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Abstract

This paper examines identical synchronization in a complete network consisting of n
nodes. Each node is connected to every other node through linear coupling and is
represented by ordinary differential equations of the Hindmarsh-Rose 3D type, which can be
derived from the well-known Hodgkin-Huxley model. The study establishes a sufficient
condition regarding the coupling strength necessary to achieve the desired synchronization.
The findings indicate that networks with higher in-degrees for the nodes synchronize more
readily. Additionally, the paper presents numerical simulations in C++ to support this
theoretical result, highlighting the existence of a trade-off.
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Tom tat

Bai viét ndy tdp trung phan tich hién tuong cong huong dong nhat trong mot mang
ledi day di gom n nmit, trong dé méi it dwoce két noi tuyén tinh véi tat cd cdc nit con lai.
Mbi nit trong mang dwoc mé hinh héa bang hé phwong trinh vi phdn ba chiéu dang
Hindmarsh-Rose — mot phién ban don gian héa cua mé hinh than kinh noi tieng Hodgkin-
Huxley. Dua trén cdu triic mang dcfy du, nghién cuu xac dinh diéu kién du vé d¢ manh lién
két dé dam bao s xudt hién cia cong huong dong nhat. Két qua chi ra rang s luwong lién
két dau vao vao mét nit ting lén, kha nang xdy ra cong huong ciing dé dang hon.
Bén canh do, nghién civu con tién hanh kiém chitng Iy thuyét théng qua mé phéng sé
bang ngon ngit ldp trinh C++ va xem xét mirc dj twong quan giita hai phirong phdp.

Tir khéa: dé manh lién két, hé phwong trinh vi phén, lién két tuyen tinh, mang
lwe6i day di, mé hinh Hindmarsh-Rose 3D, sw cong hiwong dong nhat.
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1. Introduction

Synchronization is a common phenomenon that has been studied in various natural
systems and in the field of nonlinear science. The term "synchronization" originates from
Greek, where "syn" means "common" and "chronous" means "time". It refers to the
occurrence of two systems exhibiting the same behavior simultaneously (Aziz-Alaoui,
2006). When two dynamic systems are synchronized, one system mimics the movement of
the other. When many systems exhibit synchronized behavior, they are collectively referred
to as synchronous systems. Research by Aziz-Alaoui (2006) and Corson (2009) suggests that
synchronization can occur in networks of weakly coupled oscillators. Numerous applications
have emerged from the study of synchronization, including enhancing laser power,
controlling oscillations in chemical reactions, encoding electronic messages for secure
communications, and synchronizing the output of electrlical circuits (Ambrosio et al., 2012;
Aziz-Alaoui, 2006).

Synchronization has been extensively studied across various fields, as it is a phenomenon
observed in many natural occurrences. Examples include the movement of birds forming flocks,
schools of fish in a lake, parades, and the reception and transmission of signals among groups of
cells (Ambrosio et al., 2012; Ambrosio et al., 2013; Corson, 2009; Ermentrout et al., 2009;
Hodgkin et al, 1952; Izhikievich, 2007; Keener et al., 2009). Therefore, studying
synchronization is essential. This paper particularly focuses on cellular networks.

In the human brain, numerous cells connect to form intricate networks. A cellular
network is defined as a system of cells that are physiologically interconnected. Their
interactions primarily rely on electrochemical processes. This study examines the conditions
necessary for achieving synchronization within a complete network of cells. Specifically,
each cell is modeled using a system of ordinary differential equations of the Hindmarsh-Rose
3D type. To simplify the analysis, we investigate a complete network of n neurons that are
interconnected using linear coupling.

