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Abstract

This paper studies recovery and approximation of functions in the Besov spaces with
mixed smoothness by linear methods. Accordingly, linear sampling recovery methods of
functions are conducted in the Besov spaces and the upper bound of the method is evaluated.
The main result of this paper is to extend and generalize the previous results.
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1. Giéi thiéu

Bai toan khoi phuc tin hi€u 1a mdt bai toan quan trong trong linh vuc xt ly tin hi€u, xir
1y 4nh va thi gidc mdy tinh, vi trong thyc té khong c6 mét loai may nao co thé cho ta thong
tin chinh x4c cua tin hiéu. Khi d6 tin hiéu duoc mé6 hinh héa nhu mét ham sé mot bién hay
nhiéu bién.

Chung ta nghién ciru bai toan nén tang vé khoi phuc ham s6 tir hitu han gia tri liy
mau: khoi phuc gan ding ham sb f tir n gia tri ldy mau. Trén co s¢ thong tin ndy chung ta
xdy dung mot phuong phap dé khoéi phuc. Trong cach tiép can truyén thong thi gid tri 13y
mau va phuong phap khéi phuc 1a khong thich nghi v6i ham s, nghia 1a cac diém 1dy mau
va phuong phap khoi phuc duoc chon giéng nhau cho moi ham sé. Bai bao nay nghién ctru
mot trong nhitg phuong phap khoi phuc khong thich nghi d6 1a phuong phép tuyén tinh cho
16p ham sb thudc khong gian Besov. Ly thuyét séng nhé dugc hinh thanh va phat trién trong
nhitng nim 90 cta thé ky trudc, 1a mot trong nhitng cong cu biéu didn hiéu qua trong bai
toan khoi phuc va x4p xi ham s tir gia tri ldy mau, vi vy dé nghién ctru bai toan khoi phuc
ham s6 ta s& sir dung cac biéu dién song nho gia ndi suy bdi cac B-spline (Chui, 1992;
DeVore and Lorentz, 1993). Phuong phap tuyén tinh 1a phuwong phap truyén théng va mic du
¢6 nhiéu cach tiép can cho bai toan khéi phuc ham s nhung phuong phép tuyén tinh van
ludn dugc quan tim nghién ciru boi vu diém cua no, ¢6 thé ké dén cac cong trinh nghién ciru
cua Temlyakov (1985,1993), Dinh (2011a, 2016), Nguyen va Mai (2018).

Bai bao nghién ciru khéi phuc va xap xi cho 16p ham s thudc khong gian Besov voi
dd tron hon hop Bgﬂf a = (a,,a,, ..,az) € R% bang phuong phép tuyén tinh. Dinh (2016)
d4 nghién ctru khoi phuc va xap xi ham s bang bang phuong phap tuyén tinh cho 16p ham
s6 thudc khong gian Besov Bg'g khi a; < a, < -+ < agy, xdy dung phuong phép tuyén tinh

va danh gi4 tiém can toc do hoi tu ciia phwong phap
Tn( ;)l,e:Lq(Hd)) — p—a+(1/p=1/a)s

Dinh (2011a) nghién ctru cho truong hop a = a; = a, = - = ay4, xay dung phuong
phap tuyén tinh d& khoéi phuc va xép xi ham sé trong khong gian Besov Bgé, voi 0 <
p,0,q <ovaa > 1/p. Hon nita ta c6

T (Ugé, Lq (]Id)) = n‘“+(1/7"1/Q)+1oggd‘1)bn,

véi b =b(p,q,a,6) > 0.

Trong bai bao nay s& nghién ctru khoi phuc x4p xi ham sé trong khong gian Besov
Byg voi0<a=a;=0a; = =0a; =051 <03 <+ <0aq,0<s<d—1 Ching ta
dat duoc két qua méi 1a xay dung phuong phap tuyén tinh va danh gia can trén toc do hoi tu
cua phuong phap

r (Ug,g. Lq (Hd)) « n—(a—(1/p—1/q)+)log;(a—(l/p—l/q)+)n_
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Nhian théy r::ing khi s =d —1,s = 0ta dugc cac danh gia can trén ¢ (Dinh, 2011a;
Dinh, 2016).

