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Abstract

Nodal-line semimetals (NLSMs) have attracted significant attention due to their
unique electronic properties arising from one-dimensional band degeneracies in momentum
space. This study, we investigate the electronic states of NLSMs under the influence of a
uniform external magnetic field. By formulating and solving the Schrédinger equation, we
derive the wave functions and energy spectra of the system, taking into account the spin-
orbit coupling effect and symmetry considerations. Numerical methods are employed to
analyze the energy dispersion and spatial distribution of electronic states under varying
magnetic field strengths. The results reveal the evolution of localized states, spin splitting,
and magneto-dependent conductivity, offering insights into magneto-optical and transport
behaviors. These findings provide a theoretical foundation for future studies on the optical

properties of NLSMs in the presence of a magnetic field.
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Tém tit
Ban kim logi diong mit (NLSM) da thu hit dwoc sy chii y déng ké do cdc tinh chdt
dién tw doc dao cua chung phat sinh tir sy xuat hién duwong nut mot chiéu trong khong gian
xung luong. Trong nghién ciru nay, ching toi nghién ciu cdc trang thai dién tir cua NLSM
dudi anh huwong cia mot tir truong ngoai dong nhat. Bang cach xdy dung va giai phwong
trinh Schrodinger, ching t6i suy ra cac ham séng va phé nang luong cua hé, co tinh dén
hiéu ving lién két spin-quy dao va tinh doi ximg. Cdc phuong phdp so dwoc sir dung dé phan
tich sw phan tin nang luong va phdn bo khong gian cua cac trang thai dién tir duoi cac
cwong do tir truong khdc nhau. Két qud cho thdy s tién héa cua cdc trang thadi cuc bg, sw
phan tach spin va mdt do dong phu thugc vdo tir truong, cung cap théng tin chi tiét vé cdc

hanh vi quang-tir va van chuyen Nhitng phat hién nay cung cap nén tang Iy thuyét cho cdc
nghién ciru trong twong lai vé cdc tinh chdt quang ciia NLSM trong tir truong.

Tiwr khoa: Hé dirong nut ban kim loai, Murc Landau, Phwong trinh Schrédinger.
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1. Introduction

With the rapid advancement of science and technology, numerous advanced materials
have been developed to replace traditional ones (Le et al., 2022; Phuc, 2023; Phuc et al.,
2015). Among these, nodal-line semimetals (NLSMs) have emerged as promising
candidates. NLSMs are a unique class of materials characterized by one-dimensional band
crossings in their electronic structures. Unlike nodal-point semimetals, where band
degeneracies occur at discrete points, NLSMs exhibit band degeneracies along continuous
momentum-space lines (Yang et al., 2022). The term NLSM highlights the crucial role of
these nodal lines in shaping the electronic and topological properties of the material
(Buccheri et al., 2024). The band structure of NLSMs is governed by various crystal
symmetries, which can enforce symmetry-protected band degeneracies. NLSMs possess
distinctive electronic properties, such as non-linear electric polarization, which are absent in
nodal-point semimetals (Buccheri et al., 2024). Their well-defined nodal lines result in
unique features in the local density of states (LDOS), which can be explored using methods
like single-particle Green’s function calculations (Medeiros-Silva et al., 2025). Moreover,
the electronic behavior of NLSMs can transition to that of nodal-point semimetals depending
on conditions such as magnetization direction or interaction strength.

The presence of interface states further contributes to the unique electronic properties
of NLSMs. These states arise at the junctions of different materials, for example, between a
half-Heusler semiconductor and a semiconductor with non-localized states, where
substitutional element concentrations may vary across multiple layers. Interface engineering
can reveal additional states, known as dispersive drumhead states, which exist at finite
energies but they are not protected by topological invariants. These states are analogous to
Volkov-Pankratov states found in graphene and topological insulators, offering deeper
insights into the system’s electronic structure (Luo et al., 2025). When an external magnetic
field is applied, the electronic states of NLSMs undergo significant modifications. The
energy spectrum displays distinctive features that depend on the magnetic field strength,
allowing for the classification of localized states. The coupling between the magnetic field
and electron spin introduces a Zeeman term, breaking time-reversal symmetry and lifting
spin degeneracy. At low temperatures, the lowest spin-polarized state dominates, while
higher spin states become populated as temperature increases. The energy levels' dependence
on magnetic field strength is essential for understanding electron dynamics in NLSMs. In the
ground state, electrical conductivity typically increases with magnetic field strength due to
the suppression of electron spin-flip scattering, which enhances overall electron mobility
(Liu et al., 2019). Additionally, the presence of a fixed magnetic field, such as 14 T, modifies
the magnetoresistance (MR), with temperature playing a critical role in determining the MR
magnitude under different conditions (Osada et al., 2022).

In this paper, we present a detailed analysis of the electronic states of NLSMs in the
presence of a uniform magnetic field, including their wave functions and energy spectra. We
outline the method used to derive these states and apply numerical techniques to visualize
and analyze the results. The influence of varying external magnetic fields on the wave
function and energy is also explored. These findings provide a foundational basis for further
investigations into other important properties of NLSMs, such as magneto-optical absorption
and electronic transport behaviors.

