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Tom tat

Bai bdo ndy nghién ciru cdc cong thirc tinh todn cho dao ham tiém cdn cdp hai tong
qudt cia anh xg nghiém hitu hi¢u va anh xa nhiéu ciia bai todn t6i wu vecto phu thuéc tham
0. Dudi nhitng dzeu kién ti nhién, ching t6i nhan dwoc cac cong thirc tinh toan cho dao ham
tiém cdn cdp hai tong qudt ciia anh xg nghiém hitu hiéu va anh xa nhiéu ciia bdi todn t6i wu
vecto phu thudc tham so.

Tir khéa: Bdi todn t6i uu vecto phu thuoc tham $6, dao ham tiém cdn cd'p hai t(fng quat,
anh xq nhiéu va anh xa nghiém hitu hiéu, do nhay.
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Abstract
This paper deals with generalized second-order asymptotic derivatives of frontier and
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1. Gidi thiéu

Téi wu vecto ra doi vao cudi thé ky 19 1a mot linh vuc dugc quan tdm nghién ctru boi
nhiéu nha Toan hoc trong va ngoai nudc (xem Bonnans va Shapiro (2000); Brecker va Kassay
(1997); Khan va cs. (2015); Sawaragi va cs. (1985); Sun va Li (2014); Tung (2017b) va danh
muc cac tai liéu trich dan trong d6). Pao ham va ddi dao ham 13 mét trong nhiing cong cu hiéu
qua dé nghién ctru bai toan tdi wu vecto khong tron (xem Aubin va Frankowska (1990); Durea,
M. (2004); Khan va cs. (2015); Mordukhovich (2006)). Phan tich d nhay nghiém cua bai
toan toi wu vecto ¢ nghia Ia tinh todn dao ham hoac dbi dao ham cua anh xa nghiém htru hiéu
hodc ham gia tri t6i wu ctia bai todn phu thude tham sé. Cac nghién ctru vé ¢ nhay nghiém &
dang cdp 1 dd dugc nghién ctru tir nhitng nim 1980 (xem Chuong va Yao (2010); Chuong
(2013); Kuk va cs. (1996a, 1996b); Shi (1991, 1993); Tanino (1988a, 1988b)). Trong nhiing
nam gan day cac nha Toan hoc quan tam nhiéu hon dén viéc nghién ctru do nhay nghiém &
dang cép 2 clia bai toan tdi wu vecto (xem Li va Zhai (2012); Sun (2014)). Cac dang dao ham
ctia 4nh xa da tri d& dang mé rong tir cAp 1 sang cap 2 hon d6i dao ham nén thu hut dugc nhiéu
nha Toan hoc quan tdm nghién ciru. C6 rat nhiéu dang dao ham cip hai ciia 4nh xa da tri dang
dugc d& nghi va ap dung dé nghién ctru do nhay nghiém cuia bai toan téi uu. Mdi loai déu c6
nhiing diém dic biét riéng nén rat kho dé so sanh wu nhuoc diém cua cac loai dao ham nay véi
nhau. Dao ham tiém cén cép hai 1a mot trong nhiing cong cu rat hitu ich dé phan tich d6 nhay
nghiém cua bai toan téi vecto ¢6 tham sb.