2. Kién thirc chuén bi

Céc ky hiéu sau day s& duoc sir dung trong bai bao: A, (f) < B,(f) néu 4,(f) <
C.B,(f), C 1a mot hiang s6 doc 1ap v6i n va f; An(f) = B,(f) néu A,(f) < B,(f) va
B,(f) K A,(f); Cho x€R, keZ$: x, =max(0,x), 2k = (2%, ..., 2%), |k|, =
Yiiki, k=k'néu k; 2k, Vj=1,.,d;1=(1,1,..,1) e R:; 1= [01].

Ta nhic lai dinh nghia khong gian Besov Bgﬁ (Nguyen, 2019; Dinh, 2001).

Pinh nghia 1. Cho f 1a mot ham sé thuoc khong gian Lq(]ld), e 1a tap con bat ky cia

[d]: = {1,2, ..., d}, toan tir sai phan bac (I, e) ciia ham s6 nhiéu bién xac dinh trén 19 ky hiéu

Le, _ 1 Lo _
AL = 1_[ A, A =1,

& day toén tir Aj,_ 1a todn tir sai phan twong émg v6i ham s6 khi xem f 1a ham sé mét bién cua

1a A}Y® va duoc xac dinh boi

bién x; voi cac bién con lai ¢ dinh. Dat

of (f,)p:= sup ||All'1ef|| ,teld
|hj|<t; ice p

la modun tron hén hop bac (l,e) cua f  DPiac biét, oo? £ p = [Ifllp.
Cho 0 < p,0 < ,a = (a;,ay, ...,aq) € RY. Chiing ta xay dung nira chuén |f|Ba’% cua ham
b,

sbfe Lp(]ld) nhu sau:

1/0

(f{n ti_ai(x)f’(f,t)p}el_[ t7ldt] , 8<oo
d

i€e ice

sup 1_[ t; Mwf (£ Dpy, 0 =oc0
teld

i€e

fligs: =

Truong hop ddc biét, |f| a0 = [|f]|,, & ddy 1 1a mot sb ty nhién théa man 1 > maxa;.
p.6 <i<

Dinh nghia nira chuan nay khong phu thude vao 1, néi cach khac cac gia tri khac nhau cua
x4c dinh cdc ntra chuin twong duong. Khéng gian Bg,e 1a tap hop tat ca cac ham sb f €

L, (Hd) sao cho chuin Besov sau day 1a hitu han

Ifllag,i= D Iflass

ec[d]
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Ky hiéu Uz‘,‘_g ={fe BS,e= ||f||B;6 < 1} la hinh cau don vi ciia khéng gian Bg’g.

Pinh nghia 2. Ky hiéu N, 1a B-spline chuan tic bac r v&i cac nat tai cac diém
0,1, ..., r dugc xac dinh nhu sau: N; 1a ham dac trung trén mra khoang [0,1); vdir = 2, N,
duoc dinh nghia bai tich chap

N, (): = f Ne_s (x — )N (¥)dy.

bat M (x):=Ny(x+r/2) duoc goi la B-spline trung tdm bac r.
DPinh nghia 2 c6 thé xem trong céc tai liéu (Chui, 1992; DeVore & Lorentz, 1993).

3. Biéu dién B-spline gii ndi suy qua gia tri lay miu
Chung ta dinh nghia B - spline song nho
My s(x): = M(ka - s)

cho mot s6 khong am k va s € Z. Ky hiéu M 1a tap hop tat ca M, ; khong triét tiéu trén .
Cho 4 = {A()}jep(u) la day chén hitu han, tirc 1a A(j) = A(—j), & day P(u): = {j € Z: |j| <
p}vap = r — 1. Ching ta dinh nghia toan tir tuyén tinh Q tac dong 1én ham f xéac dinh trén
R boi

Q%= ) Af M (x =), ey
SEL
o day
AFi= ) ADfs =), @
JeP(w)

Khi @0, tir dinh nghia cua B-spline suy ra toan tir Q bi chan trén C(R) va
|etP e < Nall|| Fllea.
trong do [|All = Xjep(uy 1401
Ky hiéu P,,_; 1a tap hop cac da thirc dai s6 co bac khong vuot qua 2r — 1. Toan tir Q
dugc xac dinh tir (1 — 2) duoc goi 13 toan tir gia ndi suy trong C(R) néu toan tir nay tai tao

lal ?27_1, tc la

Q) =p,p € Pyr_1.