2. Model of the system

We consider a three dimensional system of NLSM whose Hamiltonian is given as
follows (Chang & Ma, 2024):
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H=hv k.o ,+MKk:—k*)o,, (1

where 7v, =0.5eV-nm is the Fermi energy, k = (k,,k,.k.) is the wave vector, o and o,

are the Pauli matrices, M =5eV-nm’and k, =03 nm™' are the parameters of the NLSM.

Physically, the parameter M governs the band curvature and determines the effective mass of
charge carriers near the nodal line. At the same time, k sets the radius of the nodal loop in
momentum space in the absence of spin-orbit coupling. Both M and k, are material-
dependent parameters that reflect the microscopic band structure of specific nodal-line
semimetals. Their values can be obtained from first-principles calculations or fitting to
experimental data. Incorporating a mass term A, primarily arising from spin-orbit coupling
(SOC) (Zhang et al., 2019), into the Hamiltonian (1), we arrive at Eq. (2). It is important to
note that while SOC is the dominant mechanism considered here, other symmetry-breaking
perturbations-such as structural distortions or external electric fields-could also contribute to
the mass term in realistic materials.

H=hv k.o, +| M(k; - k) +7.A o, )
where 7_ =+1 is the spin index. Substituting the expressions of the Pauli matrices into Eq.
(2), we get

M2 -k +7.A hv.k
H _ ( 0 ) z FﬁZ , (3)
hv, k. ~M(k; —k*)—1.A

The corresponding energy spectrum is the eigenvalue of the Hamiltonian operator (3), which
is calculated as follows

- 2
E, :i\/(thkz )+ Mk -k +.AT, 4)
where the sign + corresponds to the conduction band and valence band of the NLSM. At the
intersection of energy bands, i.e., k, =0, the equation (4) becomes

: (5)

B, oo =%|MIG +z.0-M (K] + k)

The results obtained in Eq. (5) show that the conduction band and the valence band touch
each other at £, = F =0, when the following condition is satisfied

M (k] + k)= Mk; +7.A. (6)
This condition describes a circle in the plane (k,,k ) of momentum space with radius

R=\k; +7,A/M. So the nodal line in this case is a circle. In this study, the model

Hamiltonian assumes isotropic dispersion in the kx-ky plane, resulting in a circular nodal
line. Consequently, the electronic properties are effectively isotropic in the absence of an
external magnetic field. However, in realistic materials, the anisotropy of the band structure-
arising from lower crystal symmetries-can lead to direction-dependent behaviors. Such
effects are not considered in this simplified model but are of interest for future
investigations.
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3. Modify the electronic states of the nodal line semimetal by a magnetic
field

We now turn our attention to the electronic states of the NLSM under a uniform
magnetic field. Applying a magnetic field B =(0,0,B) to the z-direction of the NLSM. The

corresponding vector potential is chosen as A= (0, Bx,0). Using the Peierls transformation,

the wave vector & in Eq. (3) is replaced by

- eBx X

k:[kx,kﬁ?,kzj:(kx,ky+a—3,k2j, (7)
where @ =(h/eB)"” is the magnetic length. Using the wave function (Wang et al., 2017)

¥ =|n.y)=|z,) @y () @y (1) ®|w(2), ®)

ik,y O 1 . .
where w(y)=e B IL,, n1=12, and y, = [J, X = (Oj Then the Schrodinger equation
HY = EY gives us the following equation for the x-direction

Mgy (x)+M {—61 + (ky + %J }V(X) = E,p(x), 9)
(04

c

where we have denoted M ,fg =M- k(f +7,A. The equation (9) is rewritten as follows

O (&) +(A-& W (&) =0, (10)

where &=(x—x,)/a,, with x,=—a’k,, and 1=(a, / M)(E, +M;?). The solution of the

V
Eq. (10) is a harmonic function, that is

v, (§)=N,e* "H, (&), (11)
where N, is the normalization constant, n=0,1,2,..., is the Landau level (LL) index, and
H (&) is the nth-order Hermite polynomial. The corresponding energy is found from the
condition 2n+1= A, which leads to

Elzz_M(m%j—M;;. (12)

a2

c

Similarly, the wave function and energy in the z-direction are

f2 . L
z)= |—sin| k. | z+—= ||, n.=0,1,2,...
l//"z( ) Lz |: z( 2j:| ’

E =Mk, k =22
L

z

(13)

Thus, the total energy spectrum of the NLSM system is
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2
T, 2 T, M
Ey" =p\/(thkz) J{Mko— —Mkf—a—?(2n+1)} , (14)

&

where p = %1 is for the conduction and valence bands.
4. Numerical results and discussion

We now present our numerical results on the wave function and energy spectrum of
the NLSM.

