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Tom tat

Trong badi viét nay, ching t6i trieée tién gidi thiéu ham Lambert W va mt s6 tinh chat ciia né.
Sau do, chiing t6i sé thiét lap quy trinh dé tinh todn hodc xdp xi gia tri ciia ham Lambert W tai mot
diém. Bén canh do, chiing t6i trinh bay mot s6 dp dung ciia ham Lambert W trong viéc xdy dung va
gidi quyét mot s6 bai todn trong todn hoc phé thong nh gidi cde phwrong trinh mii va tim gidi han déy
s6. Cudi cing, chiing t6i sé dua ra cdc bai toan minh hoa cho cdc néi dung trén.
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Abstract

This paper first introduces the Lambert W function and discuss some of its fundamental
properties. Next, it establishes a process for computing or approximating the value of the
Lambert W function at a given point. Furthermore, it presents several applications of the
Lambert W function in constructing and solving problems in elementary mathematics,
including solving exponential equations and determining the limits of sequences. Finally, a
collection of illustrative problems are provided to demonstrate these applications.
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1. Gidi thiéu

Ham Lambert W, con dugc goi la ham Omega hoac Logarit tich (Lehtonen, 2016), 1a
mot ham da tri dugc xac dinh nhu 1a cac nhanh ctia hé thirc nghich dao ctia ham f(W) =
We", trong &6 W 14 s6 phirc bat ky va " 1a ham mil. Ham nay duoc dit theo tén ctia Johann
Lambert, ngudi da nghién ctru mot bai toan li€n quan vao ndm 1758. Dya trén cong trinh cta
Lambert (Lambert, 1758), Leonhard Euler da tiép tuc nghién ctru va céng bd mot bai bao
(Euler, 1783), trong d6 dng phan tich mot trudng hop dic biét lién quan dén biéu thirc WeW
Cong trinh ctia Euler khong chi 1am sang to thém nhiing tinh chét quan trong ctia biéu thirc
nay, ma con goép phan dit nén mong cho sy phat trién 1y thuyét v& ham Lambert W trong toan
hoc hién dai. Sau do, Corless va cs (1996) da trinh bay lai dinh nghia ham Lambert W 1a ham
nghich dao da gia tri cua ham We", bén canh d6 cac tac gia cling trinh bay mt quy trinh tinh
todn hiéu qua cho ham s6 va mot phuong phap cho viée tich hop biéu twong ciia cc biéu thirc
chtra W. Tiép d6, Beardon (2021) da tap trung vao nghién ciru nhanh chinh Wy (x) cta ham
Lambert W va stir dung cua chudi Taylor cta tai mot diém nhat dinh dé c¢6 duoc biéu dién chudi
v6 han ctia W, (x) trong toan b dinh nghia. Bén canh dé, Iacono va Boyd (2017) ciing dé cap
dén viéc ham Lambert W c¢6 nhiéu ung dung trong cac linh vyc khoa hoc khac. lacono va
Boyd (2017) da gitp chinh xac héa hon cho viéc tinh toan gia tri ctia nhanh c6 gia tri thuc
chinh ctia ham Lambert W. M6t nghién ciru ciia Hoorfar va Hassani (2008) con chi ra rang bat
dédng thirc sau dung véi x > e:

In(x) — In(In(x)) + 28 < () < In(x) — In(In(x)) + -, 20D

2In(x) — e—1" 2In(x) °

Hon thé Mez6 (2022) da cho ra mat mot quyén sach thé hién gan nhu chi tiét mot sé
kién thirc co ban va mét sé tmg dung ctia ham Lambert W trong cac linh vire khoa hoc khéc.
O Viét Nam, mot s cong trinh nghién ctru da dugc thyc hién dé giai quyét cac van dé cu thé
thong qua ham Lambert W, chang han nhu Hoang va Nguyén (2023) da su dyng ham Lambert
W & giai cac dang phuong trinh, hé phuong trinh vi phén c6 tré. Mot trong nhitng dong luc
ctia nghién ctru ndy xuét phat tir viéc giai mot sé phuong trinh mii c6 dang dic biét, ching han
nhu phuong trinh:

24% = 9. 1)

Déi véi phuong trinh (1), cac phuong phap giai thong thuong gép nhiéu khé khin hay
tham chi la khong thé ap dung. Tuy nhién, phuong trinh (1) c6 thé dugc giai mot cach don
gian néu ap dung mot sb tinh chat ciia ham Lambert W (xem Muc 3. 1). Bén canh viéc giai cac
phuong trinh mii ¢6 dang (1), ham Lambert W ¢6 thé dugc ap dung de giai mot s6 bai toan mil
dang phtrc tap hon. Cac ky thuét giai nay da duoc trinh bay & mot s tai liéu, chang han nhu
trong (Phan, 2020). Tuy nhién, cac két qua nay chua duogc trinh bay mat cach hé théng. Hon
nita, mot cau hoi dugc dat ra 1a: “ngoai dp dung vao viéc giai cac bai toan phwong trinh mii,
ham Lambert W con cé thé dp dung dé giai cac dang todn phé théng nao khdc khéng?”.

