,m_1a cac ) nguyén duong, idéan 1:@”"m...m@“‘

- 1 s
g6m cac da thuc f e Rtriét tiéu tai P voi s6 boi > m.,i=1,..,s; taky hiéu Z la lugc
d6 chiéu khong xac dinh boi 7 va goi
Z=mB+---+mP

1a tap diém béo trong P,
Vanh toa do thuan nhat ciia Z 13 A:=R/I. Day la vanh phan bac A= D04
6 s6 bdi e(A) = z(m - j Véimoi t e N (ﬁlé tap cac sb tu nhién), phan phan béc

A, 12 mot k-khong gian véc to hitu han chiéu. Ham s
H,(t)=dim, 4

dugc goi 1a ham Hilbert cua Z.

Ham Hilbert ting chit cho dén khi dat dugc sd boi e(4), tai d6 nd dimg. Chi sd
chinh quy cua Z 1a s6 nguyén duong bé nhat sao cho H,(t) =e(A4) va no dugc ky hiéu
1a reg(Z). Chi s6 chinh quy reg(Z) bang véi chi s6 chinh quy Castelnuovo — Mumford
reg(A) ciia vanh toa dg 4.

Vi€c tinh dung gia tri cua reg(Z) 1a kho, thay vi vay nguoi ta tim chan trén cua
n6. P c6 nhidu két qua vé chin trén cia reg(Z) cb thé tim thiy trong Ballico (2016),
Catalisano (1993), Fatabi (2001), Nagel (2018), Phan (2000), Segre (1961).

Cho tap diém béo Z =mP, +---+m P trong P, dat

Eq +j=2 N A AL 2
T, = max {[& F,...,F, nam trén mot j- phang ¢,
j q

T:maX{Tj |j=1,...,n}.
Mot tap diém X = {Pl,,R} duogc goi 1a khong suy bién néu X khong nam trén

mot siéu phiang. Mot tap diém béo Z = m, P, +---+ m_P. dugc goi 1a khong suy bién néu
X khong suy bién. Nam 2016, Ballico & cs. (2016) di chimg minh duoc

reg(Z) <T.
khong suy bién trong P . Gan day Nagel & cs. (2018)

d3 chting minh duoc chin trén ding cho tap diém béo tuy ¥ trong P

P

n+3

chotdp Z=mPB +---+m

n+3
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Nhic lai rang viéc tinh dung gia tri ciia reg(Z) 1a rat kho. Vi vay chi c6 vai két
qua dugc dang trén céc tap chi uy tinh nhu sau.

_ Nam 1984, Davis & Geramita (1984) dé tinh dugc gia tri cua reg(Z) khi tép diém
nam trén mot duong thang voi

reg(Z)=m, +---+m —1.

Mot dwong cong hiku ty chudn trong P"la duong cong c6 phuong trinh tham )

-1 -1
Xp=t"x, =t""u,..,x,_, =tu"",x, =u".

9 Mn-1 T n

Cho mét tép diém béo Z=mP +--+mP, trong P", v&i m >m,>--->m,.
Nam 1993, Catalisano & cs. (1993) da chi ra cong thuc tinh reg(Z) trong hai truong
hop sau:

Néu s>2 va P,..,P, nam trén duong cong hiru ty chuan trong P thi
reg(Z) = max{m1 +m, _1,{(2’"1- +n—2)/n}}.
i=1

Néu n>3,2<s<n+2,2<m >m,>--->m, va B,..., P, nam & vi tri tong quat
trong P" thi reg(Z)=m, +m, —1.

Nam 2012, Phan (2012) ciing da tinh duoc chi s chinh quy reg(Z)=T cho tap
s+2 diém béo sao cho chung khéng ndm trén mot (s-1)-phang trong P'véi s<n.
Trong nam 2017, Phan & Tran (2017) da tinh duoc chi sé chinh quy reg(Z)=T cho tap
s+3 diém béo dong boi, khong nam trén (7-1)-phang, s <r+3, trong P

Mot tap diém béo Z=mP +---+m P dugc goi 1a hau déng bodi néu
m, € {m—l,m} ,voimoii = 1,..s.

