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Tém tit
Trong bai viét nay, chiing t6i gidi thiéu vé déi ngdu ciia cdc bai toan té{ uu gid tri khodng
trén cac da tap Hadamard. Do la doi ngau Wolfe cung voi cdac diéu kién doi ngau yeu va doi

ngau manh. Céc két qua nay sé hodan thién thém cdc cach dé tiép cdn bai todn toi wu gid tri
khoang trén cac da tap Hadamard.

Tir khoa: Ham gid tri khoang, Péi ngau Wolfe, Pa tap Hadamard, gH -kha vi.
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1. Introduction

There are a lot of problems, which may not be solved on Euclidean space and require
more general space. Indeed, the extending of optimization problems was studied about forty
years ago. Some types and algorithms of optimization problems have been extended from
Euclidean space to Riemannian manifolds, specially to Hadamard manifolds (Absil et al.,
2008; Bacak, 2014).

Nowadays, the uncertainty handling optimization techniques are most powerful to
increase the productivity. In general, fuzzy, stochastic and grey optimization techniques are
some approaches to tackle these problems. Each of them has some strengths and limitations.
While formulating mathematical models from the available data, one may replace those by
intervals. It could be customer’s age, monthly electricity consumption or kiln temperature,
etc., (see Diamond & Kloeden, 1994) for more information. The set of all intervals (/(IR))

does not have linearly order, then almost usually methods to solve optimization problems
might not be easily applied for interval optimizations problems (IOPs). Bhurjee and Panda
(2013) gave a notion of efficient solutions of interval optimization problems, which is similar
to the Pareto optimality concept in multi-objective optimization problems. Based on this idea,
some authors studied the optimality condition for IOPs (Jana & Panda 2014). Gosh (2017)
applied the Newton method and quasi-Newton method with rank-two to obtain efficient point
of the IOPs, which exploit the parametric representation technique. Ishibuchi and Tanaka
(1990) presented the IOPs with linear objective by using the multi-objective programming,.
However, all of them were studied on Euclidean space. To our best knowledge, there is a few
studying on Riemannian interval optimization problems (RIOPs) in the literature.

Recently, Nguyen et al. (2023, 2024) introduced the new type of optimization problem,
which is called interval valued optimization problem on Hadamard manifolds. It means the
valued of objective functions are closed interval in R . In those paper, the author studied about
gH - convex, gH -differential of interval valued functions. They also studied about the
solvability and KKT conditions of RIOPs. The steepest descent method and the partial
convergence were obtained. To the constrained RIOPs, they studied the exact penalty approach
to convert a constrained RIOP to be an unconstrained RIOP.

Wolfe (1961) presented the Wolfe duality for real valued optimization problem on
Euclidean space. Wu (2008) study a concept for interval valued objective functions. In this
paper, we will extend the space from R" to Hadamard manifolds. In other way, we also use
the concept of general Hukuhara difference, which is the global difference instead of the partial
difference in Wu (2008).

Consider the optimization problem as

min f(x)
st. xeD,G,(x)=[0,0],i=1,...r,
where f,G : M—I(R),i=1,...,r are given interval valued functions. The Lagrange

function is defined as L(x, ) = f(x)+ Z 1,G.(x) and was studied by Nguyen et al. (2024).
i=1
However, since the order on /(IR) is partial order, then the Lagrange dual problem does not
exist. In this paper, we will study about Wolfe duality problem for RIOPs. It includes the
construction of duality problem and the properties of duality gap. The interval valued
optimization problems on Hadamard manifolds was studied by Nguyen et al. (2023, 2024). In
these papers, for solvability, the authors presented some methods such as using the properties
of the corresponding real-valued functions, the KKT conditions, the steepest descent method,

43



Dong Thap University Journal of Science, Vol. 15, No. 5 (2026): 41-50

and the exact penalty approach. We hope that our results will contribute the other ways for the
solvability of RIOPs.

2. Preliminaries

For convenience, we will recall some basic knowledge about Riemannian manifold,
specially Hadamard manifold, which can be found in some textbooks, such as Do Carmo
(1992) or Jost (2011) and the reference therein. The interval, computing, the order on /(IR),

Riemannian valued function (RIVF) and their properties are also important for next section.
Let us denote by /(IR) the set of all closed, bounded interval in R , i.e.