Trong bai viét nay, chung toi s& thé thong cac ap dung ctia ham Lambert W vao viéc
gidi cac bai toan phuong trinh mii. Bén canh do, ching t6i ciing dé xuat ap dung ctia ham
Lambert W vao viéc xay dung, dé xuit cac bai toan vé chimg minh su hoi tu va tim giéi han
cta déy sb. Viéc ap dung ham Lambert W vao cac bai toan ndi trén 1a chu d& dang dugc quan
tam trong viéc boi dudng hoc sinh gioi toan ciing nhu boi dudng sinh vién, hoc sinh tham gia
cac ky thi Olympic Toan hoc sinh vién, hoc sinh.

2. Mt s6 tinh chét co ban ciia hAm Lambert W

2.1. Mt s6 nhanh co ban ciia ciia hAm Lambert W
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Theo cac khoang xac dinh khac nhau, ham Lambert W nhén nhiing gia tri khac nhau,
thdm chi la gia tri phire. Tuy nhi€n ¢6 hai nhanh nhén gia tri thyc co ban nhan duge nhiéu sy
quan tdm va cd nhitng 4p dung quan trong trong toan hoc phod thong d6 1a cac nhanh W, va

W_,. Trong toan bd bai viét nay, chung ta chi khao sat ham Lambert W trén [_71, +oo). Trén
khoang nay, ham Lambert W chia thanh hai nhanh khac nhau. Nhanh W, xac dinh trén
[‘71 +oo) nhan T = [—1; +00) lam tap gid tri, trong khi nhanh W_, xac dinh trén [‘71 0) nhan
T = (—o,—1] lam tap gia tri.

D6 thi nhanh chinh Wo(x) D6 thi nhanh phy W_1(x)

g— -2
1
-3
0
-1 -4
-2 0 1 2 3 2 5 S 035 -030 —025 020 —015 010 —0.05 000
X X
— Wolx) — Woi{x)
- x= -2 e x=-2
Hinh 1. D6 thi nhanh W Hinh 2. D6 thi nhanh W_,

2.2. Pao ham ciua ham Lambert W
Xuét phat tir tinh chat cia ham Lambert W

W(x).eW® = x. (2.2.1)
Lay dao ham hai vé cta (2.2.1) ta duoc:

W' (x)eW® + W)W ' (x)e"™ =1
1
eW® + W (x)eW®)
1
(W (x) + 1)eW®

o W)=

o W) =

w(x)

(= W,(X) = m

(2.2.2)

Tir (2.2.2), ta thiy rang cong thirc dao ham ciia ham Lambert W tai 1 diém s& x4c dinh
khi:

-1
Do d6, dao ham ctia ham Lambert W tai mot diém dugce tinh theo cong thirc sau:
W(x) -1
_— X > —_—
x(l + W(x)) e
2.3. Tich phan cia ham Lambert W

W(x) =
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Véimoia, b € (‘?1 +oo), tich phan tir @ dén b ciia ham Lambert W duoc xéc dinh nhu
sau:
bitx = tet = dx = (t + 1)etdt, khi d6:

b w(b) w(b)
f W (x)dx :f W(tet)(t + 1)etdt :f t(t + 1etdt
a

w(a) w(a)

w(b)
= t(t + De’lyy ) —f (2t + Detdt
w(a)

w(b)
= t(t + el ) — (2t + et |y + 2 fw( ) etdt
a

= t(t + el ) — (2t + ety ) + 2et1, )

=bW(b)—b+e"® —aW(a) + a— eV @,

Do @6, tich phan cua ham Lambert W tai mot diém duoc tinh theo cong thirc sau:
b
f W(x)dx = bW(b) —b+e"® —aW(a) + a — e" @,
a

