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Abstract

In this study, we investigate the electronic states according to the single-particle
model of silicene under an exponentially decaying magnetic field. By solving the Dirac-Weyl
equations, we derive exact expressions for the wave functions and the corresponding Landau
level spectrum. We also examine in detail the effects of the electric field, the Zeeman effect,
and the non-uniform magnetic field on the probability density and current distributions.

Furthermore, we compare our results with those of graphene in the presence of a non-
uniform magnetic field.
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Tém tit
Trong bai bdo nay, ching toi nghién ciu cdc trang thai dién tir theo mo hinh don hat
cua silicene dudi mot tur truong giam theo ham mii. Bang cdach giai cac phwong trinh Dirac-
Weyl, ching toi thu duwoc cac biéu thirc chinh xdc cho cdc ham song va pho mirc Landau
twong ing. Ching t6i ciing xem xét chi tiet cdc tac dong cia dién truong, truong Zeeman va
tir truong khong dong nhdat lén mdt do xdc suat va mqt do dong xdc suat trong silicene. Hon
nita, ching toi so sanh cdc ket qua ciia minh véi cac két qua twong vng trong graphene khi
co tur truong khong dong nhat.

Tw khéa: Phuong trinh Dirac-Weyl, Silicene, Tt truong giam theo ham mii.


mailto:hvphuc@dthu.edu.vn

Dong Thap University Journal of Science, Vol. 15, No. 5 (2026): 1-10

1. Introduction

With the rapid advancement of science and technology, materials science, particularly
low-dimensional physics, is attracting increasing research interest (Muoi et al., 2020; Phuc,
2015; Phuc et al., 2015). Among of them, two-dimensional (2D) material systems such as
graphene and silicene are receiving special attention. Silicene is a 2D material composed of
silicon atoms arranged in a honeycomb lattice, similar to graphene (Oughaddou et al., 2015).
Unlike graphene, silicene has a slightly buckled structure due to the larger atomic radius of
silicon (Roman & Cranford, 2014). This unique geometry gives silicene remarkable
electronic properties, including a tunable bandgap and strong spin-orbit coupling, making it
promising for applications in nanoelectronics, spintronics, and valleytronics (Kharadi et al.,
2020). Additionally, its compatibility with existing silicon-based technology enhances its
potential for future semiconductor devices. Researchers continue to explore silicene’s
properties and applications, particularly in the development of next-generation electronic
components (Chen et al., 2024).

The Landau-level (LL) structure of 2D-materials under an exponentially decaying
magnetic field presents a fascinating topic in condensed matter physics (Le et al., 2022). Due
to its buckled structure and strong spin-orbit coupling, silicene exhibits unique electronic
properties distinct from graphene. When subjected to a non-uniform magnetic field that
decays exponentially, the energy spectrum and LLs become highly tunable, leading to
interesting quantum phenomena (Hoa et al., 2022). This field configuration influences the
behavior of charge carriers, modifying their localization and transport properties. Studying
the LL structure in such conditions provides valuable insights into the quantum Hall effect,
valley-dependent transport, and potential applications in spintronics and optoelectronics.

To determine the LL structure of 2D systems, scientists typically solve the Dirac
equation for the given system (Wang & Jin, 2013). Recently, the supersymmetric (SUSY)
method (Ghosh, 2009) has emerged as an effective approach for this purpose. In this work,
we use the SUSY method to find the analytical solutions of the Dirac-Weyl equations for the
Dirac electron in silicene in the presence of an exponentially decaying magnetic field
(EDMF). The behavior of the LL structure, eigenfunctions, probability density, and current
density has also been analyzed in detail

2. Model and analytical results

We consider a silicene system oriented in the (xy)-plane. The system is placed under
an EDMF B(x, y) = (0,0, B(x)), with

B(x)=Bye " (1)
is exponentially decaying in the x-direction where A is the penetration depth of the magnetic

field (Wang & Jin, 2013). The vector potential is chosen so that ;l(x, ) =(0, Ay(x), 0),

where 4, (x) =—BO/1(67W" —1). The Hamiltonian of the massless particle near the Dirac

point can be described by a two-component Dirac-Weyl equation (Muoi et al., 2020;
Shakouri et al., 2014)