Non ti€m can cap hai da dugc gioi thiéu vao nam 1998 va 1a mot cong cu hitu ich dé
nghién ctru bai toan t6i wu vecto (xem Penot (1998)). Tir d, non tiém can cap hai duoc nhleu
nha Toan hoc sir dung dé nghién ciru diéu kién t6i wu va do nhay nghiém trong bai toan ti uu
vecto; Kalashnikov va cs. (2006) da gidi thi¢u dao ham ti€m can cap hai c6 dd thi 12 non tiém
can cip hai va sir ding dao ham nay dé nghién ciru diéu kién tdi uu cap hai cho bai toan ti uu
da tri; Li va Zhai (2012) da stir dung dao ham tiém cén cép hai dé nghién clru diéu kién tbi uu
cAp hai cho bai toan bét déng thirc bién phan.; Li va cs. (2012) da sir dung dao ham tiém cén
cip hai dé nghién ciru diéu kién t6i wu cép hai cho bai toan téi uu da tri. Khan va Tammer
(2013) da st dung dao ham tiém cin cip hai dé nghién ctru diu kién tdi wu cdp hai dang
Dubovitskkii-Milyutin cho bai toan tdi wu da tri; Khanh va Tung (2016) da st dung dao ham
tiém cén cap hai dé nghién ciru diéu kién t6i uu cho cac dang nghiém hitu hiéu ciia bai toan
tbi wu da tri véi rang budc hén hop; Tung (2017) da gidi thiéu mot phlen ban mé rong cua dao
ham tiém can cip hai va sir dung dé lam diéu kién chuén tic trong viéc nghién ctru d§ nhay
nghiém cua bai toan tdi wu vecto; Tung (2021) da nghién ciru diéu kién t6i wu cho bai toan tdi
uu da tri thong qua mot dang trén dao ham tiém cén cép hai cia anh xa da tri.

Pao ham tiém can cép hai tong quat duoc giGi thidu trong bai bao ciia Khan va Tammer
(2013) . Tuy nhién theo hiéu biét cta chung toi, cac cong thirc tinh toan dao ham tiém can cap
hai tong quét ctia 4nh xa nghiém hitu hiéu va anh xa nhiéu trong bai toan tdi wu phy thudce
tham so chua dugc nghién ciru.

Mic di, 6 mot s6 phan giéng nhau trong chirng minh giita dao ham contingent cip hai
va dao ham tiém can cap hai ciia anh xa da tri nhu trong myc 3 va muc 4 trong bai bao cua
Tung (2021) v6i m=2 nhung viéc khai trién 1o cong thirc tinh toan dao ham tiém can cép
hai van c6 y nghia trong mot s6 truong hop. Chi y rang, bai bao nay thu duoc cac cong thie
tinh toan cua dao ham tiém cén cap hai tong quat cua anh xa nghiém httu hiéu va anh xa nhiéu
trong bai toan téi uu phu thudc tham sé ma khéng can sir dung thém nhirng diéu kién phic tap
nhu trong bai bao ctia Tung (2021).

2. Phwong phap nghién ctru
2.1. Gidi tich da tri
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Trong bai bio nay, néu khong c6 gia thiét gi thém thi ta gia sit P,.X va Y 1a cdc khong
gian Euclide R" Khong gian X duoc xac dinh thr tu boi nén O < X. Khong gian Y duoc
xac dinh thir ty boi non K Y. Giasit K <Y va Q< X 1a nén diém, 16i, dong véi dinh tai
géc toa do. Chuén cua tat ca cac khong gian Euclide dugc ki hi€u bédi || . || Gbc cua cac khong
gian Euclide duoc ki hi¢u bdi 0. Bao dong va bién cuatip A< X lan luot duoc ki hiéu boi
clA4 and 0A4. Non ciatdp A< X dugc ki hiéu boi {kal k>0,ae A}. R chi tap sb thuc. R,

chi tap s6 thuc duong. R_ chi tap s6 thuc am. N chi tap s6 tu nhién.

Gia st G:P=2Y 1a mot ham da tri. Mién hitu hidu (hay mién x4c dinh, mién hiéu
qua), dd thi, trén d6 thi cua G duoc dinh nghia boi

domG :={peP:G(p)¢@},

gphG = {(p,x)erY:y € G(p)},

epiG :={(p,x)erY:pedomG,yeG(p)+K}.
Pinh nghia 2.1.1. (xem Khan va cs. (2015)) Dat Q 1a mot tap con khac rong cua Y. Mot
phan tir y € Q) dwoc goi 1a mot diém K — cyc tiéu ciia Q, néu (Q-y)n(-K)={0}. Tap
cua tit ca cac diém K — cuc tiéu ciia Q 1a dugc ki hiéu boi Min L2