3. Ap dung vio toan phd thong
3.1. Giai mot s6 dang dic biét ciia phwong trinh mii
3.1.1. Cach gidi phwong trinh mii dang:
a*+bx=c (A #a>0b=+0). (3.1.1)
Quy trinh giai bai toan (3.1.1) duoc trinh bay nhu sau:
Vi b # 0 nén chia 2 vé ctia phwong trinh (3.1.1) cho b, ta dugc

a* c
B HX=5

Ta st dung cac phép bién doi twong duong dé tim nghiém cta phuong trinh trén nhu
sau:

aX c exlna c

b0 b Th

o (%_x)e—xlna —

S| =

¢ —xlna <lna
= (E—x)e eb =

= (%—x) Ina = W(%e%lnalna)
c W(%e%maln a)
E h Ina

5

o X =
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Do ham Lambert W gém 2 nhanh nhén gia tri thuc Wyva W_; nén ta xét 3 truong hop
sau:

Truomg hop 1: 5™ “Ina € [=5;0) thi (3.1.1) c6 2 nghi¢m Ian luot 1a

1 SIna
c Wyl eb Ina
b -
XxX=—————>=hoacx =

1 £1na
W_q Eeb Ina
b Ina ’

S| o

Ina

c
~Ina

Truong hop 2: %eb Ina > 0 thi (3.1.1) c6 1 nghiém duy nhat 1a :

c Wo(%e%m %In a)
X=————">"
b Ina

Truong hop 3: %ezlna Ina < %1 thi (3.1) v6 nghiém.
Vi du 1: Giai phuong trinh

4* + x = 0. (3.1.2)

Loi gidi.

Ta théy (3.1.2)codanga* + bx =cvéia=4,b=1,c=0.

Bing tinh toan truc tiép ta co %eElna Ina = %eo In4 = In4 > 0 nén theo trudng hop
2 clia quy trinh giai phwong trinh (3.1.1) ta ¢6 phwong trinh (3.1.2) c6 nghiém duy nhat Ia

Wo(n4) _ we(e!"?In2)  In2 1

In4 In4 In4 2°

x =
Vi du 2: Giai phuong trinh
2¥ +x =5. (3.1.3)
Loi gidi.
Ta thay (3.1.3) co dang a* + bx = cvéia =2,b = 1,c = 5.
Bing tinh toan truc tiép ta c6 %egln “Ina = e>"2In2 > 0 nén theo trudng hop 2 cua
quy trinh giai phuong trinh (3.1.1) ta c6 phuong trinh (3.1.3) c6 nghi€ém duy nhat la:

Wo(e®"21n2)

x=5-
In2
3.1.2. Cach giai phwong trinh mil dang:
a*=bx" (1 #a>0,b=+0,neN). (3.1.4)

Quy trinh gidi phuong trinh (3.1.4) dugc trinh bay nhu sau:

+ Véi n 1¢, bang cac phép bién doi twong dwong ta tim nghiém ctia phwong trinh (3.1.4) nhu
sau:

xIlna xlna

x n — n xlna -
an=Vbxeoen =Vbxo-teTn =—20pw,

Diéu nay tuong dwong véi

nw( 2%
iy (Cnay o )
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Do ham Lambert W gém 2 nhanh nhan gia tri thyc W, va W_, nén ta xét 3 truong hop sau:

Truong hop 1: ——b E [— 0) thi (3.1.4) c¢6 2 nghiém lan luot 1a :
< Ina —> ( Ina _—1>

TlWO —_b n TlW_1 —Tb n
X=——— hodc x = B e—

_1 ,
Truong hop 2: — lnTa bn >0 thi (3.1.4) c6 1 nghiém duy nhat la:
Ina, =%
TlW0<—Tb n)
=TT e
. Ina , % -1 R n A
Truong hop 3: — Tb n<— thi (3.1.4) vo nghiém.

+ V6i n chan, b > 0, bang cac phép bién ddi twong duong ta tim nghiém cta phuong trinh
(3.1.4) nhu sau:

an = Vb|x|. (3.1.4a)
Néu x > 0 thi tir phuong trinh trén ta co:
xlna xlna 1
an—\/_x@en %x@—xl:ae_Tz—lnTabn.
Diéu nay tuong dwong véi:
Ina, —
nwi ——b
xlna _ Ina _ ( >
T n _W(_ bn )@x__ Ina ’
Do ham Lambert W gdm 2 nhanh nhén gié tri thuc W, va W_, nén ta xét 3 truong hop
sau:
\ Ina , =2 _ -1 . . A 1A \
Truong hop 1: — Tb n € [—; O) thi (3.1.4) c6 2 nghiém lan luot 14 :
nW(,(—ln—abT) nW_1<—lnTab_Tl>
X =—————=%hodcx = ————=.
Ina Ina
w lnab_T1
Ina \ , ca £, 1x o\ ™
Truong hop 2: — —b n > 0 thi (3.1.4) ¢6 1 nghiém duy nhat la: x = — —
Truong hop 3: — % b < = thi (3.1.4) vo nghi¢m.
Néu x < 0 thi tir (3.1.4a) ta co
x xIlna xlna _xlna Ina -1
aﬁ:—\/_x@en :—\/_x<=>— n =— ?
n
Diéu nay tuong dwong véi
Ina b
xlna Ina -1 nWw "
- =W(—bn)<:>x=——.
n n Ina
Do ham Lambert W gém 2 nhanh nhan gia tri thuc W, va W_; nén ta xét 3 truong hop
sau:
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\ Ina, =t -1 . . A A .
Truong hop I:Tbn € [?;0) thi (3.1.4) c6 2 nghiém lan lugt 1a :

