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Bai bao nham muc dich xdy dung m0 hinh I&i doi cho thi truong tai chinh (thi truong
chizng khoan, phai sinh, trai phieu,...) dwoc the hién boi budce di ngau nhién trong khong gian
mgt chiéu va tim qui ludt xac suat cho mé hinh dé bang phwong phdp moment nhu trong cdc
bai bao cua Depauw va Derrien (2009) va Lam (2014). Cu thé, bai bdo da chumg minh duwot
mo hinh dang xét hoi tu theo phén phoi chuan. Bai b&o nay cé thé duoc xem la mgt cai tiéen
dang ké tir cac mo hinh da xét trong Lam Hoang Chuong va Duwong Thi Bé Ba (Lam & Duong,
2017) hay Lam Hoang Chuwong va cong su (L&m & cs., 2021)..
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Abstract

The article aims to develop a double profit model for financial markets (including the
stock market, derivatives, bonds, etc.) represented by a random walk in one-dimensional
space. It seeks to determine the probability law of this model using the moment method, as
previously reported by Depauw and Derrien (2009) and Lam (2014). Specifically, the article
proves that the examined model converges to a normal distribution. This study can be
considered a significant improvement over the models analyzed in Lam Hoang Chuong and
Duong Thi Be Ba (Lam & Duong, 2017), and Lam Hoang Chuong et al. (Lam et al., 2021).
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1. Giéi thigu

Trong thi truong tai chinh, cac nha giao dich quan tdm nhat 1a lam sinh s6i dong tién
(v6n) ma ho da bo ra ban dau. Hién nhién khi thuc hién nhiéu giao dich s& c6 ldc thing hoic
thua. Nha dau tu c6 thé kiém duoc nhiéu tién mat du cé thé sé 1an thua nhiéu hon s lan thang.
Trong giao dich, thang hay thua khéng quan trong bang ti 18 lgi nhuan/rai ro khi thuc hién mdi
giao dich. Do d6 ho thudng chon cac giao dich sao cho ¢6 ti 1& loi nhuan/rai ro cao nhat c6 thé
(2/1 hogc 3/1 hoac 5/1). O day, chung ta gia s ti 1& loi nhuan/rai ro sau mdi lan giao dich la
con s6 khong doi 2/1 voi xac suat twong g nhur sau:

+ Thua s& mat di 1 ddng voi xac suat 2/3.
+ Thing s& nhan thém 2 dong véi Xac suat 1/3.

M6 hinh nay cd thé tam goi 12 mé hinh 14i d6i. Khi d6, v6i n (n € N*) lan thuc hién
giao dich, ta can nghién ciru xem lgi nhuan thu duoc trung binh 1a bao nhiéu? N6 c6 tuan theo
quy luat xac suit nao khéng? Tir gia dinh trén ta dit X, = 0 14 loi nhuan ban dau va X,, 1a loi
nhuan ¢ duoc sau lan thuc hién giao dich thi n. Khi d6 (X,,),s0 12 qué trinh ngau nhién voi
tap gia tri nguyén Z hay con goi la budc di ngau nhién trén khong gian trang thai roi rac mot
nhiéu. Gia sir sau lan giao dich tht n, loi nhuan c6 duoc 1a X, = k (k € Z), xac suat chuyén
tuong ung la:

PXner =k —1|X, =k) =

)

I~ Wl

PXnps =k +21X, = k) =3,

bat Pf(X,) = E[(f (X,,+1)|X)] voi f 1a ham do duoc va bi chan trén Z. Toan tir P
con duoc goi la Toan tir Markov twong (ng véi budce di ngau nhién ¢ trén. Bang céach tinh ky
vong cua bién ngiu nhién phu thudc, cdng thire dudi day hoan toan duoc xac dinh

1 2
Pf(k) = §f(k +2) +§f(k - 1).
Tir ding thuc ndy ching ta s& giai dap dwoc van dé dat ra ¢ trén. Cu thé, ching ta s& chimng
minh duoc qua trinh dang xét hoi ty theo phan phdi chuan dugc thé hién dudi dang dinh Iy sau
Pinh Iy 1.1 Cho (X,,)ns0 12 budc di ngiu nhién da gisi thiu & trén. Khi do,

X, D .
ﬁ—ﬂ\f (0,2) khin — oo,

D . o
Trong d6, — la ky hiéu cho sy hoi tu theo phéan phoi cua cac bién ngau nhién va v (0,2)
14 bién ngau nhién c6 phan phéi chuan véi trung binh bang 0 va phuong sai bang 2.

