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Abstract 

In this study, we investigate the electronic states according to the single-particle 

model of silicene under an exponentially decaying magnetic field. By solving the Dirac-Weyl 

equations, we derive exact expressions for the wave functions and the corresponding Landau 

level spectrum. We also examine in detail the effects of the electric field, the Zeeman effect, 

and the non-uniform magnetic field on the probability density and current distributions. 

Furthermore, we compare our results with those of graphene in the presence of a non-

uniform magnetic field. 
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Tóm tắt 

Trong bài báo này, chúng tôi nghiên cứu các trạng thái điện tử theo mô hình đơn hạt 

của silicene dưới một từ trường giảm theo hàm mũ. Bằng cách giải các phương trình Dirac-

Weyl, chúng tôi thu được các biểu thức chính xác cho các hàm sóng và phổ mức Landau 

tương ứng. Chúng tôi cũng xem xét chi tiết các tác động của điện trường, trường Zeeman và 

từ trường không đồng nhất lên mật độ xác suất và mật độ dòng xác suất trong silicene. Hơn 

nữa, chúng tôi so sánh các kết quả của mình với các kết quả tương ứng trong graphene khi 

có từ trường không đồng nhất. 

Từ khóa: Phương trình Dirac-Weyl, Silicene, Từ trường giảm theo hàm mũ. 
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1. Introduction 

With the rapid advancement of science and technology, materials science, particularly 

low-dimensional physics, is attracting increasing research interest (Muoi et al., 2020; Phuc, 

2015; Phuc et al., 2015). Among of them, two-dimensional (2D) material systems such as 

graphene and silicene are receiving special attention. Silicene is a 2D material composed of 

silicon atoms arranged in a honeycomb lattice, similar to graphene (Oughaddou et al., 2015). 

Unlike graphene, silicene has a slightly buckled structure due to the larger atomic radius of 

silicon (Roman & Cranford, 2014). This unique geometry gives silicene remarkable 

electronic properties, including a tunable bandgap and strong spin-orbit coupling, making it 

promising for applications in nanoelectronics, spintronics, and valleytronics (Kharadi et al., 

2020). Additionally, its compatibility with existing silicon-based technology enhances its 

potential for future semiconductor devices. Researchers continue to explore silicene’s 

properties and applications, particularly in the development of next-generation electronic 

components (Chen et al., 2024). 

The Landau-level (LL) structure of 2D-materials under an exponentially decaying 

magnetic field presents a fascinating topic in condensed matter physics (Le et al., 2022). Due 

to its buckled structure and strong spin-orbit coupling, silicene exhibits unique electronic 

properties distinct from graphene. When subjected to a non-uniform magnetic field that 

decays exponentially, the energy spectrum and LLs become highly tunable, leading to 

interesting quantum phenomena (Hoa et al., 2022). This field configuration influences the 

behavior of charge carriers, modifying their localization and transport properties. Studying 

the LL structure in such conditions provides valuable insights into the quantum Hall effect, 

valley-dependent transport, and potential applications in spintronics and optoelectronics. 

To determine the LL structure of 2D systems, scientists typically solve the Dirac 

equation for the given system (Wang & Jin, 2013). Recently, the supersymmetric (SUSY) 

method (Ghosh, 2009) has emerged as an effective approach for this purpose. In this work, 

we use the SUSY method to find the analytical solutions of the Dirac-Weyl equations for the 

Dirac electron in silicene in the presence of an exponentially decaying magnetic field 

(EDMF). The behavior of the LL structure, eigenfunctions, probability density, and current 

density has also been analyzed in detail 

2. Model and analytical results 

We consider a silicene system oriented in the (xy)-plane. The system is placed under 

an EDMF ( , ) (0, 0, ( )),B x y B x=


 with  

/

0( )
x

B x B e
−

=    (1) 

is exponentially decaying in the x-direction where   is the penetration depth of the magnetic 

field (Wang & Jin, 2013). The vector potential is chosen so that ( , ) (0, ( ), 0),yA x y A x=


 

where 
/

0( ) ( 1).
x

yA x B e



−

= − −  The Hamiltonian of the massless particle near the Dirac 

point can be described by a two-component Dirac-Weyl equation (Muoi et al., 2020; 

Shakouri et al., 2014) 