1
nw, <lr:1ab_> nw_ (m—ab7>

X =—————= hodcx =
Ina Ina
-1
Ina A "o <lnTabT>

Truong hop 2: —b n > 0 thi (3.1.4) c6 1 nghiém duy nhat la: x = — — e

Truong hop 3: %b? < = thi (3.1.4) v nghiém.
+Véin chan, b < 0, thi (3.1.4) vo nghiém.
Vi du 3: Giai phuong trinh

2% = x2, (3.1.5)

Loi gidi.

Ta thiy phuong trinh (3.1.5) c¢6 dang a®* = bx™ v6i a = 2,b = 1,n = 2. Ta xét hai
truong hop sau:

Trudng hop x > 0. Bing tinh toan truc tiép ta c6:

e Iy = 0).
2 e
Do d6 theo truong hop 1 quy trinh giai phuong trinh (3.1.4) ta duoc nghiém cua (3.1.5) lan

luot la:

1
In In, 1) In
o _ZWO(—TZ) _ _2W°<e 2ing _zn2 _, hodic x = _2W—1(—72) _2In4 _
In2 In2 In2 In2 In2
S . -1
Truong hop x < 0. Bang tinh toan tryc tiép ta co: lnTa bn = ln—z > 0. Theo truong hop
In 2
. 2Wo (=2
2 quy trinh giai phuong trinh (3.1.4) ta dugc nghiém duy nhat cia (3.1.5) lax = — #
. ‘ N ’ . . 20, (ln 2)
Vay phuong trinh da cho ¢6 3 nghiém la x = 0y 0 X= 2,x = 4.
Vi du 4: Giai phuong trinh
3% = 2x5. (3.1.6)

Loi gidi.

Ta thay phuong trinh (3.1.6) ¢6 dang a* = bx™ véia = 3,b = 2,n = 3. Vin 1¢, bang
tinh toan tryc tiép ta co —lnTab_Tl = - \F In3 [— O) Do d6 theo truong hop 1 cua quy
trinh giai phuong trinh (3.1.4) ta dugc nghiém cia (3.1.6) 1an lugt la:

x =—————= hoicx = —

Tir quy trinh giai phuong trinh (3.1.1) va (3.1.4) chung téi rat ra duoc bang tom tit sau
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Bang 1. Bang tém tit quy trinh gidi 2 dang phwong trinh (3.1.1) va (3.1.4)

a*+bx=c(3.11

a* = bx™ (3.1.4)

Buoc 1 | Xac dinh a, b, c Xac dinh a, b, n
Buéc 2 | Tinh + voinlé hoac n chan, b > 0,x > 0 tinh
T =Lebimay T na,
=—e na =——5pn
b ! n
- I~ , Ina, =%
+véinchan,b > 0,x < 0tinh T, = Tbn
+nchin, b < 0 (3.1.4) vd nghiém
Budce 3 1 . 1 .
t—-< T < 0thi(3.1.1) c6 2 nghiém | + . T;, T, < 0 thi (3.1.4) c6 2 nghiém
¢ _Wo@ _nWo(T)
b Ina Ina
hoac hoac
e W AN
b Ina Ina
+T > 0 thi (3.1.1) c6 nghiém duy nhat | Hay
c Wy (T) _ nWy(T3)
b Ina Ina
hoac
+T < == thi (3.1.1) vo nghiém. _nW_(T3)
Ina
+T,,T, = 0 thi (3.1.4) c6 nghiém duy nhit
_nWO(Tl)
Ina
Hay
_nWO(TZ)
Ina

+ T3, Ty < —= thi (3.1.4) v6 nghiém,

Bing nhing quy trinh giai hai dang phuong trinh mti (3.1.1) va (3.1.4) da trinh bay ¢
trén ching t6i dé xuat thém mot sé phuong trinh twong tw c6 thé ap dung céc quy trinh & trén

vao viéc giai cac phuong trinh do.
3.1.3. Bai todn dé xudt vé phwong trinh mii

Bai 1. Giai phuong trinh 2%

+x=3.(Pépan:x=1)