I(R)= {[aL,aU],aL,aU eR,a" < aU}
Let A=[a",a"],B=[b",b"]€I(R),k € R, we have
A+B=[a" +b",a" +b"]
ka*,ka"] if k>0
g [t ka"T i
[ka" ka"] if k<0
There are some differences on /(IR) and this paper will study on general Hukuhara
difference ( gH -difference).

Definition 1 (gH -difference (Stefanini, 2008)). Let 4,B € I(R). The gH -difference
between Aand B is defined as the interval C such that

A=B+C
C=A4-, B<sor
B=4-C

Proposition 2 (Stefanini, 2008). For any two intervals A =[a",a"”], B =[b",b"], the gH -
difference C = 4—_, Balways exists and
C =[min{a" -b",a" —b"},max{a" —b",a" —b"}].
There does not exists the natural order on /(IR), hence we need to define it.
Definition 3 (Nguyen et al., 2023) Let A=[a",a"],B=[b",b"]€I(R), we write A< B

if a" <b"and a” <b".We write 4< Bif A=B and 4+ B.Equivalently, 4 < B if and
only if one of the following cases holds:

. a® <b*and a¥ <b".
. a® <b*and a¥ <b".
. a® <b*and a¥ <b".

We write 4 A Bif none of the above three cases hold. If neither A < Bnor B < A, we say

that none of 4 and B dominates the other. Let 4 and B be two sets of closed intervals. We
write A <Bif A=<B forany A Aand BeB.

In this paper, when we call M, it mean a Hadamard manifold, which is a simply
connected, completed Riemannian manifold of nonpositive sectional curvature. For all
X,y € M, by the Hopf-Rinow Theorem and Cartan-Hadamard Theorem (Jost, 2011), there

exists a unique normalized geodesic joining xto ), which is a minimal geodesic. Let

D < Mbe a nonempty set, a mapping f : D — I(IR) is called a Riemannian interval valued
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function (RIVF). We write £ (x)=[7"(x), £ (x)] where f*, f¥ are real valued function

satisfy 1 (x) < £V (x), Vx € M. Since R = I(R), then a Riemannian real valued function
f: D — Ris also a Riemannian interval valued function.

Definition 4 (Nguyen et al., 2023). Let D c Mbe a geodesically convex set and
f:D—I(R)beaRIVFE. fis called geodesically convex on D if

S@) 2A=0f(x)+i(y), Vx,yeD,Vte[01],

where y:[0,1] > Mis the minimal geodesic joining xand y. A RIVF fis called
geodesically concave if —f is geodesically convex.

Proposition 5 (Nguyen et al., 2023). Let D be a geodesically convex subset of M and f
be a RIVF on D. Then, fis geodesiclly convex on D if and only if f “and f Yare
geodesically convex on D.

Definition 6 ( gH -differentiability (Nguyen et al., 2023)). Let f* be a RIVF on a nonempty
open subset D of M. The function f is said to have gH - directional derivative at x € D
in direction v € 7M., if there exists a closed bounded interval f '(x, V) such that the limits

£1G) =l (fexp, ()= £ ()

exists, where f'(x,v) is called the gH -directional derivative of f at x in the direction of
v.If fhas gH - directional derivative at x in every direction ve7 M, we say that fis
gH -directional differentiable at x .

Theorem 7 (Nguyen et al., 2023). Let D < M be a nonempty open geodesically convex set.
If f:D—I(R)is a geodesically convex RIVF, then at any x, €D, gH - directional

derivative f"'(x,V) exists for every direction ve T, M.
3. Wolfe duality for interval valued optimization problems on Hadamard
manifolds

The Riemannian interval optimization problem (RIOP)

min f(x) |
stxeM,G(x)=<[0,0],i=1...r )
where f,G, : M—I(R),i=1,...,rare RIVF. Problem (1) is called the primal

problem, which was studied by Nguyen et al. (2023).
We denoted by

X = {x e M:G,(x)=<[0,0],i = 1,...,r}
The feasible set of RIOP (1). We also denote by
obj,(f, X)={f(x):xe X}
The set of all objective value of RIOP (1).
Definition 8 (Nguyen et al., 2023). Consider problem (1). A feasible point x,is said to be an
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efficient point of RIOP (1) if f(x) A& f(x,), Vx € X . In this case, f(x,)is called efficient
objective value of RIOP (1).