Phan tiép theo Muc 2 gidi thiéu phuong phap nghién ciru ciing nhu k¥ thuat dan dén
viéc ching minh Dinh 1y 1.1 & Muc 3. Cubi cting phan két luan & Muc 4.
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2. Phwong phap nghién ciru

C6 nhiéu phuong phap khac nhau dé nghién ctru phan phdi gii han cia cac bién ngiu
nhién chang han nhu: phuong phap ham dic trung (Brown, 1971), phuong phap toan tir
(Trotter, 1959), phwong phap xap xi martingale (Alili, 1999; Kozlov, 1985; Mathieu, 2008).
O day, chiing toi str dung phuong phap moment nhu trong Lam Hoang Chuong & cs (2021).
Phuong phap nay c6 thé dugc phat biéu dudi dang b dé dudi day duoc suy ra tryuc tiép tir dinh
ly 30.2 trong Billingsley (1995).

B6 dé 2.1 Cho (Z,,),,»1 1 ddy céc bién ngdu nhién c6 moment tai moi bac. Néu véi moi
k=1,23,..taco

Jim E(z3) =0, (1)
va
lim B(23%) = r o™ @

thi (Z,,) =1 héi tu theo phan phéi dén Z~N(0,62) khin — oo.
Chung ta can mot sb bo dé dudi day dé hd tro cho viéc chitng minh & phan 3.

Bo dé 2.2 Cho f(m), Q(m) la cdc da thirc dwoc xdc dinh trén Z va théa man

fm+2) =2f(m+1) + f(m) = Q(m), 3)
V6i £(0) = 0va f(1) = 1. Khi d6, ta c6 hai dang thirc sau
fm+2)=3f(m) +2f(m—1) =Q(m) +2Q(m — 1), 4)
va
[ m-2 ¢
m+ Q) néu m= 2,
0 néu m =0,
flm) = 1 néu m=1,
-m 4
m+ZZQ(—i) néu m<-—1

Chirng minh

Bang cach thay m thanh m — 1 vao (3) ta dugc dang thirc méi. Lay (3) cong veéi hai lan
ddng thic vira c6 ta dugc (4). Bay gio ta s& tim nghiém cua (3) theo da thic Q (m) bang céach
xét hai truong hop sau:

Truong hop 1: m > 2.

Sir dung phuong phap dé quy theom — 1,m — 2, ..., 1, 0 tir (3) nhu da lam trong Lam
Hoang Chuong va cong su (L&m & cs., 2021) va rat gon ta duoc
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m—1

fom+1) = f(m) = FD) = FO) + ) QD).
i=0

Thay diéu kién ban dau £(0) = 0 va f(1) = 1 vao dang thirc trén, ta dugc

m-—1
fon+ D= fam) =1+ ) QM.
i=0

Tiép tuc dé quy theo theom — 1,m — 2, ..., 1 va thu gon cting vai didu kién £ (1) = 1, ta duoc

m-2 {
Fomy =m+ Y 0.
£=0 i=0
Truong hop 2:m < —1.

Lap luan twong ty truong hop 1 cung véi phuong phap dé quy (3) theo —1, —2, ..., m ta dugc

fm) = m + Zmi Q(-D.
#=1i=1

Nhu vay, B6 d& 2.2 da duoc chang minh. m
B6 dé 2.3 Cho Q(m), ¢(m) la cdc da thire dirge xdc dinh trén Z va théa mén phuwong trinh
Q(m) +2Q(m —1) = p(m). ®)
i
Khi do, phuong trinh (5) cé nghiém Q(m) = %Z?io (_ %) em+1+1i). (6)
Chirng minh
Béng phép bién déi twong dwong tir (5), phuong trinh dudi day dugc thanh lap
1 1
Q-1 = (~3)Qtm) + 5 00m).

Dé quy phuong trinh ndy theo m + 1,m + 2, ... va két hop voi diéu kién Q(m) 1a ham
da thire, nghiém cua (5) duge xéac dinh boi dang thuce dudi day

Q(m) = %i (—%)iq)(m +14+10).
=0

B dé 2.3 da dugc chang minh. m
B6 dé ngay duéi day dugc ching minh trong tai liu Graham & cs. (1994).