Hy=v(ton +o,7,)+ AL o, +sM_I,, ()

where v, =5.42x10° m/s is the Fermi velocity, 7 =1 refers to the valley index (for K and

K’), o, denote the Pauli matrices (i =x,y,z), I, is a unit matrix, A;  =7sAg, —A_ where
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Ago =3.9 meV is the spin-orbit interaction strength (Liu et al., 2011), 7 = p+ed is the

canonical momentum with p =—ihV being the normal momentum, A, =edE_ is a quantity

related to the alternating potentials between saturated sublattices, with 24 is the distance
between them (Ezawa, 2012), and M_ =ehB(x)/m, is the Zeeman field part with

m, =0.26m, 1is the electron effective mass in silicene. The time-independent Dirac-Weyl

equation in silicene is written as follows

velto (p, +ed)+o (p,+ed,)+ Ao Jy(x,y) = Ey(x,y), 3)
ik,y . . . .
where the term w(x, y) = (e s /Ly )l//(x) is the two-component eigenfunction with

w(x) =[f"+ (x)j )
iy_(x)

being the eigenfunction in the x-direction, and 7 the units of imaginary numbers. Inserting
Eq.(4) into Eq.(3), then using the SUSY method with the effective potential

V.(x)=(hvp ) [ W2 200 1) ], (5)
where
e 63012 -x/2
W=ky+(%jAy=ky+ v (1-¢") (©6)
is the super-potential function, we obtain the following expression for the energy
nv, \’
E;; =sM_+p (TF] n(2&, —n)+ (A;)Z. 7

In Eq.(7), p==1 stands for the conduction and valence bands, respectively, n is an integer
denoting the LL index, &, = (ﬂ, /e, (xo))2 , where a_(x)= (h / eB(x))l/2 is the non-uniform

magnetic length and x, is the center of orbit, written as follows

B, A’
xoz;un(e o j (8)
hé;
The corresponding eigenfunction in Eq.(4) can be written
4,08,,(x)
v, (x) = ( o : ©)
iB,",¢4,(x)

Here, the normalization constants are

TS V4
AT = (B —sM,)+4%
n,p -

2(Ef5-sMy)

(10)

)

and the component eigenfunctions
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_ (2,3)”!/T B -BXT _—&e X 2p X7
@(x)—\/—ac e e (25 ), (an

2
Here, we denoted f8° = &; —(hi] [(E;; —sM . )2 —(A;S )2}, A= (x)/ A=1/&,,
Ve

X =(x-x,)/a,(x,), and L'’ (x) are the n-order Laguerre polynomials

3. Numerical results and discussions

Using the relation & = foe_“ , we rewrite the effective potentials in Eq. (5) as follows

1 7\2 7
V= [ho. ()] [50(1—e“) ire“] (12)
This has the same form as that obtained in gapped graphene (Le et al., 2022), implying that
the effective potential is independent of the system's structure.

For the strong inhomogeneity magnetic field (small 1), the strong asymmetry of the
effective potentials is more clear as shown in Fig.1(a). At very large values of x, both V, (x)

reach their saturated value of &, [ha)c(xo)]2 /2. For the weak inhomogeneity magnetic field

(large A orsmall 1), we have

. 1 2 2
}%E%Vi(x)zg[ha)c(xo)] (X? 7). (13)
St Ii. A=20mm ] 41 t-.L\ A =100 nm ‘."l
e 4t .|| r 3f \"‘ I“F ]
a3 gl ! 23 \ /
ir-'iq_'“ 3t Z ] ; . \1\ /rjf
=2 = \ / /
:\;:l 1 b__:-l l ‘\i\ \"\___/ "z
0 OF ) ~__
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Figure 1. The dependence of the V (x) and E, on the X-parameter
for two values of A: (a) for A=20nm, and (b) for A =100nm.
The results are evaluated at B=10T, A, =0, and M_=0.

