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Abstract

In this paper, we classify complex and real 8-dimensional solvable Lie algebras
having a 6-dimensional abelian nilradical. The method is based on the fact that a given
solvable Lie algebra L can be considered as an extension of its nilradical N(L), that is, the
maximal nilpotent ideal of L. Therefore, we begin from a 6-dimensional abelian nilradical
Lie algebra and, subsequently, we construct and classify all 8-dimensional solvable Lie
algebras that admit it as their nilradical.
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PHAN LOAI PAI SO LIE GIAI PUQC 8-CHIEU
CO CAN LUY LINH GIAO HOAN 6-CHIEU

Lé Minh Kha', Pham Quéc Thai' va Nguyén Thi Mong Tuyén?*
ISinh Vién, truong Pai hoc D&ng Thap, Viét Nam
’Khoa Sw pham Todn — Tin, T ruwong Su pham, Truong Dai hoc Déng Thap, Viét Nam
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Lich s bai bdo
Ngay nhdn: 29/4/2025; Ngay nhdn chinh swa: 28/7/2025; Ngay duyét dang: 15/8/2025
Toém tat

Trong bai bdo nay, ching t6i phan loai I6p dai sé Lie phirc va thc gidi dwoc 8-chiéu
¢6 can liy linh giao hodn 6-chiéu. Phirong phdp phdn logi ciia ching téi la xem dai sé Lie
gidi dwoc L da biét nhu la mé rong ciia can lity linh N(L) ciia L, tire la ideal liy linh cuc dai
ciia L. Do d6, chiing t6i bdt dau tir mét dai sé Lie liiy linh giao hodn 6-chiéu, sau d6 xdy dung
va phan loai tat ca cac dai s6 Lie gidi dwoc 8-chiéu nhdan né lam can liy linh.

T khéa: Can liy linh giao hodn, Pai sé Lie, Pai s6 Lie lily linh, Pai sé Lie gidi diroc.
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1. Introduction

The Levi-Malcev theorem (Levi, 1905; Malcev, 1945) reduces the classification of Lie
algebras over a field of characteristic zero to that of semisimple and solvable Lie algebras.
Semisimple Lie algebras have been fully classified over the complex field (Cartan, 1894) and
the real field (Gantmacher, 1939), while that of solvable Lie algebras remains difficult and
largely open. So far, a full classification of solvable Lie algebras of dimension 7 has been
completed (Lie & Engel, 1893; Bianchi, 1903; Kruchkovich, 1954; Mubarakzyanov, 1963;
Turkowski, 1990; Le et al., 2023), but the complete classification in dimension 8 is still
unfinished.

Ndogmo and Winternitz (1994) established two fundamental theorems that form the
foundation for the classification of solvable Lie algebras with abelian nilradicals. As a concrete
application of their framework, they provided a complete classification of 7-dimensional
solvable Lie algebras with 5-dimensional abelian nilradicals. This paper extends their
approach to classify complex and real 8-dimensional solvable Lie algebras whose nilradicals
are 6-dimensional abelian Lie algebras. This constitutes a special case within the broader
classification scheme developed by Ndogmo and Winternitz.

This method is based on the fact that a given solvable Lie algebra L can be considered
as an extension of its nilradical NV (L), that is, the maximal nilpotent ideal of L. Therefore,

we start from a 6-dimensional abelian nilpotent Lie algebra and classify all 8-dimensional
solvable Lie algebras admitting it as their nilradicals.

2. Construction of Lie algebras
From now on, we will use the following notations:

(1) K is the real field or the complex field.

(2) Mat r,K isthe class of all » x r matrices over the field K.
(3) Aut L is the class of all automorphisms of L .

