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Abstract

In this paper, we state and prove the hyperstability of generalized linear equations in several
variables in quasi-normed spaces. As applications, we deduce some known results and some
particular cases of generalized linear equations in several variables.
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1. Introduction

Studies of the stability of functional
equations date back to (Hyers, 1941) and (Ulam,
1964). A particular case of the stability problem
that is of interest to some authors is the
hyperstability of linear functional equations.
Results on the hyperstability have first
appeared in (Bourgi, 1949), but the term
“hyperstability” was first used in (Maksa &
Pales, 2001). Some authors have studied the
Hyers-Ulam’s  hyperstability for various
classes of linear functional equations.
Recently, some authors have studied the class
of generalized linear functional equations with
many variables of the form

ZLif(_ aijxjj:O.
j=1

i=1

(1.1)

In 2015, the result of equation (1.1) was
established and proved (Zhang, 2015).
Specifically, with appropriate assumptions,
the approximate solution of the generalized
linear functional equation (1.1) is the
solution of that equation. The main way to
the proof of the paper (Zhang, 2015) is to
use Brzdek's fixed point theorem (Brzdek et
al., 2011). Besides, the normed space has been
expanded into a quasi-normed space with
many different characterizations. Dung and
Hang (2018) established a fixed point theorem
in the quasi-normed space and applied it to
study the hyperstability of functional equations
in quasi-Banach space.

In this paper, we use the fixed point theorem
in Dung & Hang (2018) to establish and prove
the hyperstability of generalized linear equations
in several variables in quasi-normed spaces.

Now we recall some notions.

Definition 1.1 (Kalton, 2003, p. 1102).
Let X be a vector space over the field K,

k=1 and ||.||: X > R, be a fuction such that
forall x,ye X andall aek,

1. || x|l=0 ifand only if x=0.

34

2. lax{i=al.lI Il
3. Ix+yll<alx+1y 1D

Then

1. ||.]| is called a quasi-norm on X and
(X, |I.1l, x) is called a quasi-normed space.

2. |||l is called ap-norm on X and
(X,||.1l,x) is called a p -normed space if there
is 0< p <1 such that

I x+ylP<Ix]|P +]| y||P forall x,ye X.

3. The {x.}, Iis

convergent to x if lim||x, —x|=0, denoted

sequence called

by limx, = x.

4. The sequence {x.}, is called Cauchy if
lim || x, — X, |=0.

5. The quasi-normed space (X,||.||,x) is
called quasi-Banach if each Cauchy sequence
is a convergent sequence.

6. The quasi-normed space (X,||.]|,x) is
called p-Banach if it is p-norm and quasi-
Banach.

Remark 1.2.

1. If x=1 then a quasi-normed space is a
normed space.

2. p-norm is a continuous function.
3. For all

n
Sox| <Yl L
i=1

Example 1.3 (Kalton et al., 1984, p. 17).
The space

Loa={c010-R: [ KyP dt<eo}

[0.1]

X,.. X, €X  we have

1
where 0< p=<1, [ x|l=( [ x©)[" dt)® for all
[0.1]
1y
x e L,[0,1] is quasi-normed space with x =2° .
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The following corollary is used to study the
hyperstability of generalized linear equations in
several variables in quasi-Banach spaces.

Corollary 1.4 (Dung & Hang, 2018,
Corollary 2.2). Suppose that

1. U is a nonempty set, (Y,||.|],x) is a
quasi-Banach space, and 7:YY YV is a

given function, YV is the set of all mappings
fromU to Y.

2. There exist f,...,f:U—>U and

L,....L, :U —>R, such that for all & ueY"
and xeU,

1750 = Zu(¥) ||

S L@IE(L0) (1)l a2

3. There exist ¢:U >R, and ¢:U Y
such that for all xeU,

1 Zp(X) —(X) [|I< £(X).

4. For every xeU and 6=Ilog,, 2,

(1.3)

g (X)= i(A”g)g(x) <o (1.4)

where A:RY — R defined by

AS(X) = Z L (x)s(f,(x) (1.5)

forall 6:U >R, and xeU.

Then we have,

1. For every xeU, the limit

lIm7"p(x) =y (x) (1.6)

exists and the so difined function y:U —>Y is
a fixed point of 7 satisfying

I p(x) —y () |I’<4e™(x) (1.7)

for all xeU.
2. For every xeU,

positive real M such that
£ (0 =(MY(A"%)(0)’ <o
n=0

then the fixed point of 7 satisfying (1.7)
IS unique.

if there exists a

(1.8)

The following result is well-known and is
usually called Aoki-Rolewicz theorem.