This means that in the presence of an EDMF, the system behaves similarly to one
under a UMF when the inhomogeneous component is weak (Fig.1(b)). This symmetry
indicates that, under certain conditions, A>100nm, the impact of EDMF on the LLs
spectrum of silicene closely resembles that of a UMF. Furthermore, since the magnetic field

expression in Eq.(1) simplifies to the UMF case when the inhomogeneous term is negligible,
it confirms that EDMF can effectively mimic a uniform field. This observation is consistent
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with previous studies on graphene (Le et al., 2022), reinforcing the structural and electronic
similarities between silicene and graphene. The equivalence in their response to an external
magnetic field highlights the fundamental connection between these two materials,
suggesting that insights gained from graphene studies may apply to silicene under similar
conditions.

Note that, unlike in the case of a UMF (Shakouri et al., 2014), the number of Landau
levels (LLs) in the presence of an inhomogeneous magnetic field is limited. This behavior is
consistent with the findings for gapped graphene (Le et al., 2022). The total number of LLs,

excluding the zero-energy level, being N can be found from the condition that

max ?

E! <V,(X - ), leading to

Nmax: é:O_ 502_250 (\/g__ SMZ J _[ A;s J +1’ (14)

2 ho.(x,) hao,(x,)

where [] means “the integer part of”’. For the parameters used in Fig.1(a), we have
N = [7.9]+ 1, leading to the fact that there are (7+1)=8 LLs in the energy spectrum,

which is shown clearly in Fig.1(a). Similarly, it is also found from Eq. (14) that N__ =161
for the case of 4 =100nm, which confirms that the EDMF behaves like a UMF in this case.

51 \ 1=20nm. A, =Agg. M. =0 5
e 4F L ] o 4}
2% 1 B
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Figure 2. The dependence of the V_ (x) and E on the X-parameter
for the cases of (a) without and (b) with Zeeman field.
We now examine the effect of an external electric and Zeeman fields on the LL
spectrum. As observed in Fig.2(a), both the effective potential and the LL structure remain

unchanged compared to the case without an electric field, as shown in Fig.1(a). This
indicates that the electric field has a negligible impact on the LL spectrum of silicene.

In Fig.2(b), we show the dependence of the X-parameter in the presence of the Zeeman
field. It can see that the Zeeman field does not affect the effective potentials but the LLs

spectrum. In the small values of X such that x = X, (x,)+x, is negative, the LLs remain

unchanged values but have higher values compared to those in the case of the absence
Zeeman field show in Fig.2(a). In the range x>0, ie, X >-x,/a.(x,), the LLs start

decrease caused by the increase of the Zeeman field, M _, with X. The dashed-dotted vertical
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line shows the position of X =0.8 where the LLs start reducing. We can easily check that
with the parameters used in Fig.3, from Eq.(8), we have: —x,/«.(x,)=0.8.
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Figure 3. The first four wave functions in silicene in the presence of electric
and Zeeman fields for different values of 1.

Now, let us examine the behavior of wave functions under different magnetic field
conditions. In Fig.3, we present four first-order wave functions of an electron in silicene for
two different values of the non-uniform magnetic length scale A. It is evident that in the case
of an EDMF with 4=20nm, the wave functions exhibit noticeable asymmetry. In contrast,

when subjected to a UMF with 4 =100nm, the wave functions almost remain symmetric.

This asymmetry observed in the EDMF case can be attributed to the dependence of the
effective potential ¥, (X) on the parameter A, as illustrated in Fig.1. Specifically, for small
values of 1, the inhomogeneous nature of the field becomes more pronounced, leading to an
asymmetric distribution of the wave functions. However, in the UMF case, where 1 is
significantly larger as shown in Fig.3(d) with 4 =100nm, the system effectively experiences
a uniform field, resulting in symmetric wave functions. These findings emphasize the crucial
role of the non-uniform magnetic field in shaping the quantum states of silicene. The ability
to control wave function symmetry by tuning A could have essential implications for
silicene-based quantum devices, particularly in applications requiring precise manipulation
of electron states.