B dé 2.4 (Jacob-Bernoulli) Cho m, k 1a c4c s6 nguyén dwong. Khi dé, ta ¢é tong sau

m 1 k

Kk j —j
2= g ) Gl B
i=1 =0
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6 do By Ia h¢ sé Bernoulli voi By = 1Va B; = X} ——X¥_o(~1)"C/1),j = 1;2; ...

Pinh nghia 2.1 (Ham da thic logarit) Chudi lity thira ¢ dang

duoc goi 1a ham da thuc logarit hay chudi Dirichlet. Ham da thirc nay dugc ky hiéu 1a Lig(z).
Ta thay rang ham da thirc logarit ludn xac dinh véi |z| < 1.

B6 dé 2.5 Chudi sé sau ludn héi tu

k i1,
D ok + 1) == Li ()
k=0 p
Vi moi sé thuc p € (—1; 1).
Tiép theo dudi ddy co thé dugc goi la phan chinh cua bai béo nay.
4. Chirng minh Pinh i 1.1
Nham muc dich gitup ban doc dé theo dbi, chiing tdi chia phan chimg minh Pinh ly 1.1
thanh cac phan nho hon dugc goi 1a cdc ménh dé. Toan tir Markov cuing véi ky vong c6 diéu
kién 1a hai cong cu hiéu qua trong viéc nghién ctru cac moment cua bién ngau nhién. Bé tim
dugc cac moment ciia budc di ngau nhién da xay dung ¢ trén, mot s phuong trinh dang
Poisson tir toan tir Markov P can dugc giai.

Ménh dé 3.1 Cho f,(m) la ham da thirc diege xdc dinh trén Z. Xét phwong trinh
Pfo(m) = fo(m) =0 ()
vai f,(0) = 0, fo(1) = 1. Khi do, phwong trinh (7) c6 nghiém f(m) = m.
Chirng minh
Khai trién (7) va rat gon, ta dugc fo(m + 2) — 3f,(m) + 2f,(m — 1) = 0.

Ap dung céc két qua cé duoc tir B6 dé 2.2 va B6 dé 2.3 vao phuong trinh trén, ta xac
dinh dugc nghiém cta phuong trinh (7) dudi day

[ m-2 ¢
m+ Z Qi) néu m2= 2,
£=0 i=0 )
o= ! o
-m ¥
m+ZZQ(—i) néu m< —1.
\ =1i=1

& d6 Qy(m) = 0,vm € Z. Viy, f,(m) = m,Vm € Z. Ménh d& 3.1 di duoc chang minh. m
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Ménh dé 3.2 Cho k 1a s6 nguyén dirong va f,(m) la ham da thirc dwoc xdc dinh trén
Z. Khi do, voi f,(0) = 0, (1) = 1, phwong trinh

Pfi(m) — fr(m) = m?2k-1 (8)
c6 nghiém
0 néu m=0,
fm =1 néu  om=1,
2k(2k + 1) m* + 0 (m*) néu m € Z\{0; 1}.

& day, 0(m?k) laky higu cho da thtc bat ky ¢6 bac 2k.
Chirng minh
Khai trién (8), ta duoc fi,(m + 2) — 3f,(m) + 2f,,(m — 1) = 3m?*~1,
Ap dung B6 dé 2.2 phuong trinh trén tro thanh Q. (m) + 2Q, (m — 1) = 3m?k=1,(9)

va
m-2 ¢
m+ Z Qi (D) néu m> 2,
7=0 i=0
0 néu m=0,
fielm) = 5 1 néu m=1,
-m £
m+ZZQk(—i) néu m< —1.
f=1i=1
Tiép tuc &p dung B dé 2.3, phwong trinh (9) c6 nghiém
3¢, 1\
Qk(m) = Ez (—E) (m +1+ i)Zk_l.
i=0
Khai trién nhi thie Newton bac 2k — 1 va rit gon dang thirc trén, ta dugc
2k 1 e .
1\ )
Qu(m) = Z Ciegm™ 7Y (=3) G+ 1Y,
i=0
hay
2k—1
Qr(m) = -3 Z cl. L ( ) m2k=1-J,
trong do

()= cH () e
i=0
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duoc tim thay trong b dé 2.5. Ta thay rang Q, (m) 1a da thirc ¢6 bac (2k — 1) véi hé sé cao
nhat 12 1 vi Li, (— %) =— é Do d0, ta c6 thé viét da thirc nay vé dang sau