Bai 2. Giai phuong trinh 2°°+1 + x2 = 5. ( Pap 4n: x = +1)

Bai 3. Giai phuong trinh 4.5% —

w —lnS)

iy e 1= 20l
(Papéan:x =1,x = S

Bai 4. Giai phuong trinh 771

5x%2 —10x = 5.
) |

1,x =—
' X In5

—8x3+12x2—6x+1=0.(DPapan:x =1,x=4)
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3.2. Thiét ké va giai mot s6 bai toan vé day so

Muc nay trinh bay viéc ap dung mot s6 tinh chat cua ham Lambert W vao viée dé xuat
va xay dung mot sO bai toan vé chimg minh sy hoi tu va tim gioi han cua day sO. Y tuong nay,
xuét phat tir quy trinh tinh hodc xap xi gi4 tri ciia ham Lambert W tai mot diém. Trong mot s6
truong hop khac, viée tinh gia tri cua ham Lambert W tai mét diém bét ky théng qua dinh
nghia gip mot s6 kho khin, chang han W (2). Do d6, viéc xap xi gia tri cua ham Lambert W
s€ gitip cho viéc dy doan cac gia tri cua ham Lambert W' tai mot diém dugc dé dang hon. Co
nhiéu thuat toan dé udc luong gia tri cua ham Lambert W tai mot diém nhung trong nghién
clru nay chuing toi s€ tap trung vao phuong phap Newton dé xap xi gid tri cua ham Lambert W
tai mot diém. Tir phuong phap Newton, chung 61 s& dé xuat mot sb bai toan vé chirng minh
sy hoi ty va tim gidi han cua day sO. Trudc tién chiing toi s& nhic lai vé phuong phap Newton
dé xép xi nghiém ciia cac phuong trinh.

3.2.1. Phwong phap Newton

Trong giai tich sd, phuong phap Newton (con dugc goi 1a phuong phap Newton—
Raphson), dat tén theo Isaac Newton va Joseph Raphson, 1a mét phwong phép tim nghiém Xap
xi gan dang ctia mot ham s6 co tham s thyc.

Timx: f(x) =0
Phuong phap Newton—Raphson véi mot bién duge thuc hién nhu sau:

Phuong phap nay bit ddu v6i mot ham f duoc xac dinh qua sb thuc x, voi dao ham f '

, va mot sd gan ding x, ban dau sat voi nghiém cua f. Néu chte nang dap ung cac gia dinh

duoc dua ra trong cong thirc dao ham va s6 dy doan ban dau gan vé6i nghiém s, thi mot phép
xap xi tt hon x; la:

f(x)

f)

vé mat hinh hoc, (xl,o) 1a diém giao gitra truc X va tiép tuyén cua do thi cua f tai (xo, f (xo)).
Qua trinh duoc lap lai voi

x1=x0_

f(xn)

Xn+1 = Xn — 7~
" ")
cho dén khi dat dwoc mot gia tri nghiém véi d6 chinh xéc can thiét.

Thuét toan nay la thudt toan dau tién trong nhom thuat toan cua cac phuong phap
Householder, tlep theo 1a phuong phap Halley. Phuong phap nay ciing c6 thé dugc mo rong
cho cac ham s6 phuc, cac hé phuong trinh va cc phuong trinh tong quat.

Thiét 14p quy trinh wéc lwgng gia tri ham Lambert W tai mét diém tir phwong
phap Newton

Budc 1: xét phuong trinh
xe —a—OaE[— +oo)

fe A 1A , 2 . . A \ -1 - . ” \
Vi diéu kién ctia a d€ phuong trinh ¢6 nghiém thi xe* > - = —1e™ 1. Tac dong ham

Lambert W vao ta duoc x = —1. Mit khac véia = _?1 ta dé dang tinh dugc x = —1. Do vay,

() =W (D)=

10
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Do d6 & cac budc sau chiing toi chi xét diéu kién x > —1va a > _?1
Budc 2: dat f(x) = xe* — a, khi @6 ta co f'(x) = (x + 1)e*, dya vio thuat toan Newton ta
co:
_ fn) _ . _ xpe*n-a
1 = Xn f (xn) n (xp+1)e¥n’
Chon xy = @, @ 1 s6 gan v6i nghiém phuong trinh f(x) = 0.Khi do vigc tinh gia tri
ctia ham Lambert W d6i véi nhanh W, s& quy vé viéc tim gi6i han cua diy sb sau:
xo =a, (a€[-1,+x)),
xpe*n —a
Xp41 = Xp — ——————.
n+1 n (xn + 1)exn
D6i v6i nhanh W_;thi viée tinh gia tri ctia ham Lambert W s& quy vé viéc tinh gidi han
cua day so sau:

Xo =Q, (a € (—oo,—l)),

B Xpe*n —a
¥+l = n (x, + 1)e*n’
Budc 3: ta s& chimg minh (x,,) hdi tu vé W (a). Pat g(x) = x — (x+1)ex Khi d6 ta co
4 (x+1)2e2*—(xe*—a)(x+2)e* _ (xe*—a)(x+2)
g@x)=1 (x+1)2e2x T (x+1)2eX
nghia la
(xe*-a)(x+2) (x+1)%e* _ —ax—2a—e*
(x) —-1= (x+1)2e* (x+1)2eX ~ (x+1)2e* °

Dit h(x) = —ax — 2a — e*. Khi d6 h'(x) = —a— e* <0 (Vx> —1,va > =). Do
d6 h(x) nghich bién trén (—1,). Suyra h(x) < h(-=1) = —a _é < é_é — 0. Do d6

g@ <1 (va>-1va>2) (3.2.1)
_ (xe*—a)(x+2)
T (x+1)2eX

0 véi x>-1, a>— nao do. Khi d6 xe* < a hay xe* < min a—_:.Vixex>_?1

—+oo
e

Mit khac, tacod g (x) — 0 vaix+2>0véix > —1. Giastxe* —a <

véi moi x > —1 nén gi sir bén trén mau thuén .

Do d6 xe* —a > 0,vx > —1,Va > _?1 Suyrag'(x) >0,vVx >—1,Va > _71
(3.2.2)

T (3.2.1) va (3.2.2),taco 0 < g'(x) < 1.

Tiép theo, ta s& chimg minh phuong trinh g(1) = [ c6 mdt nghiém duy nhét. Thét vay,
phuong trinh g(l) = [ tuong duong

lel-a

(I+1)e!

=0oll-a=0olel=a. (3.2.3)

Tac dong ham Lambert W vao hai vé ctia phuong trinh (3.2.3) ta duoc
l=W(a)
11
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Mit khac ta c6 (xe™ — a) = (x + 1)e* > 0 véi x > —1. Do d6 phuong trinh g(1) = [
¢6 nghiém duy nhat 1a [ = W(a). Khi do,

{g(xo) = X1,
g(xXn) = Xp41.

Theo chimgminh ¢ tréntacé 0 < g'(x) < 1 (Vx > —1,Va > _?1) Do d6 tdn taiu, v €
Rsaocho0 <u<vvag(x)< % Quan sat rang

n+1

u
ns =11 = 1900 = g1 = g @It =l S St =11 < < (3) Ixg =1l

n+1
Vi lim (E) |xog —I| = 0nénlim|x,,; — | = 0 haylimx,,, =1 =W(a).

Vay ta da ching duge rang (xp,) hoi tu vé W(a). Vé sau khi u6c lugng gid tri cua ham
Lambert W' tai mot diém ta khong can ching minh (x,,) hoi tu vé W (a) nira ma ta chi viéc
thiét 1ap day s (x,,) va tim gi6i han cua diy (x,,). Vi du sau minh hoa cho viéc xap xi gia tri
ctia ham Lambert W tai mot diém nhu sau.

Vi du 5: Ubc lugng gia tri cia ham Lambert W tai x = 2.
Loi gidi.
Ta thdy 2 > 0 nén ham Lambert W chi nhan duy nhat 1 gié tri thuc 1a Wy (2). Chung t6i
s€ di udc lugng gia tri ciia Wy (2) theo quy trinh ma ching t6i da thiét lap.
Budc 1: xét phuong trinh
xe* = 2.

Budc 2: dat f(x) = xe* — 2, khi d6 ta cé f'(x) = (x + 1)e¥, dwa vao thuat toan Newton ta
co:

_ _ f(xn) _ _ Xpe*n-2
1 = Xn f(xn) oo (xp+1)e¥n’
Xét day s (x,,) duoc xac dinh nhu sau:
xO = 1 )
Xpe*n —2

Budc 3: tim gi6i han cua ddy sb (x,,) ta duoc limx,, ~ 0,8526 hay W, (2) = 0,8526.
3.2.2. Bé xudt va giai mot sé bai todn vé diy so

Ngoai viéc udc lugng gia tri cia ham Lambert W tai mét diém dya quy trinh udc luong
gia tri cia ham Lambert W. Dya vao quy trinh giai hai dang phuong trinh mii (3.1.1) va (3.1 4)
cing nhu quy trinh u6c luong gid tri ciia ham Lambert W' ching t6i s€ trinh bay cling nhu de
xudt mot s6 bai toan vé day s6 dudi day.