We now turn our attention to study the probability density and probability current
density. The probability density and probability current density for the first few quantum
states under a strong inhomogeneous magnetic field (4 =20nm) are depicted in Fig.4. The
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probability density distributions are obtained using the following expression
p,(xX) =y (w, (), (15)

where y (x) represents the eigenfunctions given in Eq.(11), and :,//; (x) denotes their

Hermitian conjugate. This function describes the likelihood of finding an electron at a given
position X. Meanwhile, the probability current density, which characterizes the flow of
probability per unit time per unit area, is determined by

J,(x) = eve (Vo W, + VW) (16)

03¢ (b) =
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Figure 4. The dependence of the probability density, o, (X),

and the probability current density, J (X), on the X-parameter
in the presence of electric and Zeeman fields at 1 =20nm.

From Fig.4(a), we observe that for the ground state (# =0), the probability density
distribution is symmetric and reaches its peak at X = 0. This indicates that an electron in the
n =0 state is most likely to be found at the center of the system. Moreover, the symmetry or
asymmetry of the probability density distributions for higher quantum states (n > 0) directly

corresponds to the symmetry properties of their respective eigen-functions, as depicted in
Fig.3. Specifically, when A is small the effective potential exhibits asymmetry, leading to an
asymmetric probability distribution. These findings align well with previous studies on
gapless graphene (Le et al., 2022).

Regarding the probability current density, Fig.4(b) demonstrates that J (X)=0,

implying that the zero-state does not contribute to current flow. This result is expected, as a
fully symmetric ground-state wave-function does not generate a directional current.
However, for n=1,2,3, the probability current density shifts to the right as the LL index
increases, a consequence of the asymmetric effective potential under strong inhomogeneous
magnetic fields. This behavior mirrors that of the probability density distributions in
Fig.4(a), reinforcing the idea that the asymmetry in probability flow stems directly from the
asymmetry in the eigenfunctions, as depicted in Fig.3(a).

Furthermore, the observed shift in the probability current density for higher Landau
levels (n>0) suggests that the inhomogeneous magnetic field plays a crucial role in

modifying electron transport properties in silicene. As the LL index increases, the probability
current density becomes more pronounced, indicating more substantial electron localization
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effects in regions with asymmetric potential landscapes. This behavior is particularly
significant in nanoscale electronic devices, where external fields can be used to manipulate
electron flow for practical applications. Additionally, the similarity between the probability
density and current density distributions in silicene and gapless graphene highlights the
universality of these effects across different Dirac materials. Despite subtle differences in
spin-orbit coupling and sublattice asymmetry, the fundamental influence of inhomogeneous
magnetic fields on the quantum states of charge carriers remains consistent. These findings
not only reveal the fundamental behavior of studying optical transitions in silicene but also
offer valuable insights into the tunability of electronic states, which is a key requirement for
functional device integration. The demonstrated control of the Landau levels spectrum
through external magnetic fields suggests that silicene's electronic states can be precisely
modulated in real time.

4. Conclusion

In summary, our findings provide deeper insights into the role of inhomogeneous
magnetic fields in tailoring the electronic properties of silicene. The dependence of the
Landau level structure on the penetration depth suggests potential applications in designing
tunable electronic and optoelectronic devices. By carefully controlling the magnetic field
profile, one can engineer specific quantum states, which may be beneficial for developing
novel quantum transport phenomena in silicene-based systems. Additionally, the asymmetry
observed in the probability density and current density distributions highlights the significant
impact of the effective potential on electron localization. This effect could be further
explored in the context of valleytronics, where controlled manipulation of electronic states is
crucial for information processing. Future studies on the interaction between inhomogeneous
magnetic fields and external perturbations, such as electric fields or strain, could provide a
more comprehensive understanding of silicene’s electronic behavior and broaden its
applicability in next-generation nanoelectronic devices.
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