In Fig. 1, we present the LL energy spectrum described by Eq. (14) for two different
values of the SOC strength with periodic boundary condition. Positive energy levels
correspond to the conduction band, while negative levels correspond to the valence band. As
shown in Fig. 1(a), when A=0, the spectra associated with 7. =+1 and 7 =-1 are
identical, resulting in each LL being doubly degenerate. Furthermore, in this gapless case,
the conduction and valence bands do not intersect, implying a finite bandgap in the energy
spectrum.

Figure 1. The dependence of the energy spectrum on the &_ for two values of SOC strength
at B=5T, (a) for A=0, and (b) for A=0.2 eV.

Under Eq. (12), the conduction and valence band LLs can only touch when the energy
E =0, which corresponds to a specific magnetic field

2
BB - h(Mk; +17_A)

" Qn+DeM (1)

Using the model parameters of the NLSM defined below Eq. (1), we find that the
magnetic field values satisfying the condition (15) are B;' =5.39 T,and B;' =4.56 T. Since

these critical values deviate significantly from the field applied in Fig. 1(a) (B=5T), the
energy gap remains open, and no LL crossing is observed in this case.

Figure 1(b) illustrates the energy spectrum for A=0.2 eV. In contrast to the case of
A=0,the LLs associated with 7 =+1 are now clearly split due to SOC. Notably, at
B=5.04T, the condition B=B;' from Eq. (15) is satisfied, leading to a band-touching

point between the conduction and valence bands. This results in the closure of the bandgap,
as clearly visible in the figure, highlighting the critical role of SOC and magnetic field in
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controlling the topological band structure of NLSM systems, offering potential for bandgap
engineering through external tuning.

Figure 2 illustrates the dependence of the LL energy spectrum of the NLSM on the
magnetic field B for two distinct values of the SOC strength A. The LLs are labeled in
ascending order according to the LL index n. In the case of A=0 [Fig. 2(a)], the magnetic

field values that satisfy the band-touching condition given by Eq. (15) are By =59.31T,
B =19.77T, By =11.86 T, B;- =8.47 T, and so on. Notably, B;* is beyond the field
range considered in Fig. 1(a). These results confirm the inverse relationship between B and
the LL index », as expressed in Eq. (15).

T V3 LI B T
1.0f " Conduction band ?_,,f"/ ]
[ _,f;_.f’ ':,/ / o -
// //'/ ""’/ T
0.5 // _‘\,‘____,r"' ’r___,.-’ 1
; /’:j\;lizﬁ/} .f;rl-.—:j\ﬁf =
2 g (o))
[y 0.01 ~ = ”‘f —
o I )
o
[

[ A=0 ' Valenceband
5 10 15 20 25 30
B(T)

Figure 2. The dependence of the energy spectrum on the magnetic field for two values
of SOC strength at n_ =0, (a) for A=0, and (b) for A=0.2 V.

For A=0.2 eV [Fig. 2(b)], the LLs corresponding to 7, =1 are fully split due to the
SOC, as previously discussed in Fig. 1(b). The magnetic field values at which the conduction
and valence bands touch, as per Eq. (15), are found to be as follows for 7 =+1:

B'=85.67T, B"'=2856T, B;'=17.13T, B'=12.24T,... and as follows for 7, =—1:
B,'=3295T, B'=1098T, and B,' =6.59 T,... These values again confirm the inverse
scaling of B> with », and demonstrate how the presence of SOC modifies the magnetic
field dependence of LL crossings.

These observations highlight the substantial effect of SOC on the LL energy spectrum
of NLSMs. As the LL structure dictates optical transitions, the SOC-induced modifications
are expected to have a significant impact on the material’s magneto-optical response, such as
optical absorption. We will continue to study and report these results in future works.

Figure 3 presents the (a) component wavefunctions and (b) corresponding probability
current densities for several of the lowest Landau levels (LLs) in the nodal-line semimetal
(NLSM) system. As shown in Fig. 3(a), the spatial profiles of the wavefunctions exhibit the
well-known features of quantum harmonic oscillator eigenstates, with an increasing number
of nodes corresponding to higher LL indices. This structure reflects the quantization imposed
by the magnetic field in the transverse direction. Correspondingly, Fig. 3(b) displays the
probability current densities J, (&), which also follow patterns characteristic of harmonic

oscillator modes. These currents demonstrate oscillatory behavior and are localized in real
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space, consistent with the magnetic confinement of charge carriers. The profiles of both the
wavefunctions and current densities confirm the harmonic oscillator nature of the LL
quantization in this system and provide insight into the spatial dynamics that underlie the
optical transition matrix elements discussed in future works.
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Figure 3. (a) The component wave function , (&) and (b) the corresponding probability
current density J (&) for some first LLs.

5. Conclusion

In this study, we have presented a comprehensive analysis of the electronic states in
NLSM subjected to a uniform magnetic field. By deriving the wave function and energy
spectrum through analytical and numerical methods, we identified key features such as spin
degeneracy lifting, SOC-induced spectral shifts. The study also highlights the emergence of
interface-induced states and their behavior under external field modulation. Our results not
only deepen the understanding of the magnetic response in NLSMs but also lay the
groundwork for further exploration of their magneto-optical and transport properties.
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