@) (0,1,0,2,... ) an) is the diagonal matrix dz'a,g(al,a?, ...,an’) with diagonal elements

y,yy--e, G

%) Eij the 6-square matrix whose only non-zero entry is 1 in row ¢ column j .
In the first stage, we construct 8-dimensional solvable Lie algebras L having 6-
dimensional abelian nilradical N(L). The basis of N(L) is always assume to be
Ny, My,-.., N . By adding to the basis 7, M,,..., 7 two elements, say x and ¥, we obtain

a basis  7,M,,...,M, %,y of L. Then, Lie brackets of L are absolutely determined by

[:E,y},[nj,:v] and [nj,y] for 72,5 = 1,2,...,6. Since the derived algebra of a solvable Lie

algebra is contained in its nilradical (Corollary 1, Lie algebras, Jacobson, 1962), these Lie
brackets can be represented as follows:
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L/

[x,y] = 26:0.7.71]. , [nl,x] = 6 an, [ni,y] = 6 bn, 1<:<6.
j=1

=1 =1
Set A:=(a,) and B := (b, ). Then, all we have to do is to determine all possibilities
of the structure constants o, € K and the structure matrices A, B € Mat 6,IKK . The

following techniques will be used.

1. First, Theorem 1 and Theorem 2 (Ndogmo & Winternitz, 1994) are used to initialize
the original forms of A and B. Moreover, we have two matrices A and B commute, i.e.

[AJﬂzo.

2. Next, the following two transformations simplify the structure constants.
(i) The translational transformation changes T and Y

6 6
| R | R
:p—x—i—élkjn]., y—y—l—glhjnj.
J= J=

(ii) Then, we choose k’j va hj appropriately to eliminate 0 .

3. Finally, the following transformations simplify A and B.
(i) The Kravchuk signature transforms A and B into Kravchuk's normal (Ndogmo
& Winternitz, 1994).

(i) We use automorphisms of N(L): if P € Aut N(L) then A and B are
transformed respectively into A' = PAP ', B'= PBP .

Next, we will classify 8-dimensional solvable Lie algebras having 6-dimensional
abelian nilradicals in Section 3 below.

3. Classification of 8-dimensional solvable Lie algebras having 6-dimensional
abelian nilradicals

3.1 The case K =C.
From Theorem 2 (Ndogmo & Winternitz, 1994), we have a partition

r=6=n+n+.+n+r +r  +..+r  with2<p<6,

p+1 p+2

>, >1
=73 e 2Ty 20

» ;
0<¢g<4

In order to obtain all complex solvable Lie algebras of the considered type, we must
consider all partitions of 7 = 6. We have the following table

Table 1. Partition of 7 = 6 over C

Case | by ot A o SO L I 4 q
I |5+1 2 [ o
2 [ 4+42 2 [ o
3 [4+1+1 3 0
4 [4+1 +1 2 1
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5 343 2 0
6 |3+2+1 3 0
7 342 +1 2 [
8 | 3+1+1+1 4 |0
9 3+1+1 +1 3 1
10 3+1 +1+1 2 2
11 24242 3 0
12 [ 249 +2 2 1
13 1 2+241+1 2 1
14 | 24+2+1 +1 2 1
15 (242 +1+1 2 I
16 241414141 5 0
17 | 241+1+1 +1 4 1
18 24141 +1+4+1 3 2
19 2+1 +14+1+1 2 3
20 14141414141 6 0
21 1+14+1+1+1 +1 5 1
22 [ 1414141 +1+1 4 2
23 1+1+1 +1+1+1 3 3
24 1+1 +1+14+1+1 2 4

Now, we will present the classification of solvable Lie algebra in the first case in Table
1. The remaining cases are done similarly. From Theorem 2 (Ndogmo & Winternitz, 1994),
we have the original basic forms of the structure matrices as follows

1 0
a 1 a, 0
Ao b ¢ 1 B b, ¢, 0
dl el fi 1 7 dZ 6‘2 2 0
9 hoiog 1 g, b 1% 4, 0
0 1

From Theorem 1 (Ndogmo & Winternitz, 1994), the fact that
[A,B] =AB—-BA=0

yields the following conditions of the coefficients

' ca, —c,a =0
flcQ - f201 =0
jlfz - J2f1 =0
€a, + Jibz 604, — bel =0
i102 + jleQ - izcl - j2€1 =0
ha, +ib, + jd

— hya, —ib — j,d = 0.