98



Tap chi Khoa hoc Pai hoc Pong Thép, Tap 14, S6 Ddc biét 04S (2025): 94-107

Gia str Q 1a mot toan tir gid ndi suy tir (1 — 2), cho h > 0 va mét ham f xac dinh trén
R, chung ta xac dinh toan tir Q(.; h) bdi

Q(f;h):= oy ° Qo ayn(f),

o day oy, (f,x) = f(x/h). Tt dinh nghia ctia Q(f; h), ta c6

Q. xih) = ) A ks M x = ),

kEZ
voi
A(f ks h) = Zjepwy A0S (h(k = ))).

Toan tir Q(.; h) cb cac tinh chét tuong ty nhu toan tir Q, cling dwoc goi la mot toan tir
gia ndi suy trén C(R). Nhung Q(.; h) khong dugc dinh nghia cho f trén I, do d6 chua khoéi
phuc duoc ham sb f véi cac diém iy mau trong I. Mot cach tiép can duge Dinh dé xuat
trong (Dinh, 2009; Dinh, 2011b) dé xay dung toan tir gia ndi suy cho mot ham s trén I 1a
mo rong né bang cac da thirc ndi suy Lagrange.

Cho mdt s6 nguyén khong 4m k, dat Xj = j27% j € Z. Néu f 1a mot ham sb trén I, ky
hidu U, (f) va Vi(f) lan luot 1a cac da thic ndi suy Lagrange tai 2r diém bén trai
X0y X1, eeer Xop_q VA 2T diém bén Phéi Xok 5y qs Xpk_opp3s ey Xk trén doan I dugc xac dinh
boi:

2r-1 s—1

25FAT kf(xo)

00 = Fan) + Y, O ()
s=1 j=0
2r—1 ZSkA e k_ N
Vi (f,x):= f(xzk—2r+1) + Z 2 f(xz = 1) 1_[ xzk—2r+1+j)'

s=1
Ky hiéu f;, 1a ham s6 mo rong cia f trén R va dugc xac dinh boi:
Ue(f,x), x<0

fre(x) =2 f(x), 0<x<1
Vk(f,x), x> 1.

Néu £ lién tuc trén I thi f;, lién tuc trén R. Gia str Q 1a mot toan tir gia ndi suy (1 — 2)
trén C(R). Ching ta xay dung toan tir Q;, xac dinh badi

Qe (f,2): = Q(fiox;27%) x €1

v6i ham f trén [. Khi do6,
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GF )= ) as(HMys(),vx el
sej(k)

trong d6
Jk):={s€Z,~-r<s<2F+r}

va

ko= Mfsi2%) = 3" ADfe (2756 - D).

ljlsu
Chung ta nhan thay Qj, ciing 14 toan tir gia ndi suy trén C(I).

Cho k € Z4, ta dinh nghia toan tir hdn hop Qy :

d

Qi = 1_[ Qk 3)

& day céc toan tir mot bién Qy, duge 4p dung tuong ty cho ham sb mot bién khi xem f 14 ham

s6 mot bién X; va cac bieén con lai ¢6 dinh. Ta cling dinh nghia d-bién B-spline My ¢ nhu sau

d
Mics (9 = [ | Migs, 0. @
i=1
Chung ta xay dung toan tir nhiéu bién Q) dwgc x4c dinh boi

Q) = ) as(OMys(), vx € 19
s€J(k)

o day
Jk):={s€zd-r<s; <2tk +ri=12.,d}

la tap hop céc gia tri cua s sao cho My ¢ khong dong nhat bang 0 trén I9. Chu y rang

21cs (0 = 2,5, ( (A5, (- Ay 54 D)) 5)

voi cac ham hé s6 ay, s, duge ap dung tuong tu cho ham s6 mot bién khi xem f 12 ham s6 mot

bién x; v6i cac bién con lai co dinh.