Trong bai béo nay, chung toi di tinh chi s6 chinh quy reg(Z) cho mét luge d6
gb6m 6 diém hau ddng bdi 3P; + 2Po+++ ++2Pstrong E. Két qua nay 1a hoan toan méi
va duogc néu trong Dinh 1y 3.4.

2. Cac b6 dé can ding

Trong qua trinh chimg minh céc két qua chinh, chiing t6i sir dung cac bd dé sau.
B0 dé sau day dung dé tinh gia tri reg(Z) khi tdp diém ndm trén mot duong thang.

B6 dé 2.1. (Davis & Geramita, 1984). Néu Z =mP, +---+m P, la mét tdp diém
béo tuy y trong P", thi
reg(Z) =m, +---+m, —1

khi va chi khi cac diém P,..., P nam trén mét duong thang.

Cho tap cac chi sb {1,....s} va {il,...,ir} c {1,...,s} 1a tap chi s6 con cua {1,...,s}.
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Tagoi Y =m P, +---+m,F, latdp diém béo con chatdp Z=mP +---+m P . Bb dé sau
gilip ta so sanh chi s6 chinh quy ctia mét tap diém béo con cua tap diém béo cho trudc.
B6 dé 2.2. (Phan, 2012). Cho X = {P,...,P} la cic diém phan biét trong P va
my,...,m_ lacdc s6 nguyén dwong. Pdt [ = [N e Yol Néu y = {R ,'..,g_}ld mot tdp
concua Xva J =" -, khi do reg(R/J) < reg(R/I).
Tir ddy suy ra, néu Z =mpP,+---+m_P. la tdp diém béo xdc dinh béi idéan I va
U=mP, +---+m, B latdp diém béo xdc dinh boi idéan J, thi ta cé reg(U) < reg(Z).
Hai bo d¢ tiép theo cho phép ta tinh chi s6 chinh quy cho mét tap diém cho trudc.

B6 dé 2.3. (Phan, 2017). Cho Pi,...,Ps+2 ld cdc diém phan biét khéng nam trén (s-1)-
phang trong P", s<nvamy,...msla cic s6 nguyén dwong. Bat 1 =" NN,
A=R/I. Thi, reg(4A)=max{T;|j=1,...,n},

s+2 4

, 2 N A AL . M .
Trong do T, = max {[Zl lm” I ] | P.,..,P_namtren mot]—phang},]Zl,...,n

Bo dé 2.4. (Phan & Tran, 2017). Cho X ={P,..,P..} la mét tdp cdc diém phdn

19
biét 6 vi tri tong qudt trén s-phang, khéng nam trén (s-1)-phang trong P", s<n, va
m, la cdac s6 nguyén dwong. Bt 7 = mBP+---+m_,P ., latip diém béo. Khi dé,

s+37 s+3

reg(Z) :max{Tj |j:1,...,n}
trong do T; = max {[Zl My T~ 2] | ves

Bo dé sau ddy cho ta chan trén cho tap n+3 diém béo khong suy bién trong P

P nam trén métj—phcfng} ,Jj=1,...,n.

’q

Bo dé 2.5. (Ballico & cs., 2016). Cho Z=mP +---+m, P

n+3" n+3

la mot tap n+3
diém béo khong suy bién trong ]Iln Khi do, reg(Z) < max{]} | j= l,...,n}

trong do T, = max { [Zl lm" tJ72 ] | P.,...,P nam trén métj-phcfng} ,j=1,...,n.

i iy

3. Chi sb chinh quy ciia lwgc d6 3P; + 2P,+- - -+2Ps trong P*
Dé chimg minh cac két qua ctia bai bao ndy, ching toi bit dau tir nhan xét sau:
B6 dé 3.1. Cho X = {Pl,,Pé} la tdp sau diém phan biét khéng suy bién trong