Theorem 1.5 (Maligranda, 2008, Theorem
1). Let (X,||.]l,x) be a quasi-normed space,

p=Ilog, 2 and ||.|||: X - R, defined by

1
| X |||= inf (ZHXi ||"jp 3X=in % eX,nx1
i=1 i=1

for all xe X . Then |||.||| is p-norm on X
and

Ll il x, for all xe X .
2K

2. Main results

In this section, we establish and prove
some results on the hyperstability of the
generalized linear equations in several
variables (1.1) in quasi-normed spaces.

Theorem 2.1. Suppose that
1. F,K denote the fields of real or
complex numbers and (X,||.|ly.&x) is a

quasi-normed space over field F, (Y,||.]l,, &)

is a quasi-Banach space over field K and
f : X =Y is a given mapping.

2. n>2 and m are positive integers,

C>0, a;eF and L eK are given
parameters for i=1,...,m, j=1,...,n.
3. There  exist be{l...m} and

h#J,e{L....,n} such that a ; #0, a; #0.
For all i=i, y=0, there is jefl...n}
satisfying a; #7a ;-
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4. There exists p <0 such that

ZLif[Zaijxj] <CY Xl (2.2)
i=1 j=1 v j=1
forall x,...,x, € X \{0}.
Then we have
DL D ax; |=0 (2.2)
i=1 j=1

for all x,,...,x, € X \{0}.

Proof. Without any loss of generality, we may
assume that i,=1 and (a;),, is the row

satisfying Condition (3). For i=1...,m, let 7,
i

denote the hyperplane > a;t; =0 in F". For
i=1

k=1...,n, let 7, be the coordinate plane
t. =0 in F". Then =, is the hyperplane

> at; =0. By the hypothesis on (a,;),,,. it
j=1

that
7T, # 7Ty, S0, We get

(7[1 \U/ZC kJ\Uﬁi =,
k=1 ' i=2
Choose an element

(k;,.... k) e (72'1 \Q?Z’c’k) \Oﬂ,

Obviously, (k,...,k,) satisfies

follows T #E T, ...,m) and

D ak;=0
-1
kj;tO,j:l,...,n

Zn:a..k. #0,i=2,...,m.

L]
=

Keep the hypothesis on (a;),,, in mind,

there exists by,...,b, € F such that > a b, =1.
=

36

For a given large teZ, , (kjt+b;)#0 and
x=0, we set x; =(kjt+b;)x, j=1,...,n, and

write s;(t) =Y _a; (k;t+b;), i=1...,m Then
i1

s(t)=> a;kt+b)=>akt+> ab =1
j=1 j=1 =1
and the inequality (2.1) takes the form

SL (s 0)%)

i=1

<CY Kt+b, PlIx[2 .(23)
j=1

Y

From (2.3), we gain

HLlf(x)JriLif(si ®)x)

Dividing the two sides of the above inequality
by |-L, |, we obtain

n
<CY Kt+b, Pl .
=

‘—1.f (x) +i_|‘—|‘_1f (s.(0)x)

Y

C n
S D kit +b; Pl ]IS,
|_L1| =t
set L =-1 L -5 and C::L. Then
-L -4

we can use (2.1) as the form

ilﬁ f(s,0)x) - f (%)

<CYkt+b, Pl x|3 . (2:4)
v =

Since k,,...,k =0 we have !im‘kjt—i-bj‘:—}—oo,
forall j=1,...,n. Define o :=C> k;t+b, ",
j=1
so that
lime, =0.

t—oo

We can suppose that t is sufficiently large so
that 0< ¢, <1.

(2.5)

Define mapping T, Sy XMOF _y y X MO} by

TE00 =Y Lé(50x)
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forall xe X \{0} and &eY "%, We set

&(X) = e [ X% (2.6)

for all x e X \{0}. The inequality (2.4) can be
written as
[T F )= T () [l <& ().

This proves that (1.3) is satisfied.
Define mapping A, :R+X‘{°} _)R+X\{0} by

AS(X) = Kymf?-‘imi 15(s,t)x)  (2.7)

forall xe X \{0} and & e R, *%. This proves
that (2.7) has the form as (1.5), where L, is
replaced by &' ?|L |. Furthermore, for all
EneY M xe X \{0} and Remark 1.2 (3),
we have

T () =T ()l

=[> Le(s %) -2 L 0%)

Y

- iZmz:[Lig(si %) - La(s ©)x)]

Y

<k 2SI L1E(s %) (s X1,

i=2

It proves that (1.2) is satisfied when L, is
replaced by &% | L |.