Pinh nghia 2.1.2. (xem Khan va cs. (2015)) Non tiém can cp hai cia BCY tai 3 e cl(B)
twong g voi huong v € Y duoc dinh nghia boi

v

t
T;(B,y.v)= {y eY:3t, —>0,r, 50,2 —>0,3y, >y,VneN,y+t,v +%tnrnyn € B}.
Pinh nghia 2.1.3. (xem Khan va cs. (2015)) Dit (p,7) € gphG. Dao ham tiém c4n cap hai
cua anh xa da tri G:P=Y tai (ﬁj) theo huodng (1,7,\7) e PxY la anh xa da tri

D2G(p,7,#,v): P=3Y dinh nghia boi

DiG(p.y.u,v)(p)= {y eY:3t, —»0",3r, —>O+,t—”—)0,3(pn,yn)—>(p,y),
r

n

_ 1 _ _ 1
VneN,y+tnv+EtnrnyneG(p+tnu+5tnrnpnj}.

Pinh nghia 2.1.4. (xem Khan va Tammer (2013)) Pt ( p,7) € gphG. Trén dao ham tiém cén
cap hai cua 4nh xa G:P=Y tai (p,7) theo huéng (i,v)ePxY la énh xa da tr
DjGG(ﬁ,y,E,V) :P=3Y duoc dinh nghia nhu sau: Vp e doij (G+K)(13,)7, 5,17),

Di,G(p.y,u,v)(p)=min.D;(G+K)(p,y,u,v)(p).

binh nghia 2.1.5. (xem Aubin va Frankowska (1990); Bonnans va Shapiro (2000)) Dat
f:X —>Y lamot ham vecto. Ham f dugc goi la kha vi Fréchet cap hai tai x € X, néu ton

tai hai toan tir tuyén tinh lién tuc V/(X): X > Y va V> f(X): X x X -7, théa man
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f(x)=f()?)+Vf()?)(x—)_c)+lVZf(f)(x—)_c,x—)?)+o(||x—)?||2),

2
—112
(|5
xX—X ||2
tu la dao ham Fréchet cép mot va dao ham Fréchet cép haicta /. Ham f dugc goi la kha vi
Fréchet cép hai trén X néu f la kha vi Fréchet tai diém bat ky xe X . Néu Vf(X) va

& day o(|x—=[) thoa man —0 khi x— . Ki hiéu Vf (%) va V2/ (%) theo thir

Vi f ()? ) la lién tyc tai X thi / dugc goi la kha vi lién tyc Fréchet differentiable cép hai tai
X.
Pinh nghia 2.1.6. (xem Sawaragi va cs. (1985))
(), Tap QY duoc goi 14 c6 tinh chit domination néu Q c min, Q+K.
(i1), Ta noi réng tinh chat domination xay ra voi F': P==2Y xung quanh (hay trong lan cén)
peP néu ton tai mot 14n can U cua p théa man
F(p)cnlinKF(p)+K,VpeU.

2.2. Pao ham tiém cin cAp hai tong quat ctia anh xa nghiém hiru hi¢u

Giastr f:PxX —Y lamotham vectova C:P =2 X lamotham datri, F: P=2Y la
mot ham da tri xac dinh boi

F(p)=f(p.C(p))=f{(p.¥):xC(p)}.
Ta xét bai toan ti wu vecto c6 tham s duoc cho nhu sau
(PVO), min, {f(p,x) 1xXe C(p)} =min, F(p).

oday x la bién chua biét, p € P latham $0, f 1a ham muyc tiéu, C la anh xa tap rang budc va
F 13 anh xa tap chip nhan dugc.