0 F , 2( ) ,
z

x x y y s z zH v sM I    = + +  +  (2)                   

where 
5

F 5.42 10v =  m/s is the Fermi velocity, 1 =   refers to the valley index (for K and 

K’), i  denote the Pauli matrices  ( , , )i x y z= , 2I  is a unit matrix, , SO

z

s zs  =  −  where 
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SO 3.9 meV =  is the spin-orbit interaction strength (Liu et al., 2011), p eA = +


 is the 

canonical momentum with p i= − 


  being the normal momentum, 
z zedE =  is a quantity 

related to the alternating potentials between saturated sublattices, with 2d  is the distance 

between them (Ezawa, 2012), and ( ) /z eM e B x m=   is the Zeeman field part with 

00.26em m=  is the electron effective mass in silicene. The time-independent Dirac-Weyl 

equation in silicene is written as follows 

F[ ( ) ( ) ] ( , ) ( , ),x x x y y y zv p eA p eA x y E x y    + + + +  =   (3) 

where the term ( )( , ) / ( )yik y

yx y e L x =  is the two-component eigenfunction with 

( )
( )

( )

x
x

i x





+=
−

 
 
 

  (4)  

being the eigenfunction in the x-direction, and i the units of imaginary numbers. Inserting 

Eq.(4) into Eq.(3), then using the SUSY method with the effective potential 

2 2

F( ) ( ) ( ) ,xV x v W W =       (5) 

where  

( )
/

2

0 1
x

y y y

eBe
W k A k e

 −

= + = + −
 
 
 

  (6) 

is the super-potential function, we obtain the following expression for the energy 

2

, 2F
, 0 ,(2 ) ( ) .
s z

n p z s

v
E sM p n n





= + − + 
 
 
 


  (7) 

In Eq.(7), 1p =   stands for the conduction and valence bands, respectively, n  is an integer 

denoting the LL index, ( )
2

0 0/ ( ) ,c x  =  where ( )
1/2

( ) / ( )c x eB x =   is the non-uniform 

magnetic length and 0x  is the center of orbit, written as follows 

2

0
0 2

0

ln .
eB

x





=
 
 
 

  (8) 

The corresponding eigenfunction in Eq.(4) can be written 

,

, 1

,

,

( )
( ) ,

( )

s

n p n

n s

n p n

A x
x

iB x










−
=
 
 
 
 

  (9) 

Here, the normalization constants are 

𝐴𝑛,𝑝
𝜏,𝑠 = √

(𝐸𝑛,𝑝
𝜏,𝑠 −𝑠𝑀𝑧)+𝛥𝜏,𝑠

𝑧

2(𝐸𝑛,𝑝
𝜏,𝑠 −𝑠𝑀𝑧)

,             𝐵𝑛,𝑝
𝜏,𝑠 = √

(𝐸𝑛,𝑝
𝜏,𝑠 −𝑠𝑀𝑧)−𝛥𝜏,𝑠

𝑧

2(𝐸𝑛,𝑝
𝜏,𝑠 −𝑠𝑀𝑧)

,  (10) 

and the component eigenfunctions 
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( )0 2

0 0

0

(2 ) !
( ) (2 ) 2 .

( )( 2 )!

XeX X

n n

c

n
x e e L e

x n

     
  

 

−−− −
=

+
   (11)  

Here, we denoted ( ) ( )
2

2 2
2 2 ,

0 , ,

F

,s z

n p z sE sM
v






 

   = − − −      
 0 0( ) / 1/ ,c x   = =  

0 0( ) / ( ),cX x x x= −  and 
2 ( )nL x

 are the n-order Laguerre polynomials 

3. Numerical results and discussions 

Using the relation 0 ,Xe   −=  we rewrite the effective potentials in Eq. (5) as follows  

  ( )
22

0 0

1
( ) ( ) 1 .

2

X X

cV x x e e
 

  
− −

 = −  
  

  (12) 

This has the same form as that obtained in gapped graphene (Le et al., 2022), implying that 

the effective potential is independent of the system's structure.  

For the strong inhomogeneity magnetic field (small λ), the strong asymmetry of the 

effective potentials is more clear as shown in Fig.1(a). At very large values of x, both ( )V x
 

reach their saturated value of  
2

0 0( ) / 2.c x   For the weak inhomogeneity magnetic field 

(large   or small  ), we have 

  
2 2

0
0

1
( ) ( ) ( ).