Qr(m) = m¥*~1 4+ 0(m?k-2),

Tiép theo cac tong Y72 X_, Qi (D) VA X, 34 Qi (—i) cin duoc tinh. Ap dung két qua co
dugc tir B6 dé 2.4, cac tong nay co thé dugc viét gon thanh

m-2 ¢
1
Z Z Q) = mmz"+1 + 0(m?*),v6im = 2,
£=0 i=0
-m £ 1
ZZ Qr(=i) = mm2k+l + O(mZk),Ué’i m< —1.
{=11i=1

Vay, phuong trinh (8) c6 nghiém

0 néu m=0,
1 néu m=1,
fr(m) = 1 ok o
_—— 140 & € Z\{0; 1}.
2k(2k+1)m + (m ) néu m € Z\{0; 1}

Ménh dé 3.2 da dugc chitng minh. m
Ménh dé 3.3 Cho k 1& 56 nguyén dwong va (X)) pso ld bude di ngdu nhién dang xét.
e A : X, \2K1
Khi do, ta co ket qua sau 7111—1};10 E [(\/—ﬁ) ] =0.
Chirng minh

Lay ky vong hai vé cua dang thirc (7) véi bién X,,,n = 0 va sir dung phuong phép dé
quy theo n,n — 1, ...,1,0 ciing véi diéu kién ban dau X, = 0, ta dwoc két qua dudi day

Ef,(X,) = 0,n > 0.
Ap dung Ménh dé 3.1 dang thac trén tro thanh E(X,) =0,n>0. Do do,
lirp E(X,) = 0. Dén day ching t6i gia sir E(X2¥~1) = 0,k > 1. Tir phuong trinh (8), bang
n—-+oo
viéc lay ky vong Vvé theo Vé, ta dugc Efy (Xn11) = Efi (X,) + E(X2¥71) hay Efy (Xpe1) =
Ef,,(X,),n = 0. Suy ra Ef,,(X,,) = 0,n > 0.

frln) _ 1 (xn)z"“_

Theo Ménh dé 3.2, ta dugc nl_i)rzloo P~ e nl—i>rPoo In

Jn
Ldy ky vong hai vé dang thic ndy va ap dung Ef,(X,)=0,n>0, ta duoc

X\ 2k+1 A 3 . .
lim E (—”) ] = 0. Theo nguyén ly qui nap, ta c6 diéu phai chtng minh. m
noo | \Wn

Ménh dé 3.4 Cho g(m) la ham da thirc dwoc xdc dinh trén Z. Khi do, phiong trinh

Pgo(m) — go(m) =1 (10)
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vai go(0) =0, go(1) = 1, c6 nghiém

0 néu m=0,
( 1 néu m=1,
1 ~
go(m) = E(m2 —m+2) néu m>=2,
1 ~
E(m2+m) néu m< -1

Chirng minh

Viéc ching minh ménh dé nay ciing twong ty nhu Ménh dé 3.1. Tuy nhién ¢ day, da
thac Qy(m) = 1,Vm € Z. Do d96, phuong trinh (10) c6 nghiém

0 néu m=0,
( 1 néu m=1,
1 .
go(m) = E(m2 -—m+2) néu m>=2,
1
E(m2+m) néu m<-—1.m

Ménh dé 3.5 Cho k 1a 56 nguyén dwong va g, (m) la ham da thire dwoc xdc dinh trén
Z. Khi dé, phwong trinh P g, (m) — gx(m) = m?¥ (11)

vai g, (0) = 0, g, (1) = 1, cé nghiém

g (m)
0 néu m=0,
_ 1 néu m=1,
- 1
TEES m2k+2 4 0(m?k+1) néu m € Z\{0; 1}.
Chirng minh

Y tuong cho viéc chitng minh ménh dé nay tuong tu nhu Ménh dé 3.2. Chlng ta bit
dau bang viéc khai trién phuong trinh (11) vé dang twong dwong sau
gr(m + 2) = 3g, (m) + 2g,(m — 1) = 3m?*, 12)

Tiép theo, bang viéc ap dung két qua co duogc trong B dé 2.2 va B dé 2.3, phuong
trinh (12) c6 nghiém