Gia sur anh xa nhiéu F: P =Y duogc cho boi

F(p)=min, {f(p,x):xeC(p)}zminKF(p),
va anh xa nghiém hiru hiéu (hay con goi 1a anh xa nghiém hi€u qua) H:P =X duogc cho
boi
H(p)={xC(p):f(p.x) e F(p)}.

Trong phan nay, ching toi gidi thidu cong thirc tinh toan cua trén dao ham tiém can cap
hai cia anh xa nghi€m htiru hi¢u H.

Lay y tuong tir dinh Dinh nghia 2.2 trong bai bao cua Sun va Li (2014), ching t6i dé
nghi dinh nghia sau day.

Dinh nghia 2.2.1. Gia G:P=7Y la mdt anh xa da tri, (p,y)egphG va(u,v)e PxY. G
dugc goi 1a compact theo hudng tiém can cap hai tai (p,y) twong tmg véi (i,v) theo hudng
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r —>0+ ~—>0vap —p, v6i moi diay {y, }voi

>'n

peP, néu véi tit ca diy ¢, —>0"

T
| — -1 A A A
y+t v+ Ez‘nrnyn eG(p+tu+ Etnrnpn) , €0 ton tai moOt day con hoi tu cua day {y,}.
Dinh nghia 2.2.1 la truong hop dac biét cua Dinh nghia 4 (ii) trong bai bao cua Tung

(2021) v&i v6i m=2. Ta c6 thé kiém tra diéu kién compact theo hudng tiém can cap hai xay
ra khi ldy m =2 trong Ménh B¢ 1 (ii) trong bai bao ctia Tung (2021).

Ménh dé 2.2.1. Dt (p,7) e gphG va (u,v)e PxY . Khi dé, ta cé
D.G(p,y,u,v)(p)+K <D} (G+K)(p,y.u,v)(p),VpeP.
Chimg minh. Gia st yeD,G(p,7,u,v)(p)+K . Thi, ton tai yeD;G(p,y.u,v)(p)va

Vs
ke K théaman y =y +k.Khido, ton tai £, —>0",7, —>0+ ~—0,3(p,.y,)—(p.y') voi

n

. _ 1 | « .
tat ca nelN, thoa many +¢v +5tnrnyneG(p+tnu +Etnrnpnj. bat y =y +k, ta co

V.o y'+k  va )7+zn17+; TV eG(p+t u +;ln npnj+K. Do d6, ta c¢o
y=y'+keD;(G+K)(p,y,u,v)(p). Do do, taco
DiG(p.y,u,v)(p)+K < Dj(G+K)(p.y.u,v)(p),vpeP. O
Ménh d82.2.2. it pe P,x e H(p) va y=f(p.X),(t,w,v) e Px X xY. Gia sirrang [ la
kha vi Fréchet cdp hai tai (p,x),v =Vf (p,%)(it,w) va V_f(p,x)(.) la don édnh. Néu C la

compact theo hirdmg tiém cdn cdp hai tai (p,¥) twong tmg véi (i1,v) theo huéng p € P, thi
ta co

{xeDiC(p.%.u.%)(p):Vf (p.%)(p.x) e DIF (p.7.u.7)(p)} + O =
=D} (H +0)(p.x.u,w)(p),VpeP.
Ching minh. Dat y=Vf(p,X)(p.x). Gia st xeD;C(p,x,u,w)(p) va

yeDiF(p,y,u,v)(p). Thi, 3t,—0",3r, >0 250 ,3{(p.»»,)} CephF thoa man
(.

n
y) va

(pn’yn)

f+tn\7+;” nyne]:(p+tu+;”an (1)

p . ~ , ~ _ 1 .
Do d6, ton tai ddy {x,}, <X théa man xneC(p+tnu+Etnrnpnjva

1 e . X, XZLW o
Y+t +Etnrnyn =flp+tu +5tnrnpn,xn . bat x, == - tac
—Lr

nn
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X, =X+t,w+

n

trx, eC(ﬁ+tnﬁ+%tnrnpn), (2)