2
lim cV x x X


 
→

=    (13) 

 

Figure 1. The dependence of the ( )V x
 and 

nE  on the X-parameter  

for two values of :  (a) for 20nm, =  and (b) for 100nm. =   

The results are evaluated at 10 T,B =  0,z =  and 0zM = . 

This means that in the presence of an EDMF, the system behaves similarly to one 

under a UMF when the inhomogeneous component is weak (Fig.1(b)). This symmetry 

indicates that, under certain conditions, 100nm,   the impact of EDMF on the LLs 

spectrum of silicene closely resembles that of a UMF. Furthermore, since the magnetic field 

expression in Eq.(1) simplifies to the UMF case when the inhomogeneous term is negligible, 

it confirms that EDMF can effectively mimic a uniform field. This observation is consistent 
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with previous studies on graphene (Le et al., 2022), reinforcing the structural and electronic 

similarities between silicene and graphene. The equivalence in their response to an external 

magnetic field highlights the fundamental connection between these two materials, 

suggesting that insights gained from graphene studies may apply to silicene under similar 

conditions. 

Note that, unlike in the case of a UMF (Shakouri et al., 2014), the number of Landau 

levels (LLs) in the presence of an inhomogeneous magnetic field is limited. This behavior is 

consistent with the findings for gapped graphene (Le et al., 2022). The total number of LLs, 

excluding the zero-energy level, being max ,N  can be found from the condition that 

2
( )nE V X →  , leading to 

2 2

,02

max 0 0 0

0 0

2 1,
( ) ( )2

z

sz

c c

sM
N

x x


  

 

       = − − − − +            


  (14) 

where  ... means “the integer part of”. For the parameters used in Fig.1(a), we have 

 max 7.9 ,1N = +  leading to the fact that there are (7 1) 8+ =  LLs in the energy spectrum, 

which is shown clearly in Fig.1(a). Similarly, it is also found from Eq. (14) that 
max 161N =

for the case of 100nm,  = which confirms that the EDMF behaves like a UMF in this case. 

 

Figure 2. The dependence of the ( )V x
 and 

nE  on the X-parameter  

for the cases of (a) without and (b) with Zeeman field. 

We now examine the effect of an external electric and Zeeman fields on the LL 

spectrum. As observed in Fig.2(a), both the effective potential and the LL structure remain 

unchanged compared to the case without an electric field, as shown in Fig.1(a). This 

indicates that the electric field has a negligible impact on the LL spectrum of silicene.  

In Fig.2(b), we show the dependence of the X-parameter in the presence of the Zeeman 

field. It can see that the Zeeman field does not affect the effective potentials but the LLs 

spectrum. In the small values of X such that 0 0( )cx X x x= +  is negative, the LLs remain 

unchanged values but have higher values compared to those in the case of the absence 

Zeeman field show in Fig.2(a). In the range 0,x   i.e., 
0 0/ ( ),cX x x −  the LLs start 

decrease caused by the increase of the Zeeman field, ,zM  with X. The dashed-dotted vertical 
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line shows the position of 0.8X =  where the LLs start reducing. We can easily check that 

with the parameters used in Fig.3, from Eq.(8), we have:  
0 0/ ( ) 0.8.cx x− =  

 

Figure 3. The first four wave functions in silicene in the presence of electric  

and Zeeman fields for different values of .  

Now, let us examine the behavior of wave functions under different magnetic field 

conditions. In Fig.3, we present four first-order wave functions of an electron in silicene for 

two different values of the non-uniform magnetic length scale .  It is evident that in the case 

of an EDMF with 20nm, =  the wave functions exhibit noticeable asymmetry. In contrast, 

when subjected to a UMF with 100nm, =  the wave functions almost remain symmetric. 

This asymmetry observed in the EDMF case can be attributed to the dependence of the 

effective potential ( )V X
 on the parameter ,  as illustrated in Fig.1. Specifically, for small 

values of ,  the inhomogeneous nature of the field becomes more pronounced, leading to an 

asymmetric distribution of the wave functions. However, in the UMF case, where   is 

significantly larger as shown in Fig.3(d) with 100nm, =  the system effectively experiences 

a uniform field, resulting in symmetric wave functions. These findings emphasize the crucial 

role of the non-uniform magnetic field in shaping the quantum states of silicene. The ability 

to control wave function symmetry by tuning   could have essential implications for 

silicene-based quantum devices, particularly in applications requiring precise manipulation 

of electron states. 