[ m-2 ¢
m+ Z Q. (@) néu m= 2,
£=0 i=0 )
m={ oo
-m ¥
m+zZQk(—i) néu m< -1,
\ =1i=1

i
trong d6 Q, (m) = %Z?io (— %) (m+ 1+ )%k =m?* + o(m?k1),k > 1.
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Ap dung Bo dé 2.4, phuong trinh (11) c6 nghiém

0 néu m=0,
1 néu m=1,
gr(m) = 1
m2k+2 4 0(m?k+1) néu meZ\{0;1}. m

k+1)(2k+2)

Ménh dé 3.6 Cho k 1a s6 nguyén dwong va (X,)pso la budc di ngau nhién dang xét.
Khi @6, ta cé két qua sau

(fa)] - @202
v/ | kl2k

Chirng minh

Vi day 1a mot trong hai ménh dé quan trong va tryc tiép dan dén két qua trong Dinh ly

1.1 nén ching tdi s& trinh bay chi tiét hon cac ménh d& con lai véi muc tiéu gitp ban doc d&
theo doi.

Lay ky vong vé theo vé cta phuong trinh (10) voi phan bién X,,,n > 0 va chuyén vé
mét biéu thirc trong dé, ta dugC Egy(Xn41) = Ego(Xy,) + 1.

bé quy phuong trinh nay theo n,n — 1, ...,1,0, suy ra duoc Egy(X,,) = Ego(X,) + n.
Theo diéu kién ban dau X, = 0 va go(0) = 0, dang thtrc dudi day duoc xac dinh

Ego(X,) =n.

Két hop Ménh dé 3.4, ta suy ra dugc E(X2) = 2n + 0(n?).

Gia s E(x2¥) = Z2nk 1+ 0(n*1),k > 1. (13)

Lay ky vong hai vé ctia phuong trinh (11) véi phan bién X,,,n > 0, ta duoc dang thic
dudi day

Egi(Xn+1) — Egi(Xn) = E(XZF).

Tiép tuc dé quy phwong trinh nay theo m,n—1,...,1,0, suy ra duoc Eg,(X,) —
Egx(Xo) = Xig E(XZ¥). Theo diéu kién ban dau X, = 0 va g, (0) = 0, dang thic dudi day
duoc xac dinh

n-1

Ege(X,) = ) E(X?)

i=0
Ap dung gia thiét (13) va thu gon, ta duoc

(2k)!
(k + 1)!

Eg,(X,) = n**1 + o).

Ap dung két qua cua Ménh dé 3.5 suy ra duoc dang thire dudi day

10
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o 20+ D!
B = v D)

nk*tt + o(nk).
Theo nguyén ly quy nap, ta duoc
2k)!
E(x3k) = (k—,)n" +0mk1),k>1,n>0.

Do do,

, X @k o (V2)
i ]E[(_> ]: kU k!Zk) "

n—-+oo n

Céc két qua co duoc tir cac Ménh dé 3.3 va 3.6 da thoa méan day du diéu kién cua Bo dé
2.1. Tr @0, ta co thé két luan (X,),0 hoi tu theo phan phéi vé Z~N(0,2) khi n — oo, Vay,
Dinh dy 1.1 da dugc chitng minh hoan toan. m

4. Két luan

Nhu vay, van dé da dat ra & phan mot da duoc giai dép triét dé. Cu thé, chung t6i da tim
ra luat phan phéi gisi han chinh 1a phan phéi chuan v (0,2) va da chig minh dwoc su hoi tu
nay thdng qua toan tir Markov trong phuong trinh Poisson. Cac nha giao dich hoan toan c6 thé
dira vao két qua nay dé kiém tra xem chién luoc giao dich ma ho da dat ra c6 hiéu qua hay
khong? Vi du nhu néu chién lugc giao dich thoa man mé hinh nay thi loi nhuan trung binh xap
xi bang 0. Tur d6, ho c6 thé loai bo chién lugc ngay tir ddu ma khong can giao dich va tim kiém
chién luoc khéc. Mot cau hoi c6 thé dit ra tiép theo 1a: Néu xéac suat chuyén trong md hinh
trén khéc véi bo s6 (2;3) thi bude di ngiu nhién do s& tuan theo luat phan phéi nao khac va
loi nhuan trung binh c6 thé 16n hon 02 Chiing t6i hy vong s& som tim ra 10i giai dap cho cau
hoi trén trong thoi gian s6m nhét.
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