N | —

va

- = _ 1 _ o _ 1
Yy +th +Etnrnyn =f(p+t”u +Et,77’}7p,,,x +tnw+51nrnxn] (3)

Tr (2) va gia thiét ta suy ra ddy {x} bi chin. Khong mét tinh tdng quét, ta c6 thé gia st
X

n
rang X, —> x. Suyra xe D3C(p,x,u,w)(p). Honnita, vi f kha vi Fréchet cAp hai tai (1_9,)?)
, ta suy ra

1 1 1
f(ﬁﬂnﬁ+§tnrnpn,)_c+tnv_v+§tnrnxnj :f(ﬁ,)?)—i—thf(ﬁ,)?)(ﬁ,W)—i—Etnran(ﬁ,f)(pn,xn)
+1t2V2f(_)_c) L7+1r v_v+1rx L7+1r vT/+1rx

2 n p’ 2 npn’ 2 n’'n | 2 npn’ 2 n’’n
2

Tir day két hop v6i (3), ¥ = f(p.X) va v =Vf(p,x)(u,w), ta suy ra ring

_ 1 _ 1
tu+—trp, twt+t—trx,
2 2

e S BN | L By |
yn _Vf(p’x)(pnﬂxn)_'_rnv f(pvx)((u+2rnpn7w+2rnxnj’(u+2rnpn7w+2rnxan
2
+ .

Cho n — o, ta nhan duoc y:Vf(ﬁ,)_c)(pn,;c). Két hop didu nay voi y=Vf(p.X)(p.x), ta
6 VA(5:X)(p,ox) =V (P.X)(pox).  Suy ra V. f(5.F)(x)=V,/(p.X)(). T

_ 1 _ 1
tu+—trp, ,tLw+—Lrx,
2 2

~ tn rn

2

fo(ﬁ,)_c)(.) la don &nh, tasuyra X = )~C Két hop diéu nay véi (1), (2) va (3), suy ra, ton tai

£ —>0"r, >0.% 50 va 3{(p,.x,)} <gphH théaman (p,.x,)—>(p.¥) va
7 n

n

1 _ o _ 1
x+tnw+§tnrnxn eH|p+tu +§tnrnpn .

Nén, ta c6 xe D;H (p,x,u,w)(p). Do do,

{x e DC(p,x,u,w)(p):Vf (p.x)(p.x) eDjf(p,y,ﬁ,v)(p)} cDiH(p.x,u,w)(p),VpeP.
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c {xech( ,f,ﬁ,w)(p):Vf(p,x)(p,x)eDjf(ﬁ 7.i.7)(p)} + Q. Vp eP.

That vy, dat xeD(H+Q)(p.x,u,w)(p). Thi, ton tai 7, >0",r, —>0+ L 50 va
7

n

EI{(pn,xn)}n c Px X thoaman (p,,x,)—>(p,x) va

1 1
x+tw+2tnrnxneH(p+tu+2tnrnpnj+Q. 4)
A (= - 1
Do do, ton tai {X,} < C(ertnu +5tnrnpn),{qn}n cQ va

1 1
f(13+tn17+2nnpn, j f(p+tu+2tn"np,,j,

1 _ . —tw ,
théa man x +¢ w+5t rx,=x, +q, Pat x,=————. Taco

nn-n 1
7tn’;1
2

=|
|
=

X :x—|—[nw+ trx eC p+tnu +5[nrnpnj‘

nn-'n

N | =

Két hop didu nay véi gia thiét ta suy ra day {xn} bj chin. Khéng mét tinh tong quat, ta co