3 A I . \ , N A 2 't
P . sao cho khéng cé nam diém nao ciia X nam trén 2-phang. Cho my,...,ms la s6

nguyén dwong va tap diém béo Z =mP +---+m,P..
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q
. +j-2 3 A A, 12 \
Dat T] = max {[ [= lm" J- ] | ... P nam trén mot]—phang},va

T=max{T,|j=12,3]

Khi d6, néu T=T; hodc T=T: thi reg(Z) = T.
Chirng minh. Xét hai truong hop cua 7.
« T=T;: Goi d 1 duong thang di qua cac diém F,,...,F, sao cho

Ti=m +---+m —1. Xét tap diém béo ¥ = m P, +---+m,F, ,theoBodeZ2taco

reg(Z) > reg(Y) =T,=T.
Hon nita, theo B6 dé 2.5, ta c6 reg (Z)<T. Do d6 reg(Z) = T.

2
do khong ¢6 nim diém cta X nam trén 2-phing, nén s<4. Xét tip diém béo
U=mP +---+m P, theo B6 d¢ 2.3 ta co reg(U) = T>=T.

» T'=T2 Goi a la 2-phang di qua cac diém P,,..., P, sao cho 7, {u}

Mit khac theo B6 dé 2.5, ta ¢6 reg(U) <T. Do d6 reg(Z) =T.

Twr d6 ta nhan dugc reg(Z) =T.

B6 dé 3.1 di dugc ching minh.

Ménh dé3.2. Cho X ={P,...,B,} la mét tdp 6 diém phdn biét khong suy bién,

khéng & vi tri tong qudt sao cho khéng c6 nam diém nam trén 2-phang trong khéng
gian xa dnh . Cho lwoc d6 sau Z =3P +2P, +2P,+---+2P..

q .
S+ j=2 s ,
Dat T, = max {[Zl:lm”—j] | B.,...F, namtrén métj-phdng},
J q

véi m, =3 hodc m, =2 vd T=max{Tj |j=1,2,3}
Khi do reg(Z)=T .

Chirng minh. V6i sau diém nam trong khong gian xa anh P°, ta ludn c6

7,3:[3+5.23+3—2}:4.

Do khong c6 nam diém nao cua X nam trén 2-phang nén khong c6 bon diém
ciia X ndm trén mot dudng thang. Ta cd cac kha nang sau:

« Trurong hop 1: X c6 ba diém nam trén mot dudng thang. Goi d 1a dudng thang
di qua ba diém cua X. Khi d6 ta c6 cac kha ning sau:

- ddiquaP;vaP;, Pj(ij=2,..,6)thi T, =6,
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-d diquaP; P; Py (i,j,k=3,...,6) thi T/ =5.

Do khéng ¢6 nam diém ciia X nam trén 2-phang nén T, < {M} =4,

2
Dodo T =T.
Theo B6 dé 3.1 ta co reg(Z)=T.
« Truong hop 2: X khong c6 ba diém nam trén mot duong thang nén T, <4.

Do X khéng nam & vi tri tong quéat nén c6 bén diém nam trén 2-phang. Khi do

4:[4.222—2%%{3+3.22+2—2}:4‘

Suyral =1>=4.

Theo B6 dé 3.1ta co reg(Z)=T.

Ménh dé 3.2 d3 duogc chirng minh. O

T B6 dé 2.1 va B6 dé 2.2 ta c6 nhan xét sau day.

Nhan xét. Cho X ={F,...,P,;} la tap n+3 diém phdn biét khong suy bién P".

Cho mi,...,mn+3 1 s6 nguyén dwong va tap diém béo Z=mP, +---+m, P, .

Dat T, = max {[le my )~ 2] | B,..F nam trén motjphang}
J q

va T:maX{Tj \j:1,2,3}
Khi @6, néu T=T thi reg(Z) = T.

That vay, giast p  p lar diém nam trén dudng thang sao cho

=T =m; - +m; -1

Khi d6, xét lugc 46 U =m P +++-+m, P -

Theo B6 dé 2.1 ta co reg(U) =T =T.