5

Vi du 6: Cho diy sb (x,,) dugc xac dinh nhu sau: {xo 6 (n€N)
Xny1 = 271 —xp

a) Chtng minh (x;,) hoi tu.
b) Tim gidi han cta (x,,).

Loi gidi.
12
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a)  DPé chimg minh (x,,) hoi tu, ta s& chimg minh (x,,) bi chan va (xn) tang. bPé
chirg minh (x,) bi chan, ta s€ chung minh 0 < x,, < 1, V€ N. That vay, ta thay 0 < x, =
2 < 1.Giastvoin =k, k € N", taco 0 < x; < 1. Taséchimg minh 0 < x4 < 1. Xét ham
s6

f(x) =2% —x,vx € (0; 1].

' , 1 L
Ta ¢6 f(x) =2*In2 — 1. Giai phuong trinh f (x) =0 ta dugc x = ii“zz = _lnf:zz) ~
0,5286.

Do d6 ta c6 bang bién thién cua f(x) nhu sau:

Bang 2. Bang bién thién ciia ham f(x) = 2* — 2x

x 0 _ In(1n2)
In2
1
£ 0
flo) |1 1

(=755
Dya vao bang bién
thiéntac6 0 < f (— lng:;z)) ~ 0,91392 < f(x) < 1. Do d6 theo gia thiét quy napn = k, k €
N*tac6 0 < x;, < 1. Thay x,vao f(x) ta duoc:

0<f(xk)51hay0<xk+131.

Vay day s6 (x,,) bi chan.

i . 5 .,
Tiép theo, ta s€ chirng minh (x,,) tang. Ta thay x, == < x; = 26 —Z ~ 0,94846. Gia
st voin =k, k € N*, ta cd x; < Xj4q1. Ta s& di chimg minh x;,; < xj4,. That viy, xét ham

SO

o lu

g(x) = 2% —2x,vx € (0; 1].
Tacod g'(x) = 2¥In2 — 2 < 0,Vx € (0;1]. Do d6 g(x) nghich bién trén (0; 1], ta co
gx) =g() =0,vx € (0;1].
Diéu nay kéo theo rang g(xy41) = 0 hay Xy, < Xgyo. Vay diy (x,,) ting.
Do d6 day (x,,) tang va bi chan nén n6 héi tu.

b) Vi (gcn) hoi tu va 0 < x,, < 1 nén tdn tai mot sé thuc I sao cho limx,, = 1 €
(0; 1]. Tr gia thiét bai toan, ta co
limx,,; = lim(2* — x,,) hay 2! — 21 = 0.

13
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Ta thiy rang phuong trinh 2! — 21 = 0 14 phwong trinh mii dang a* + bx = ¢ dwoc trinh bay
& muc (3.1.1) nén dya vao quy trinh tim nghiém d6 chung ta c6 thé gidi phuong trinh 2! —
20 = 0 va ta c6 nghiém nhu sau:

nt, 1
W, (-z1n2) Wo(e“““?)_lnz_

L= In2 T In2 “In2

hodc

1 ik, 1
W_l(—ilHZ)_ W_1<€ 41[11)_1114_2

L=- In2 - In2 “In2

Vile (0;1] nénl = 1.Vaylimx, = 1.

5
. Xog ==
Vi du 7: Cho day sb (x,,) dugc xac dinh nhu sau: {6 (neN)
X4y =371
a) Chang minh (x;,) hoi ty.
b) Tim gidi han cta (x,).
Loi gidi.
a) Bé ching minh (x,,) hdi tu ta s& chimg minh (x,,) bi chin va (x,,) ting.
Pé ching minh (x,,) bi chin ta s& ching minh 0 < x,, < 1, VE N. Ta thay 0 < x, =
%S 1. Giastvéin =k, k € N*, tacd 0 < x;, < 1. Ta s& chimg minh 0 < x;,,; < 1. Dinh
nghia ham s6 f(x) = 3*~1,vx € 0; 1. Vi f(x) dong bién trén (0;1] nén 0 < £(0) < f(x) <
f(1) = 1. Tr gia thiét qui nap 0 < x; < 1, thay x; vao f(x) ta dugc 0 < 3%~1 < 1. Do d6
0<x3,, <1vavivay 0 < x4, < 1. Theo nguyén ly qui nap, ta két luan day (x,,) bi chan.