2 .p o 3 - —, £ LA . t, \
thé gia strrang x, > x € X . Do do, tontai £, >0",r, >0, —>0 va EI{(pn,xn)} cPxX
r n

n

thoa man (p,,x,) —> (p,;) va

nn-"n

1 1
x+tw+2trx eC p+tu+2trpn .
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= 0 _ - o1 _ LT X, —X—tw
Do d6, x € D;C(p,x,u,w)(p). Tx x+tnw+5tnrnxn =%, +k, va x, ==———"=, tadugc
PR
— 2k, N \ ., , - . ;A ,
x,—x,=—=ec(. Hon nita, vi Q 1a nén dong, suy ra x—x € Q. Do d9, ta chi can chung
tr

nn

minh rang Vf (p,X)( p,x) e D;F (p,x,u,w)(p). Pat

_ o _ 1 _ _ 1 - _ _ _
f(p—i—tnu +Etnrnpn,x +tnw+ztnrnxnj—f(p,x)—tnv

v, = ; .09

N tnrn
2

- 1 o1 . C
Thi, taco y +tnw+§tnrnyn € f(p +th+5thnl’nj- Hon nira, vi f kha vi Fréchet cap hai

tai (p,X), tanhan dugc

f[ﬁmﬁ+%tnrnp,,,f+tnv‘v+%tnrnx;j=f(ﬁ,f)+thf(ﬁ,f)(ﬁ,v‘v)+%t,,r,,Vf(ﬁ,f)(p,,,x;)

1 1 1 — 1 1 —
+Et,fvzf(l_7,)_€)[(ﬁ+E’”npnaWJrE’”nxnj’(ﬁ+—’31pnaw+_’” X D

7 7 n’n
2

Tir didu nay va (5), ¥ = f(p.X), tasuy ra

_ 1 _ 1 —
(Znu +§tnrnpn,tnw+5tnrnxnj

-\ ¢ 1 1 — 1 1 —
y, =Vf(ﬁ,)_c)(pn,xn)+—”V2f(ﬁ,)?){(ﬁ+zrnpn,w+ Ernxnj,(ﬁ+Ernpn,v71+5rnxn)J
r

4 ]

Cho n—> o0, ta nhan duoc y=Vf(ﬁ,)_c)(pﬂ,;). Do d6, ta c6

_ 1 _ 1 —
tu+—trp, tw+—trx,
2 2

" [ﬂ r}’l
2

'

Vf (P.5)(p,-x ) € DL (P...7) ).

Ménh dé 2.2.2 dugc ching minh.
O

Pinh 1y 221. DPax pePxeH(p).y=f(p.X),(t,wv)ePxXxY  va

V= Vf([_),y_c)(ﬁ, v_v). Gid sw rang cdc diéu kién sau xdy ra:

(i) [ la kha vi Fréchet cdp hai tai (p,X);
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(ii) fo(ﬁ,)_c)(.) la don anh;
(iii) C la compact theo hudng tiém cdn cap hai tai (p,¥) twong iing véi (it,v) theo huong
peP.

Khi @6, véi moi pe P, ta co
D H (p.x,i,w)(p) =min, {x € D;C(p.x.it,w)(p): Vf (p.X)(p.x) € DIF (p.7.it.7)(p)}-
Chirng minh.
Tir dinh nghia ctia dao ham tiém can cap hai tong quat va Ménh dé 2.2.2, ta c6
DicH (p,x,u,w)(p)=min,Di; (H +Q)(p.X,u,w)(p)
= min ( e DiC(p.%.a,w)(p):Vf (P.X)(p.x) € DiF (P.7.ir.7)(p)} + Q)
in, {xe DiC(p.%.u,w)(p): Vf (p.X)(p.x) € DF (p.7.u.7)(p)}-
Pinh 1y 2.2.1 dugc chitng minh. O
2.3. Pao ham tiém cén cap hai tong quat ciia Anh xa nhieu

Trong phan nay, chung t6i s& dua ra quy lut tinh toan cho dao ham tiém can cap hai
tong quat cia anh xa nhiéu F .