Twong ty nhu toan tir Q va Q(.; h), thi todn tir Qi 1a tuyén tinh bi chan trén C(]Id) va

tai tao P,,_1. Péc biét, chung ta co:
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QD llc(ray < ClIAINNIEll ey (6)
voi mdi f € C(I), hing sb C khong phu thudc k va

Qk((P*) =, V(P € SDZr—l!

trong d6 ¢* 1 han ché cta ¢ trén 1. Toan tir nhidu bién Q) duoc goi la toan tir gia
ndi suy trén C(Hd).

Cho k € Z,, dat qx: = Qg — Qk_1 vOi quy udc Q_4 (f) = 0, chung ta cod

Qk = z qg’-
k'<k

B6 dé 1. Gia str f € C(19). Khi do, ta co

If = QD lloo < Carr(£,27K)_. (7)
Do d6
If — Q(Dlleo > 0,k = 0. ®)
Bét dang thire (7) duoc suy ra tir (2.29)-(2.31) trong (Dinh, 2011b) va bét dang thirc
(6).
Cho batky f € C(I4), tir (8 ) suy ra f c6 thé biéu dién thanh chudi
f= > aud, ©
KEZ,
voi

qr(® = Z Cks(DMys
s€j(k)

chudi nay hoi tu theo chuin trong Lo, (Hd), Cks la cac phiém ham hé sb cua f, dugc x4c dinh

nhu sau. Dau tién xac dinh ¢y ¢ cho ham s6 mdt bién:

Ck,s (f) = dgs - ai{,s (f): k>0,
' —2r+1 2r ,
ags(H:=2 Z Jag_ m(®, k> 0,a54(H):=0,

(m,j)ECr(k,s) ]

& day
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Crks):={(mj):Z2m+j—r=sme]J(k—1),0<j<2r}
v6ik > 0,C.(0,s): = {0}. Trong trudng hop ham nhiéu bién, ching ta xac dinh Ck s trong tu
nhu (5), tic 1a ¢ () = cx 6, ((Ckz,Sz("' Cky,sq (f))) , voi cac ham hé sb Ck,s; ap dung cho
ham s& mot bién khi xem f 12 ham sd véi bién X; VOI1 cac bién con lai ¢b dinh.
Cho k € Z$, ky hiéu Z(k) 1a khong gian sinh boi cac B-splines My ss € J(k). Néu 0 <
p < oo thi g € £(k) duoc biéu dién boi
g= Z asMgs
sej(k)

va dang thirc sau (Dinh, 2011b)

lgllp = 27 /Pl {ag}l, ) - (10)
véi
1/p
IaHpi={ D lasl? |
s€J(k)

v6i vé phai thay bang supremum khi p = oo.
Chung ta can bat dang thirc vé chuan trong L, (D) nhu sau: Néu 14 s6 thoa min 0 <
T < min(p, 1) thi véi day ham bat ky {fi,} € L,(D) ta c6 bat dang thirc

T

Doa| =) i (11)

Pinh 1y sau day dugc ching minh trong (Dinh, 2016).
Pinh 1y 1. Cho 0<p6<o vi a€RY Khi d ta cob
() Néu 1/p < « < 2r thi mot ham s6 f € BJ g c6 thé biéu dién thanh chudi (9) va

€]

B, = > 2@ lla®llp)’

d
kezd

< Ifllg3 (12)

(ii) Néu 0 < o < min(2r, 2r — 1 + 1/p) va g 1a mét ham sé dugc biéu dién boi
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g= Z gk = Z Z Cr,sMy s

kezd kezd se€J(k)
sao cho
1/8
Ba@i=( Y 2}’ | <o,
kezd

thi g € Bgg va lIgllba, << Ba(g)-

(iii) Néu 1/p < « < min(2r, 2r — 1 + 1/p) thi mot ham s6 f xc dinh trén I¢ thuc B3 g khi
va chi khi f co thé biéu dién thanh chudi co dang (9) théa man diéu kién (12). Hon nita,
chuin l1fllg3 , 1a tuong duong véi chuén B, (f).