We denote by min( f, X) the set of all efficient objective of RIOP (1).
With assumption that f,G,,i=1,...,r are geodesically convex, then they are gH-
directional differentiable on M . Let

H(x, 1,v)= f'(x,v)+ ZMG,- 'x,V)VxeM,u 20,i=1,...,r,veT M.
i=1
Note that, in general
L'(Cx, i1, v) #= H'(x, 1, v).
Now, we will consider the Wolfe dual problem (WDRIOP) of primal problem (1) as
follows:
max L(x, u)

st xe M,H(x,u,v)=[0,0],Vve T .M )
1=0.
Denote by
Y= {(x,,u) e MxR’ : H(x,u,v)=[0,0],Vxe M,ve Tx/\/l}
The set of all feasible points of WDRIOP, and denote by
ojb,(L,Y) = {L(x, W) :(x, 1) e Y}.
the set of all objective values of Wolfe dual problem (2).

Definition 9. (X, z7) € Y is said to be an efficient point of WRIOP (2) if

L(x, ) A L(x, 1), ¥(x, ) €Y.
In this case, L(X, 1) is called efficient valued of WRIOP (2).

Example 1. Let M = {x eR|x> 0} be endowed with the Riemannian metric given by

1
(u,v), =—uv,Vu,ye T M=R.
X
Then M is a Hadamard manifold. Consider the RIOP
) 1
min f(x)=|-x——,x
X
x e M,G(x) =<[0,0].

) 1 1
Where G(x) =[min{l— o —x}, max{l - o —x}]. Hence, the feasible set
xX— X—

X={xe./\/l:1—%£0}={xeR:O<xS3}.
x—

For any x € M, we have
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1 '(x,v) =01, —1+( ! 2 =1, VveT M,

G'(x,v)=v[-1, ! — ], VxeT M.
(x-2)
Therefore, we have the corresponding Wolfe dual problem
max L(x, u)
st xe M,H(x,u,v)=[0,0],Vve T M
1=0.
Where L(x, 1) = f(x) + uG(x),

and H(x,1,v)= f'(x,v)+ uG'(x,v) =v[1— p,—1+ ( 12)2 A+ w],VveT M.
X—

The set of all feasible points of dual problem
Y :={(x, 1) € MXR’, : H(x, 11,v) =[0,0],v € T M|

+

={(x,,u)eMx]Rr :1—,u=0,—1+(x_12)2 (1+,u)=0}

:{(x,ﬂ)eMxRi :x:2i\/§,,u:1}.

Theorem 10 [Duality]. Assume x,,(x,, ££) be the feasible points of RIOP (1) and WRIOP
(2), respectively. If f,G,i=1,...,r are geodesically convex on M then L(x,,u) = f(x,).

Proof. Let 4, =[aiL,aiU] elI(R),i=1,..,n, we will proof that if ZAI. eR then

i=l1

A eR,i=1,...,n. Indeed
D A4eR=Dal =) a. (3)
i=1 i=1 i=1
If there exists ie{l, ..,n}such that a <a, , then Zaf < Zal.U . Which is

contradict with (3). Hence, a,.L = al.U,i =1,...,n.
Since (x;, &) is a feasible point of DRIOP (2) then for some v € T .M we have
H(x,, p1,v)=[0,0]

= fi)+ S G, () =[0.0]

= () + XA (GH ) = (1) )+ Y (G =0, (4)
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And fis geodesically convex RIVF on M then by Proposition 5, f*, f" are
geodesically convex on M, we have

FHe) = fH )+ () (). )

Since G, is geodesically convex and g >0,i =1,...,7 then

S (G ) 2 Y 4IGHE) ~ (G2 Y u(GHx). 6
Hence, from (4), (5) and (6), ‘we obtained -
S0 = 1)+ (G ().
Similar, we also have .
)2 £ )+ Y m (G ().
Hence, L(x,, 1) < f(x,).