Dau tién, chung toi gidi thidu mot két qua co ing dung trong phan sau.
Ménh dé 2.3.1. Dit peP,xeC(p),(t,w,v)ePxX xY va y=f(p.,X). Gia sir rang f
kha vi Fréchet cdp hai tgi(]_),y_c) Vvoi vV =Vf(1_9,)_c)(1,7, v_v) va C la compact theo hwong tiém
cdn cdp hai tai (p,y) twong vmg véi (it,v) theo huéng p € P. Khi dé, ta cé
{Vf (5.X)(p.x):(p.x) T} (gphC.(5.%).(t,W))} + K = D} (F + K )(p.7.it,7)(p),Vp € P.
Chimg minh. D3t y =Vf(p,X)(p,x). Gia st (p,x)eT;(gphC,(p,x),(iz,i)). Thi, ton tai

t, =0, —>0*,t—”—>0,3{(pn,yn)} cgphC thoaman (p,,x,)—>(p,x) va
r n

n

nn-n

R | 1
x+tnw+2trx eC p+tu+5trpn .
Diéu nay suy ra rang

f(ﬁ+lnﬁ+; DX+t w+;tnrnxnjeF(p+t u +;tnrnpnj,VneN.

f 13+tnﬁ+ltnrnpn,)?+tnv7/+ltnrnxn - f(p.x)-t,y
2 2
Vo= 1 . (6)

—rt
2

nn

292



Tap chi Khoa hoc Dai hoc Do”‘ng Thap, Tap 14, S6 Dac biet 04S (2025): 283-296

1 1 . < .
Tasuyra y+¢v +Etnrnyn € F(ﬁ+tnﬁ + Etnrnpn),Vn eN. Vi 1 la kha vi Fréchet cap hai

tai(p,x), taco

f[ﬁ+tnz7+%tnrnpn,f+tnw+%tnr” nj:f(ﬁ,f)ﬂ”Vf(ﬁ,f)(E,vT/)

Y rVf(p.%)(p,x, )+ lt V£ (p.x) (ﬁ+ll’p L j,(tﬂlrp Tt j
2}1}’! n 2 n 2}1}1 2}1}1 2}’!)1

Diéu nay két hop vai (6) va y = f

2 nnn

_ 1
(z‘nu +—tnrnpn,tnw+—t rX

:Vf(ﬁ’)_c)(pn’xn)+%v2f(ﬁ’f)[(ﬁ+%rnpn’w+;rnxnj’(u+%rnpn’w+%rnxnjj
[ ZJ
+ .

Cho n—> o0, ta nhan dugc y =Vf(p,X)(p,x). Do do,

y=Vf(p.x)(p,x)e DiF (p,y.u,v)(p).

n

1 1
t, u+— t,r.p,,t, W+ — tr.x,
2 2

- tl’l r;l
2

Boi vay,
{Vf(p,)—c)(p,x):(p,x)eTj(gphc,(p,f),(ﬁ,w))}cDjF(ﬁ,y,ﬁ,v)(p).
Suy ra
{Vf(ﬁ,f)(p,x):(p,x)eTj(gphc (p.%). (i, ))}+KcD F(p.y.u,v)(p)+K.
T Ménh dé 2.2.1,tacd DiF(p,7.u,v)(p)+K =D} (F+K)(p.».i,v)(p)- Do do, ta co
{Vf (5.X)(p.x):(px) T} (gphC.(5.X).(,w))} + K < D} (F +K)(p,5,i,7)(p).
Tiép theo, ta s& chirg minh

Dj (F+K)(ﬁ,)7,ﬁ,\7)(p)c {Vf(ﬁ,)_c)(p,x):(p,x)eTA2 (gphC,(ﬁ,f),(ﬁ,W))}JrK.