For all xe X \{0} we have
Atgt (X)

m
= K\;nizzlLi o |I's; () 1%
i—2

m
=xy 2 L LIS O F e XI5 -
i—2

By induction, we will show that for all
xe X\{0}, neN

APst(x)z(K;“ilLi |.|si(t)|pj a X . (28)

Indeed, if n=0, then (2.8) holds by (2.6).
Suppose that (2.8) holds for n=k, that is,

m k
Af%(X){KYm’ZZILi |-|Si(t)|"] a I X1 .
i=2
We have
A (%)

= (At ()
m m k

= Kvm_ZZ“—i |[KYm_ZZ|Li [.]s(t) |pj o |l s; (x5
i=2 i=2

SC |.|si<t>|"j.(r<$“ilu ISP | okl

m k+1
=(K$"‘ZZIH |-|Si(t)|pj a Il -
i=2

So, (2.8) holds for all neN.
By using (2.8) with 6 =log,, 2, we gain

& (X)
= Z (A?gt)‘g(x)
n=0
0 m on
= [K&“‘ZZILi |'|Si(t)|pj al IXIE7 . (2.9)
n=0 i=2
s(t)=>a;(kt+b;)=> akt+> ab, and
=1 j=1 j=1
> ayk; =0 forall i=2,...,m, we have
j=1

lim|s, (t) |= lim = to0,
t—oo t—o0

Zn:aiikj”iaubj
= =

So, we gain !imzc;“’22|l_i|.|si(t)|”:0. We
—o =

choose a large positive integer t such that
YL 1s®P<1 (2.10)
i=2

Then
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M3

SarSnlisor]

- T

= : (2.11)

(s or )

By using (2.9) and (2.11), we have

o | X%
" 0
1_(K;n_22|l-i |1, (1) |pj
i—2

for all xe X\{0}. This proves that (1.4)
Is satisfied.

& (x)=

< o0

According to Corollary 1.4, with a large
positive integer t, there exists a fixed point
f.: X =Y of T,f,(x) = f,(x) satisfying

[RACIER 9]
<4g (X)

_ 4at9 | X ”ip (2.12)

S EP VNI

xe X \{0}. Furthermore, by (1.6)

for all
we obtain
f.(x)=1imT," f (x). (2.13)

By induction, we will show that for all
xe X\{0}, reN

ZLT f [Za“ JJ

S(K&“’ZZIH |.|si<t)|*’j CYlIx I @19

Indeed, if r=0, then (2.14) holds by (2.1).
Suppose that (2.14) holds for r =1, that is,

38

g

m I n
<| YL |-|Si(t)|pj CY X .
i=2 j=1

We have

ZLT'”f(ZaU J

Y

= il‘liLkT f(Sk(t)zau J)

- iLkiL,T f(Zausk(t)x)
TN ks f(Zaquka)x)

<K ZILKI( Zlhl |S(t)|pJ chlsk(t)x 1%
:(K;ﬂzk;wk s, (t>|Pj.[rc;“gz‘,|u 15,(0) |pj
.cgn s

:(K;n—zgm 15 |]Zc 1%, 15

So, (2.14) holds for all r e N.
By using (2.10), we gain
"m[ ZZIL| |s<t)|pJ cznx I5=0. (2.15)

From (2.13), (2.14), (2.15), Remark 1.2 (2) and
Theorem 1.5, we obtain

Zm:L,f (Za“ J]

Y

= hmZ LT f (Zau J]

Y
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=lim

r—oo

ST [z ,

i=1

Y

<lim ZL,T”lf (Zau ,

r—oo
Y

r n
COlx; 113
=L

<lim

r—oo

=0.
It means that

i=1

A MREYOLL

(2.16)

So, f, satisfies (2.2) with a large positive
integer t. Letting t—oo in (2.12) and using
(2.5), we gain

lim || £, ()= T Il

4o || XII5°

(S s

<lim

t—w

=0.
It follows that lim | f, ()~ f ()l =
lim f,(x) = f (x).

0. So
(2.17)

Letting t >0 in (2.16) and using (2.17), we

gain ng[Za” J]

X;,-., X, € X \{0}. So, f satisfies (2.2). O

for all

We continue to present an extension of
(Zhang, 2015, Theorem 1.7) from normed
spaces to quasi-normed spaces.

Theorem 2.2. Suppose that
1. F, K denote the fields of real or
complex numbers and (X,||.||;,xy) is a

quasi-normed space over field F, (Y,||.]l,, Ay )

is a quasi-Banach space over field K and
f : X =Y is a given mapping.

2. n>2 and m are positive integers,
C>0, a;eF and LeK are given

parameters for i=1,...,m, j=1...,n.

exist i,e{l...m} and
h#J,e{L...,n} such that a ;, #0, a; #0.
For all i=#i,, y=#0, there is je{l,...,n}
satisfying a; #ya, ;.

3. There

4. There exists p,,..
p,+---+p, <0 and

g

x. € X \{0}.