4. Khéi phuc va xép xi ham s6 bang phwong phap tuyén tinh

Giasu Ly (]Id) 12 mot khong gian v6i chuén tich phan || - |lq thong thuong cho truong
hop 0 < q < oo va khong gian C(I¢) c4c ham lién tuc vé6i chuan max|| - |, cho q = oo theo
nghia: V f,g € Ly(I%) taco [If+gllq < C(lIfllq + llgllq), véihing s6 C = C(p) > 0.

Chung ta xét bai toan khoi phuc xap xi ham s6 xac dinh trén 19 = [0,1]9. Ham s6 can
khoi phuc thude tap hop W Lq(Hd), 0<q< oo

Dé khoi phuc ham sé f duoc xdc dinh trén 19 tir cac gia tri lay mau f(x1), ..., f(x™),
chung ta dinh nghia phuong phap tuyén tinh dya trén gia tri 1dy mau sau day

Dinh nghta 3. Cho X, = {x/}_ 1 ndiém ctia 1%, &, = {cpj}j“=1 1a ho n ham s6 thudc
khong gian Lq(Hd). Ta dinh nghia phuong phap tuyén tinh

n
L (X, @, D= > £y (13)

=1
Cho W c L (Hd). Chung ta nghién ctru tinh t6i uu ctia phwong phép tuyén tinh c6

dang (13) dé khoi phuc ham s f € W tir n gia tri 1y mau bang dai lugng sau
On (W, Lq(]ld)) 1= 1nf ?upllf Ln(Xp, @n, Dllg -
l'l l'l E
Dinh nghia 3 ¢6 thé xem trong (Nguyen & Mai, 2018).

Cho sé nguyén khong 4m m, dat K(£): = {(k $):k € Ay, s € Id(k)} & day 19(k) =

{s €7%:0<s; <28 } va ky hiéu M(%) 1a tap hop gom cac B-splines Mys k € Az, s € J(K).
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Tap hop G(§):={27%s:(k s) € K())} cac diém thuoc I9dugc goi 1a ludi Smolyak
(Nikol'skii, 1975).

Chiing ta dinh nghia todn tir R ciia cac ham s6 f € B3 g boi

RaD:i= D" ak®= ) D caOMyce

kEAE kEAg seJ(k)
B6 dé sau ddy dugce suy ra tir B dé 3.1 trong (Dinh, 2016).

B6 dé 2. Toan tir R, xic dinh mot phuong phap tuyén tinh c6 dang (13) trén ludi
G(¥). Cu thé,

Ra() = LnCn, @D = > H(27% s
(k;s)EK(E)

6 day Xl’l: = G(E)' CI)II: = {qjk'S}(k,s)EK(E) > n.= |G(E)| = EkEAE 2|k|1

va Yy s duge xac dinh 14 t6 hop tuyén tinh clia khong qua NB-splines My s € M(Z) v6i N doc
lap véi k,j, E vaf.

Dé chirg minh két qua chinh ciia bai bao, ta cin thém bd dé sau.
B6 dé 3. Cho & 1a mot sb tu nhién, ky hiéu Ag:={k € Z$: (a— (1/p — 1/9)4, k) <

E}. Khi d6 ton tai cac hang sb duong C; va C, sao cho

C, 2%/ (a=(1/p=1/D))gs < Z 2Kl < ¢, 28/(@=(1/p=1/9)+)gs, (14)
kEAE

Xem chimg minh B dé 3 trong (Nguyen, 2021; Dinh, 2000).

Dinh 1y sau déy 1a két qua chinh va méi cua bai bao, & d6 chung ta xay dung duoc
phuong phép tuyén tinh R, (f), danh gia tiém can toc do hoi tu cua phuong phap dé khoi

phuc ham s thudc khong gian Besov Bg,e, a € R4

Pinh Iy 2. Cho 0 < p,q,0 < co. Gi sir véi mdi n € Z,, £ 1a s6 ty nhién 16n nhit thoa
man

G| = n. (15)

Khi d6 R, xac dinh phuong phép tuyén tinh lay mau tdi uu cho g,: = Qn(Ug,er Lq) nhu sau

Ra() = Ln(Xp @50 = > #2755 s (16)
(k,s)EK(E)
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trong d6 Xj: = G(§) = {27%s : (k,5) € K®)}, P11 = {Wis) ksyekc V2 €O