That vay, voi mdi pepP, lay bat ky yeDj(F+K)(p y,u, v)(p). Thi, ton tai

t, >0, —> *,t—”—>0 va 3{(p,.»,)] =PxY théaman (p,.»,)—>(p.y) va
r n

n

y+ty +;tnrnyn eF(ﬁ+tﬁ+%tnrnpnj+K.
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A 1 ,
Thi, ton tai { n} CC(p+tu+2tnrnpnj,{kn}ncK thda man
1 R |
y+tv+5tnrnyn=f p+tnu+5tnrnpn,xn +k,.
X, =X—tW , N | 1 ek
bat x, =1 Ta co xn:x+tnw+2tnrnxneC p+tu+5trpn . Tu gia thiét, ta

~ t’l r}’l
2

suy ra day {x;} bi chin. Khong mat tinh tong quét, ta c6 thé gia sir ring x, —x. Do do, ta

¢ (p.x')eT; (gph C.(p. %), (i, ). Ti
1 |
7 +th +Etnrnyn Zf(p-’-t u+ 2tnrnpn9xn]+kn.

f(ﬁ+t,1ﬁ+;”pn, j y-ty

t t

n n

Ta suy ra y -

n'n’"n?

1 .
X+t w+2trx ta suy rang

f(;_9+tnﬁ+;t r.p,,X +t w+;tn nx;l]—f(ﬁ,)?)—tnv
Yo~ 1 =——¢€eKk.
~Lr, —Lr

2

Vi f lakha vi Fréchet cap hai tai (p.X), taco

f[ﬁ+tn17+%tnrnpn,f+tnw+%tnrn njzf(ﬁ,f)ﬂﬂf(ﬁ,f)(ﬁ,ﬂ/)

+lt er(ﬁ,)?)(p , ) lt \% f( )7) (ﬁ+lrp ,vT/+lrx ),(E+lrp ,W+lrx )
2 nn n I'l 2 n n 2 n-"n 2 n n 2 n-"n

|

Cho n—oo vatr v = Vf(p,_ u,

nn nnn

1
(tu+5t 7Dt w+—trx

f(p+t u +Etnrnpn,x +1 W+2fn’”nxn) f(ﬁ’f)_t v

v, - ltr —>y—Vf(;_9,)_c)(p,x').

Vi K landn dong, ta co y—Vf(ﬁ,)?)(p,x')eK. Suy ra erf(]_),)_c)(p,xv)JrK.

Ménh dé 2.3.1 duoc chimg minh xong. O
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Pinhly2.3.1.Ddt pe P,xeC(p),y = f(p.X),(u,w,v) e Px X xY va v =Vf (p,x)(ut,w).
Gid stk cac diéu kién sau ddy xay ra:

(i) f la kha vi Fréchet cap hai tai (]_9,)_();

(ii) Tinh domination xay ra déi véi F trong ldn cdn cia D;

(iii) C la compact theo hwéng tiém cdn cdp hai tai (p,y) twong vmg véi (i,v) theo hwdng
peP.

Khi do, ta co

D F (5.7, #)(p) =min, {Vf (5,5 )(p.x):(p.x) e T; (2ph C.(5.7). (i, )}, Vp € P.
Chig minh. Ta ¢c6 F(p)c F(p) véititca pe P va tinh domination xay ra dbi voi F
trong lan cédn cua p, ton tai mot lan can U cén cua p thoa man
F(p)+K=F(p)+K,VpeU.

Do do, T; (gphf + C,(]‘),)_/),(E,V)) =T; (gphF + C,(ﬁ,)‘/),(ﬁ,w)), suy ra, véi mdi p e P,
DiGF (p.y.u,v)(p)=DicF (p.y.4,v)(p),Vp € P.
Twr dinh nghia cta trén dao ham tiém can cép hai va Ménh dé 2.3.1, ta ¢

DioF(p.y.u,w)(p)=min D%, (F +K)(p,y.u,w)(p)

Do d6, ta c6
D F (p.7,#,7)(p) =min, {Vf(,%)(p,x):(p.x) eT; (2phC,(p. %), (i1, 7))}.

Pinh 1y 2.3.1 dugce chirng minh xong. O
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