2
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6
Suppose [1:, y} = Zlajnj, g, € C. To eliminate k]. va h]. , we change
=

6 6 6 6
x'=x+ ijnj ,yY'=y+ Zhjnj then Zajnj = Z)\jnj , with
j=1 j=1 j=1 j=1

’)‘1:q1+k1 1+a1+b1+d1+91 _hl a2+b2+d2—|—92
/\z:q2+k2 1+Cl+61+h1 _hz C2+€2+h2
/\3:q3+k3 1+f1+i1 _hs ];+i2

A =aq,+k, (+ﬁ>h4j2

Ay = g5

A =4, — -

Without loss of generality, we can choose k ;va h ; to eliminate the structure constants

0, such that [a:,y] =0.

Next, we will classify the two structure matrices. To simplify the coefficients, we have
10 Kravchuk signatures (Ndogmo & Winternitz, 1994) that can occur:

Table 2. The Kravchuk signatures of case 1 over C in Table 1

Kravchuk signatures Conditions
Ly o, a, =b =c =d =e =f =0k=12
Ly, c,=e =f=n=i=j=0k=12
Ly g, a,=b =c, =], =0k=12
L a, :fk =1, =7 = 0,k =12
Ly, a, =b =c¢, =0k=12
Ly fk =i =) = 0,k=12
L,, a, =j =0k=12
Lo a, =f =0k=12
Ly, ¢, =j,=0k=12
L., ¢, =e =f =0a =h,b =i,d =j.k=12

Now, we will consider the first Kravchuk signature in Table 2, the remaining Kravchuk
signatures are done similarly.

In this case, we have
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To destroy or normalize the off-diagonal elements of the structure matrices A and B,

we choose
1 1
1 1
1 1
Pl =9 ﬁ 7'_1 ) Pz = %3, — 9. thl _hlj2 J1Js ’
jl j] jl 1 i2j1 - ile Z.2]‘1 - ile 1 Z.2].1 _ilj‘z
1 1
1 1
1 1 1
1 . . . . 1 1
L) — 4, 1 1
133 = jl ’ RL = 1 ’P5 = 1
% 1 1
1
1 1
1
Transformation P, P,, P,, P,, P, will transform A and B into
1
1
P PP P PAP'P'P!' P P!= b
5 4 T3 T2 71 1 2 3 4 5 1 )
1
0
0
0
PP PP PBP'P'P!'P! P! ! 0
5 T4 T3 T2 71 1 2 3 4 5 0
0
1
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It creates the following Lie algebras:

A= 111110 —|—E32
L1,401: B = 0,0,0,0,0,1 +E31

[m, y] = 0.

In a similar manner, we achieve the classification table of class all solvable Lie algebras
having 6 -dimensional abelian nilradicals over C.

Next, we use Maple to examine the decomposability of the Lie algebras and the
isomorphism between them. Table 3 below presents a complete classification of all
indecomposable Lie algebras up to isomorphism.

Table 3. Classification of all 8-dimensional complex solvable Lie algebras with

6-dimensional abelian nilradical C.