@n < sup [If =Ra(Dllq < n_(“_(l/p_1/q)+)log;(a_(1/p_1/q)+)n. (17)
feu?
p.6

Chtng minh. Panh gi4 can trén. Theo B6 dé 3 va do £ 1a s6 ty nhién 16n nhét thoa man (15)
nén ta co

|G(®)| = 2%/(@=(1/P=1/D)gs = q, (18)

Tir d6 suy ra ton tai cic hing sd duwong C;,C, sao cho: C;n < 2%/ @ (/P-1/D)Es < C,n.
Tacolog, C; +log,n <§/(a— (1/p—1/q)4) + slog, & <log, C, + log, n.

Do do6

log, C; logy n 1 log, & log,C, log,n
< +s < )
3 3 (a=(1/p—1/9)+) 3 3 3

chon — oo thi § - oo, ta dugc & = log,n va do do
2§ — n—(OL—(1/p—1/q)+)log;(a—(l/P—1/Q)+)n_ (19)

Ching ta lay tay Y € € Z,,,f € Ug'e. Ta di chung minh cho

sup [If— Ra(Dllq « 278 (20)
er;e

Xét p > q. Xuét phat tir bat dédng thic ||f]lq < [Ifll, d4n dén chimg minh cho truong
hop nay voi q = p. Néu 6 < min(p, 1), stt dung Pinh 1y 1 va (11), chung ta nhan duoc

1/0

IE-Ra®llp < > Nla®Ig
kezZd\Ag

< Ifllga, sup 2@k
P rezd\Ag

« 278
Néu 8 > min(p, 1), dit T = min(p, 1).

- RAJf)lI:, < 7 lla®Il

kezd\Ag

= > 2Ol ®ll) @) 21)

kezd\Ag
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Ton tai 8* > 0 sao cho 1/6 + 1/6* = 1/1. Tir (21) va Ap dung bét dang thirc Holder ta c6

1/0 1/0*

f- Ry (0] < (2O lqll,)’ (@)
p

keZd\Ag keZ$\Ag
« 278

Xét truong hop p < q < c0. Cho f € B g, bsi Bo dé 5.3 trong (Dinh, 2011a) ching ta c6

||f_ RA‘;’“)”Z K Z {2(1/p_1/q)|k|1”qk(f)”p}q

kezd\Ag

Néu 6 < q, thi

1/8
- 0
||f_ RAE(f)”q < Z {2(1/p 1/q)|k|1||qk(f)||p}
kezd\Ag
< ”f”Bae sup 21/P~1/@)lklip-(ak)
PPrezd\ag
« 278
Néu 8 > q thi
! - q
”f_RA;(f)”q« Z {2(1/P 1/Q)IkI1||qk(0”p}
kezd\Ag
= Z {2_(a'k)2(1/p‘1/Q)|k|1}q{”qk(f)”pz(a,k)}q
kezd\Ag

Hon nira, c6 mot s6 q* thoa man 1/q = 1/6 + 1/q*. Ap dung bét dang thirc Holder,
chung ta co

1/q
||f_RAE(f)||q<< Z {2-@k20/p=1/q)lkl1} {”qk(f)”pz(a,k)}
kezd\A
1/q"
< Iflla,, Z {2-@k20/p-1/@)]kl; )
kezd\A
« 278

Tir (18) va R (f) duogc xac dinh boi (16), nhan thiy rang s6 gia tri iy mau trong R (f)
1a |G(8)| = n. Ngoai ra tir (19), (20) va cac truong hgpda xétp = q, p < q < o tacod
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Séug”f_ RA(f)”q & n—(oc—(1/p—1/q)+)log;(a—(l/p—l/Qh)rL
€

DPénh gia cén trén (17) dugc hoan thanh.

6. Két luan

Bai bao nghién ctru khoi phuc va xap xi ham s bang phuwong phap tuyén tinh cho 16p
ham s6 thudc khong gian Besov B g V01 do tron hon hop, xdy dung va danh gia can trén toc
do hoi tu cua phuong phap qua dal luong dic trung. Két qua méi ciia bai bao 1a mé rong va
tong quat mot s6 két qua trong (Dinh, 201 1a; Dinh, 2016).
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