Mait khac, P,.,P la mot tap con ciia X nén U 1a mét luge do con cia Z. Theo
B6dé 2.2 vitacd T =reg(U)<reg(Z)<T. Vay reg(Z) = T.

Ménh dé3.3. Cho X = {Pl, ,P6} la tdp 6 diém phan biét khéng suy bién, khong
& Vi tri tong qudt trong E Cho lwpc do sau Z = 3B +2P, +2P,+---+2F,.

Dat T, = max {[Zl lm’/ - 2] | ves l.q P nam trén métj-phcfng},
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voi m, =3 hodc m, =2 va T = max {T, | j=1,2,3}
Khi do reg(Z)=T .
Chirng minh: Vi sau diém nam trong khong gian xa anh P°, ta lubn co
T =[3+5.2+3—2} 4
3
Néu X khong c6 5 diém nam trén 2-phang a, theo Ménh dé 3.2, ta c6
reg(Z) =T.

Néu X ¢ 5 diém nam trén 2-phang o. Khi d6

5:[5'2+22_2}ST2 S[3+4.2+2—2}

—5,suyra7>=)5.

Truong hop 1: X c6 4 diém nam trén mot duong thang d. Khi d6 ta co
7<T <8,

Do d6 T=max{T;, T>, T3} = T1.

Theo B6 dé 3.1 tacod reg(Z)=T .

Truong hop 2: X c6 ba diém nam trén mot duong thang d. Ta c6 2-phang o
ludn chua d. Khi d6

« Néu d di qua P; thi T, =6.
« Néu d khong di qua P; thi T, = 5.
Suy ra T=max{T;, 1>, T3} = T1.
Theo B6 dé 3.1ta ¢ reg(Z)=T.
Truong hop 3: X khong co ba diém nam trén mot duong thang d. Khi do
T <4
Suy ra T=max{T;, T>, T3} = T>.
Goi Y={ P.P.P PP, } 12 tap gém 5 diém nam trén 2-phang a. Xét luge dd

conciaZsau J=m P +---+m P VOl m. e{2,3}, =1,...,5.
(A is™ Is ]
q . N )
bat ¢, = max {[M“ P...P ndm trén mot j-phdng},
J
j=1,2v0i . =3 hodc . =2
] ]

Do khong c6 ba diém nao ciia X nam trén mot duong thang nén trén o ciing
khong c6 ba diém nam trén mot duong thang. Khido ¢ <4, =17, = 5.

Vi thé tap diém Y nam & vi tri tong quat trong & EIP;Z
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Theo B6 dé 2.4 ta c6 reg(U)=t, =T, =T.

Mat khac, P,..P la mét tap con cua X nén Y 1la mdt luge do con cia Z. Theo
Bodé2.2vatacod T< r;g(U) <reg(Z)<T.

Vay reg(Z) =T.

Ménh dé 3.3 duoc ching minh. O

Pinhly 3.4. Cho X = {Pl,,Pé} la tdp 6 diém phan biét khong suy bién, khong

trong P° . Cho hwgc d6 sau Z =3P +2P, + 2P, +---+2P,..

8 2 3 A ay s g 2
Dat T] = max {[ I= lm" T ] | .. B nam trén mot]-phang},

VOi m, =3 hodc m, =2 va T=max{Tj. j=12.3}
Khi do reg(Z2)=T .
Churng minh.
Trwong hop 1: Néu X & vi tri tong quat trong P, theo B6 dé 2.4 ta ¢ reg(Z) = T,
Trieong hop 2: Néu X khong nam & vi tri tong quat.
e X khong c6 5 diém nam trén 2-phang. Theo Ménh dé 3.2 ta c6 reg(Z) = T.
® X c6 5 diém nam trén 2-phang. Theo Ménh dé 3.3 ta ¢6 reg(Z) = T.
Dinh 1y 3.4 da dugc chung minh. O
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