. P, €R such that

n
<CI Tl iy
j=1

forall x,...,

Then we have
ZL f (Za“ J}

x. e X \{O}.

cH||<jt+bj e

for all x,,...,

Proof. Set ¢, = Then

limeg, =0 since ij<0 The proof of

t—o0
=1

Theorem 2.2 is now the same as the that of
Theorem 2.1. O

We apply the established result to prove
some results of Zhang (2015).

Corollary 2.3 (Zhang, 2015, Theorem
1.6). Suppose that

1. F,K denote the fields of real or
complex numbers and (X,]|.|l) is a normed
space over field F, (Y,||.|l,) is a Banach
space over field K and f:X —>Yis a
given mapping.

2. n>2 and m are positive integers,
C>0, a;eF and LeK are given
parameters for i=1,...,m, j=1,...,n.
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3. There  exist ibe{l...m} and
h#J,e{L...,n} such that a ;, #0, a; #0.
For all i=i,, y=#0, there is je{l...,n}
satisfying a; #ya, ;.

4. There exists p <0 such that
ZLif[Zauxjj <CY X 11§
i=1 j=1 j=1

forallx,...,x, € X \{0}.

Y

Then

ZLif( aijxj}:O
=1

i=1
for all x,...,x, € X \{0}.

Proof. The normed spaces are the quasi-

normed spaces when «=1. So, all
assumptions of Theorem 2.1 are satisfied. Then
Corollary 2.3 follows from Theorem 2.1. 0

We continue to apply established results
to some special cases. The next is an extension
of the result of Zhang (2015) from the
normed spaces to the quasi-normed spaces.

Proposition 2.4. Let F,KK denote the fields of
real or complex numbers, (X,||.[lx,xy) IS @
quasi-normed space over field F, (Y,||.]l,,x)
is a quasi-Banach space K, abelF\{0},
ABekK, ¢>0, p<0 andlet f:X —Y satisfy

|| f (ax+by) - Af (x) - Bf (y) Il
<c(lIxIlx +yli5)
for all x,y e X \{0}. Then f satisfies the equation
f (ax+by)— Af (x)—Bf (y)=0
for all x,y e X \{0}.
Proof. We set A :=(ab), A =(0) and
A =(01). For all ie{2,3} and yeF, we

40

gain A = yA. Furthermore, f satisfies (2.1)
x,ye X\{0}, L=1 L =-A and
L, =—-B. So all assumptions of Theorem 2.1

for all

are satisfied. Then Proposition 2.4 follows from
Theorem 2.1. 0

Proposition 2.5. Let F,K denote the fields of
real or complex numbers, (X,|.|ly,xy) is a
quasi-normed space over field F, (Y,||.]l,,4y)
IS a quasi-Banach space K, a,belF\{0},
ABeK, ¢>0, p<0 andlet f:X —Y satisfy

i(—l)“-ic; f(ix+y)-n!f(x)

Y

<c(Ixlx +1ylx)

for all x,y e X \{0}. Then f satisfies the equation

n

3 (-1)™Clf (ix+y)—n!f (x) =0

i=1
for all x,y e X \{0}.

Proof. We set A =(11), A:=(,1) for all
ie{2,...,n} A.. =(@0). For all
ie{2,n+1} and yeF, we gain A =yA.
Furthermore, f satisfies (2.1) for all
x,ye X\{0} and L,L,,...,L, are (-1)"C?,
(-)"*C;,...,1, respectively, and L, =-nl
So all assumptions of Theorem 2.1 are
satisfied. Then Proposition 2.5 follows from
Theorem 2.1. 0
Proposition 2.6. Let F,K denote the fields of
real or complex numbers, (X,|.|ly,xy) is a
quasi-normed space over field F, (Y,||.]l,,4y)
is a quasi-Banach space K, a,belF\{0},
ABekK, ¢>0, p<0 andlet f:X —Y satisfy

and

|| f(x+y)+f(y+2)+ f(x+2)
—f)-f(y)-f(D)-f(x+y+2)|
<c(IxIIx +ylx +11zI1%)
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for all x,y,ze X\{0}. Then f satisfies
the equation

f(x+y)+f(y+2)+ f(x+2)
=f(X)+f(y)+f(2)+ f(x+y+2)
for all x,y,z e X \{0}.
Proof. We set A :=(110), A =(011),
A, =(10,1), A, =(0,0), A =(0,1,0),
A =001 ad A =(111). For all

1€{2,3,4,56,7} and y €, we gain A = yA.
Furthermore, f satisfies (2.1) for all
X, Y,z e X \{0} and L=L=L=1
L, =L =L =L =-1. So all assumptions of

Theorem 2.1 are satisfied. Then Proposition
2.6 follows from Theorem 2.1. O
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