Corollary 11[Solvability 1]. Let f,G,,i =1,...,7 be geodesically convex on M . Assume that

x" is a feasible point of primal problem (1) such that f(x") € obj (L,Y). Then x" is an
efficient point of primal problem (1).
Proof. Since f(x") € 0bj,(L,Y), then there exists (X, f7) is an feasible point of dual problem
(2) such that
S = L&, ).
In other hand, by Theorem 9, we have
L(x, 1) = f(x),Vxe X.

Then x" is an efficient point of primal problem (1).
Corollary 12 [solvability 2]. Let f,G,,i=1,...,r be geodesically convex on M. Assume
that (X, /) is a feasible point of dual problem (2) satisfies L(X, &) € obj,(f,X). Then
(x, 1) is an efficient point of dual problem (2).
Proof. Suppose that (X, ) is not an efficient point of dual problem (2), then there exists
(x,u)€Y such that L(x,u)=< L(x, ). Since L(X, )< obj,(f,X)then there exists
x € Xsuch that L(¥,z)= f(x'). It means f(x)=<L(x, ), which contradict with
Theorem 9. Therefore, (X, 1) is an efficient point of dual problem (2).

Corollary 13 [Weak duality]. Consider the primal problem (1) and the dual problem (2).
Assume that f,G,,i=1,...,r are geodesically convex on M . Then, we have

A=B,VYAemax(L,Y),Bemin(f,X).

Proof. Since 4 € max(L,Y) then there exists (x,, )€Y such that L(x,, )= A. Similar,
there exists x, € X such that f(x,)=B. By Theorem 9, we have L(x,, )= f(x,) or
A=<B.

Definition 14 [Duality gap].
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1.We say that the primal problem (1) and the dual problem (2) have no duality gap in
the weak sense if min( f, X) "max(L,Y) = .

2. We say that the primal problem (1) and the dual problem (2) have no duality gap in
the strong sense if there exists x € M, #£" > 0such that

f(x)emin(f,X),L(x", 1 )emax(L,Y), and f(x)=L(x",u).
Theorem 15 [Strong duality 1]. Let f,G,,i=1,...,r be geodesically convex and g/ -
differentiable on M . If one of the following conditions is satisfied
1, There exists a feasible point x" of the primal problem (1) such that
f('X*) € Ob]D(LaY)
2. There exists a feasible point (X, zz) of the dual problem (2) such that
L()_CML_I) € Ob.]D(faX) :
Then the primal problem (1) and the dual problem (2) have no gap in the weak sense.

Proof. The result follows immediately from Corollary 10 and Corollary 11.

Theorem 16 [Strong duality 2]. Let f,G,,i =1,...,7 be geodesically convex RIVF on M.

Suppose that, there exist X eM, ,u* >0 such that x*,(x*, y*) are feasible points of the
primal problem (1) and the dual problem (2), respectively, and

S 4G, (x)=[0.0]

Then the primal problem (1) and the dual problem (2) have no gap in the strong sense.
Proof. Assume that for any x , (x, 1) be the efficient points of primal problem (1) and the dual

problem (2), respectively. We will prove that if f(x") = L(¥, &Z) then x* € min(f, X)and
(¥, 1) e max(L,Y). By Theorem 9, since f(x ) € 0bj,(L,Y)then f(x")emin(f,X).
Similar, L(X, 1) € obj,(f, X )then by Theorem 9, L(X, 1) e max(L,Y).

Since Z;t:Gi (x")=[0,0], we have f(x")=L(x", ") or the primal problem (1) and
i1

the dual problem (2) have no gap in the strong sense.

4. Conclusion

This work is the continuation of Nguyen’s et al. (2023, 2024). It is also the generation
of Wu’s (Wu, 2008), not only extends the space from Euclidean space to Riemannian
manifolds, but also uses the generalized difference, in fact general Hukuhara difference.

The Wolfe duality give us another way to study the constrained interval valued
optimization problems. The duality theorems are the main results, including duality in weak
and strong sence. We only work on Hadamard manifold, a special case of Riemannian
manifold. In th future, we hope that the results can be generated on the general Riemannian
manifold, which will help us to understand the optimizations problem on manifold. Otherwise,
application of the results for some special manifold, such as Hyperpolic spaces or manifold of
symmetric positive definite matrices, etc. is also very important.
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