L Matrix A Matrix B [L y]
o | LLLLLO +E, 0,0,0,0,0,1 +E,_ 0
o | LLLLLO + B, 0,0,0,0,0,1 +E, 0
w2 | LLLLLO +E,+E, 0,0,0,0,0,1 +E, + E, 0
+ANE, + \E,,
Lo, | LLLLLO +E, +E,_ 0,0,0,0,0,1 +E, + E,_ 0
AL, AL,
Ly, | LLLLL0 +E,+E, 0,0,0,0,0,1 +E, +X E, +E,, 0
L,, | LLL,LL0 +E, +E,, 0,0,0,0,0,1 +E +\E, +E,) 0
L,, | LLL,1L10 +E,+E, 0,0,0,0,0,1 +E,, +\E,, 0
+E, ANE, +AE, +A\E,
L, | LLLLL0 +E, +E, 0,0,0,0,0,1 +E_ +\E,, 0
+E,, +NE, + \E, +\E, + \E,,
L, | LLLLLO +E, +E, 0,0,0,0,0,1 +E,_ +\E, 0
+E, +NE, +\NE, +\E, + \E,
L, | LLLLLO +E, +E, 0,0,0,0,0,1 +E,, +\E, 0
+NE, +M\E,
Ly | LL11,0,0 +E, +E, 0,0,0,0,1,1 +E,, + \E, 0
L, | LLLL0,0 +E,+E, | 00,0,0L1 +E, +AE 0
Ly, | 1L,1,1,1,0,0 +E, +E, 0,0,0,0,1,1 + E, + \E, 0
+E,, +NE, +\E, + \E,
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2,211 L1,1,1,0,0 + E32 0,0,0,0,1,1 + E41 0
+E,.+E_
e . +>‘1 E32 + E43 + >\2EG5
L2,112 diag 1,1,1,1,0,0 0,0,0,0,1,1 + E14 + )\1E23 0
+E23 + E34 + E56 +>‘1E34 + /\2E56
2,121 17 17 ]‘7 ]‘7 07 0 + E31 07 07 O; 0, 1, 1 + E42 + )\1E21 O
+E43 + E65 +>‘2E31 + >‘.3E43 + )\4E65
L3,301 17 17 17 17 07 Q _I_ E43 07 Oa 07 07 17 /8 —I_ E42 0
Ly | LLLLO,a +E,, 0,0,0,0,1,3 +E,, 0
Ly | LLLLO0,a +E,+E, | 000,0L3 +E,+\E, 0
+AE, + >‘3E42
son | LLLL0,0 +E,+E, | 0,0,0,0L3 +E +\E,+E, 0
e | LLLLO,0 + B, +E, | 00,0018 +E,+X E, +E, 0
+E
Ly | LLL1,0,a +E +E, | 000,018 +E, +\E, 0
FAE, AR,
L5,201,201 L,1,1,0,0,0 + E32 + E65 0,0,0,1,1,1 + E31 + E64 0
L | 00,0111 + B, +E, | 000111 +B, +E, 0
L5,102,201 1; 17 17 07 O, 0+ E23 + E65 0, 0, O, 1, 1,1 + E13 + E(54 0
Losoree | 1L1,1,0,0,0 +E, +E | 000111 +E +E, 0
Loy | 111,000 +E,+E, | 00,0111 +E, 0
+E65 +)‘1 E54 + E65 + )\2E64
saean | L1,1,0,0,0 + E23 0,0,0,1,1,1 + E13 0
+E, +E,
" . +)‘1 E54 + EGS + )\2E64
Ly | 11,1,0,0,0 +E, 0,0,0,LL1 +\E, +\E,, 0
+E, + E,, +E +NE, + AN E, +E. +\E,
5,111,201 1,1,1,0,0,0 + E21 0,0,0,1,1,1 + )\1E21 0
+E32 + E65 +’\1E32 + /\2E31 + E64
L5,111,102 ]‘7 17 17 0’ O? O + E21 ()7 07 07 ]—7 17 1 + >\1E21 O
+E32 + E56 +)‘1E32 + )‘2E31 + E4G
szm L,1,1,0,0,0 + E32 + E65 0,0,0,1,0,0 + E31 + >\E65 on, + pun,
L10,102 17 17 17 Oa 07 0+ E23 + E56 07 O, O, 1, 0, 0 + E113 + AE%, an, + nng
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3.2.Thecase K=R

All of the above cases also occur for K = R, but further ones also exist. From
Theorem 2 (Ndogmo & Winternitz, 1994), we have partition

b=mnr+r
. q .
B r2ry 21 —_— B 2T b gts =0
2q g
p s

ot 424244247 T At

p+q+l p+q+2 ptq+s

with p>1 ¢>1 p+2¢>2 s>0.
The above condition is equivalentto 1< p <4, 1<¢<2 5>0.