‘ . 3| 5_ .

Tiép theo ta s& ching minh (x,,) ting. Ta thay x, = z <x, = 1, 367! ~ 0,94. Gia st
voi n=k,k €N", ta c6 x;, < Xp41. Ta s€ ching minh X411 < Xp42. Vi X, < Xg4q nén
3%t < 3%+17 L hay x3,; < x2,,. Suyra Xppq < Xggo. Do d6 (x,) ting.

Vay (x5) hoi tu.
b) Vi (x,,) hoi tu nén ton tai mot s6 thuc I sao cho limx,, = 1,1 € (0; 1]. Tir gia thiét bai toan,
tacolimx3,; = lim3*»~1 hay [3 = 3!~1. Ta thay dugc phuong trinh [3 = 3!~ ¢6 1a phuong
trinh mal dac biét dang a* = bx™ ma ching t6i d4 trinh quy trinh giai & muc (3.1.2) nén dya
vao quy trinh tim nghiém d6 ching ta c6 thé giai phuong trinh [3 = 3'~1 va c6 nghiém nhu

sau:
-1 —In3
3w, ( - B333 3w, ( -0
3 3 In3 <
l=—- =— =—=1,hodcl=—
In3 In3 In3

< , , I , , In3 21 -1
Mat khéac, theo tinh chat cua nhanh thuc W_; ta c6 W_; (— = 3s ) <W_, (?) = —1. Do

In3 =t
wn(57) ()

In3 In3

do —

3 A1 o
—E>2.Vay11mxn—l—1.

3.2.3. Mét s6 bai todn dé xudat vé day sé

14
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wIlN

Bai 1. Cho diy sb (x,,) dugc xac dinh nhu sau: {xo (n€eN)

3xpseq =27 + xp
a) Chang minh (x;,) hoi tu.
b) Tim gidi han cta (x,).

( Goi y: a) chimg minh (x;,) bi chan va tang. b) limx, = 1)
1

Bai 2. Cho diy sd (x,,) dugc xac dinh nhu sau: {xo S 2 (neN)
S5xp41 = 3% 4+ 2x,
a) Chirng minh (x,) hoi tu.
b) Tim gidi han cta (x,).
( Goi y: a) chirng minh (x,,) bi chan va tang. b) limx,, = 1)
1
Bai 3. Cho diy sb (x,,) dugc xac dinh nhu sau: {xo T 4 (neN)
Xn+1 = — *n
a) Chang minh (x;,) hoi ty.
b) Tim gidi han cta (x,,).

( Goi y: a) chimg minh (x;,) bi chan va (x,;) giam, (x,p441) ting . b) limx,, = — %)

1

. x ==
Bai 3. Cho day s (x,,) duge xdc dinh nhu sau: {*° 2 (meN)
5xp4q =5

a) Chimg minh (x,) hoi tu.
b) Tim gidi han cta (x,,).

( Goi y: a) chirng minh (x,,) bi chan va tang. b) limx,, = 1)
4. Két luan

Trong bai bao nay, chung t6i di khao sat mot s6 tinh chit co ban va img dung ctia ham
Lambert W trong viéc giai cac phuong trinh ¢6 dang dac biét nhu phuong trinh (3.1.1) va
(3.1.4). Két qua dat dugc cho thdy ham Lambert W 12 mot cong cu hiéu qua gitip biéu dién
nghiém tuong minh cho nhiéu loai phuong trinh mii phtc tap, dic biét 1a cac phwong trinh c6
thé quy vé dang a* + bx = ¢ va a* = bx™. Hon thé, mot hudng nghién ctru day tiém ning 1a
ung dung ham Lambert W vao cac bai toan thuc té, chéng han nhu: nghién ctru bai toan lai
kép trong tai chinh, véi myc ti€u xac dinh khoang thoi gian can thiét dé dat dugc mot sb tién
cu thé khi biét 1i sudt va sb von ban dau. Hay nghién ciru mo hinh ting truéng dan s hoic
tang trudng sinh hoc, noi cac ham mii thuong duoc s dung dé mé ta su bién ddi theo thoi
gian, c6 thé dugc khai thac sau hon bang cach ap dung ham Lambert W dé tim thoi diém hodc
diéu kién ban dau.

Loi cam on: Bai bao nay duoc hd trg boi Truong Pai hoc Pong Thap voi Dé tai
nghién ciru khoa hoc ciia sinh vién ma sé SPD2024.02.38.
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