We now turn our attention to study the probability density and probability current 

density. The probability density and probability current density for the first few quantum 

states under a strong inhomogeneous magnetic field ( 20nm) =  are depicted in Fig.4. The 
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probability density distributions are obtained using the following expression 

†
( ) ( ) ( ),n n nx x x  =   (15) 

where ( )n x  represents the eigenfunctions given in Eq.(11), and 
†
( )n x  denotes their 

Hermitian conjugate. This function describes the likelihood of finding an electron at a given 

position .X  Meanwhile, the probability current density, which characterizes the flow of 

probability per unit time per unit area, is determined by 

* *

F 1 1( ) ( ).n n n n nJ x ev    − −= +    (16) 

 

Figure 4. The dependence of the probability density, ( ),n X   

and the probability current density, ( ),nJ X  on the X-parameter  

in the presence of electric and Zeeman fields at 20nm. =  

From Fig.4(a), we observe that for the ground state ( 0n = ), the probability density 

distribution is symmetric and reaches its peak at 0.X =  This indicates that an electron in the 

0n =  state is most likely to be found at the center of the system. Moreover, the symmetry or 

asymmetry of the probability density distributions for higher quantum states ( 0)n   directly 

corresponds to the symmetry properties of their respective eigen-functions, as depicted in 

Fig.3. Specifically, when   is small the effective potential exhibits asymmetry, leading to an 

asymmetric probability distribution. These findings align well with previous studies on 

gapless graphene (Le et al., 2022). 

Regarding the probability current density, Fig.4(b) demonstrates that 
0 ( ) 0,J X =  

implying that the zero-state does not contribute to current flow. This result is expected, as a 

fully symmetric ground-state wave-function does not generate a directional current. 

However, for 1,2,3,n =  the probability current density shifts to the right as the LL index 

increases, a consequence of the asymmetric effective potential under strong inhomogeneous 

magnetic fields. This behavior mirrors that of the probability density distributions in 

Fig.4(a), reinforcing the idea that the asymmetry in probability flow stems directly from the 

asymmetry in the eigenfunctions, as depicted in Fig.3(a). 

Furthermore, the observed shift in the probability current density for higher Landau 

levels ( 0)n   suggests that the inhomogeneous magnetic field plays a crucial role in 

modifying electron transport properties in silicene. As the LL index increases, the probability 

current density becomes more pronounced, indicating more substantial electron localization 
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effects in regions with asymmetric potential landscapes. This behavior is particularly 

significant in nanoscale electronic devices, where external fields can be used to manipulate 

electron flow for practical applications. Additionally, the similarity between the probability 

density and current density distributions in silicene and gapless graphene highlights the 

universality of these effects across different Dirac materials. Despite subtle differences in 

spin-orbit coupling and sublattice asymmetry, the fundamental influence of inhomogeneous 

magnetic fields on the quantum states of charge carriers remains consistent. These findings 

not only reveal the fundamental behavior of studying optical transitions in silicene but also 

offer valuable insights into the tunability of electronic states, which is a key requirement for 

functional device integration. The demonstrated control of the Landau levels spectrum 

through external magnetic fields suggests that silicene's electronic states can be precisely 

modulated in real time. 

4. Conclusion 

In summary, our findings provide deeper insights into the role of inhomogeneous 

magnetic fields in tailoring the electronic properties of silicene. The dependence of the 

Landau level structure on the penetration depth suggests potential applications in designing 

tunable electronic and optoelectronic devices. By carefully controlling the magnetic field 

profile, one can engineer specific quantum states, which may be beneficial for developing 

novel quantum transport phenomena in silicene-based systems. Additionally, the asymmetry 

observed in the probability density and current density distributions highlights the significant 

impact of the effective potential on electron localization. This effect could be further 

explored in the context of valleytronics, where controlled manipulation of electronic states is 

crucial for information processing. Future studies on the interaction between inhomogeneous 

magnetic fields and external perturbations, such as electric fields or strain, could provide a 

more comprehensive understanding of silicene’s electronic behavior and broaden its 

applicability in next-generation nanoelectronic devices.  
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