In order to obtain all real solvable Lie algebras of the considered type, we must consider
all partitions of » = 6 as above. We have the following partition table

Table 4. Partition of » =6 over R

Case A +2q (ST o P (RPN p q s
— " 1 1 0
2 3+1 +2 2 L 0
s ) 1 1 1 1
R ) 2 1 0
— i 5 1 1 1
6 2+1+1 +2 3 1 0
7 241 42 +1 2 1 1
RE +2 141 1 2 | 2
9 1+1+1+41 +2 4 2 0
10 | 1+1+1 +2 +1 3 1 | 1
11 [ 1+1 12 +1+1 2 1 | 2
12 |1 +2 F1+1+1 1 L 3
13 |1 1242 L | 2 | 0
14 [1+1 242 - -
15 |1 1242 | 41 1 2 | 1

The process of finding the structure constants is similar to that over C. Next, we will
classify the two structure matrices in the case 1 (others are conducted similarly). From
Theorem 2 (Ndogmo & Winternitz, 1994), we have the original forms of the structure matrices:

1 0
a, 1 a, 0
Ao b ¢ 1 B b, ¢, 0
d e f 1 ’ d, e f 0
« 6 1
« -1 p

According to Theorem 1 (Ndogmo & Winternitz, 1994), we have
[A,B]:AB—BA: 0,

which yields the following conditions of the coefficients in the matrices:
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ca, —c,a =0
flCQ - fQCl =0
ea, + fb, —e,a — fb, = 0.
Next, we will classify the two structure matrices. To simplify the coefficients, we have
possibilities of Kravchuk signatures (Ndogmo & Winternitz, 1994) that can occur.

Table 5. The Kravchuk signatures of case 1 over R in Table 5

Kravchuk signatures Conditions
" a,=b =c, =0,k=12
i c,=e =f =0k=12
1202 a, = fA =0,k=12
2 a, =a, = 0
1,112 _ _
L F=f=0
e ¢ =c¢ = 0

Now, we will consider the first Kravchuk signature in Table 5, the remaining Kravchuk
signatures are done similarly.

(301) a, =b, = ¢, = 0,k =1,2. In this case, we have

To destroy or normalize off-diagonal elements of A and B, we choose

1 1
| af—df IS
i 6_1 1 ezfl_elfz 62]01_61]2
R=1 1 b= ! /
1 1
1 1
1 1
1
e,f —el,
A
P, = f
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Transformation P, F,, P,, will transform A and B into

1
1
1
BB EBART R R = |
(8%
(6%
0
0
P P PBP' P ' P'= 0
3 2 1 1 2 3 1 O
6 1
—1 ﬂ

It creates the following Lie algebras:

A=1LLLa,a)+ E,
L*: 1B =1(0,0,0,0,3,8)+E, +E, - E,
[x, y] = 0.

The other cases can be done similarly to obtain a classification of 8-dimensional real
solvable Lie algebras having 6-dimensional abelian nilradicals.

Next, we use Maple to examine the decomposability of the Lie algebras and the
isomorphism between them. Table 7 below presents a complete classification of all
indecomposable Lie algebras up to isomorphism.

Table 6. Classification of all 8-dimensional real solvable Lie algebras with

6-dimensional abelian nilradical R.

I Matrix A Matrix B [‘Ta y]
801 (1’ L1,1,q, a) + E43 (0, 0,0,0,0, ﬂ) + E42 + E56 - E65 0
LL103 (17 17 17 17 Q, a) + E’34 (0, 0, 0, 07 ﬁa /8) + E24 + E56 - E<35 0
1;15211 (1’ 17 17 1’ Oé, Oé) _|_ E43 (07 0, 07 07 /87 5) + E42 + E56 O
—-E. +kE,+E,)

E’llQ (17 ]-7 ]-7 17 a, a) + E34 (07 0’ O’ 07 187 ﬁ) + E24 + E65 0
~E +k(E,+E,,)

i (1’ 1,11, e, (14) + E31 (O, 0,0,0, /67 ﬁ) + E42 + E55 0
_Ese + k1E21 + kQEBl + k3 43

By combining the results from Tables 3 and 6, we obtain the following theorem.
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Theorem 3.3. The class of 8-dimensional solvable Lie algebras having 6-dimensional
abelian nilradicals consists of 33 families of complex Lie algebras and 38 families of real ones.
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