In 1952, Hodgkin and Huxley introduced a four-dimensional mathematical model that
approximated the electrical properties of cell voltage (Ambrosio et al., 2013; Corson, 2009;
Izhikevich, 2007). Building on this model, many simpler models have been developed to
describe cell voltage dynamics. In 1984, Hindmarsh and Rose published the Hindmarsh-Rose
model (HR), a simplified three-dimensional model derived from Hodgkin and Huxley’s
renowned system of equations (Hodgkin et al., 1952). Despite its simplicity, the Hindmarsh-Rose
model offers many notable analytical results and retains important biological significance. It
effectively represents the equilibrium, activity, and burst behavior of cell voltage. The ordinary
differential equations of the Hindmarsh-Rose 3D type (HR) are given by:

@=—x3+ax2+y—z+1,

dt

d—yzl—bxz—y, M
dt

dz

-~ sx=o)=2),

where x represents the membrane voltage, y represents the fast-moving ionic currents
across the cell membrane, and z represents the slow-moving ionic currents across the cell
membrane. The parameters a,b,c,r,s (a,b,r,s >0 )are constants determined by practical

experience, / presents the external current.
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System (1) is considered as a neural model and from this, a network of n coupled
systems (1) based on HR type is constructed as follows:

& _ —x +ax] +y,—z,+1—h(x,x)),

dt

ﬁzl—bxiz_yia i,j=1,2,__.,n,i¢j, (2)
dt

dz,

—=r(s(x,—c)—z,),

dt ( ( i ) ’)

where Xx,,y,,z,,i =1,2 are the variables of the ith cell.
Function % is the coupling function that determines the type of connection between
neurons ith and jth. Connections between neurons are essential and can be categorized

into two types: chemical connections and electrical connections. Chemical connections are
more abundant than electrical connections. For the purposes of this research, this paper will
focus solely on electrical connections, where the coupling function is assumed to be linear
(Ambrosio et al., 2013; Corson, 2009; Ermentrout et al., 2009; Izhikenvich, 2007) and is

given by the following formula: /(x,,x,) =g, Z ¢, (x,—x;), i=L2,..,n.
J=lj#i
The parameter g = represents the coupling strength. The coefficients ¢, are the

elements of the connectivity matrix C, =(c;),,, , defined by: ¢; =1 if neurons ith and jth

are coupled, ¢; =0 if neurons ith and jth are not coupled, where i, j =1,2,...,n,i # j.

In recent years, there has been a growing body of research on the synchronization of
networks of cells. However, most of this research focuses only on cells stimulated by
ordinary differential equations of the FitzHugh-Nagumo type (Ambrosio et al., 2012;
Ambrosio et al., 2013) or includes a limited number of numerical studies on the ordinary
differential equations of the Hindmarsh-Rose 2D (and even 3D) type (Corson, 2009).
Notably, there has been a lack of analytical research concerning ordinary differential
equations of the Hindmarsh-Rose 3D type within a complete network of cells. This gap
highlights the significance of further exploration in this area, which offers valuable practical
applications for contemporary applied mathematics.

2. Sufficient condition for identical synchronization in complete network of
ordinary differential equations of the Hindmarsh-Rose 3D type with linear coupling

This paper investigates synchronization within a complete network, where each node
is connected to all other nodes (Corson, 2009). For example, Figure 1 illustrates complete
graphs ranging from 3 to 10 nodes. In this context, each node represents a neuron, which is
modeled using a system of ordinary differential equations of the Hindmarsh-Rose 3D type.
Each edge in the network signifies a synaptic connection, modeled by a linear coupling
function. A network of n neurons that are bi-directionally coupled through electrical
synapses based on the Hindmarsh-Rose model is described as follows:

ﬁz_xi3+axi2_‘_-Vi_zz'_|—]_gs'y"1 z (xi_x/')’
dt =1, j#i )
3
Wiy gy i=1,2,.n, ©)
dt
dz.
—=r(s(x,—c)—z),
o (s(x;,—¢)—2z)
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where g, is the coupling strength between neurons ith and jth.

Definition 1 (Ambrosio et al., 2012).
Let S, =(x,,y,,z,), i=12,...n and S =(S,,S,,...,S,) be a networki. We say that § is
identically synchronous if we have:

lim|x, (1) = x,(5)] = 0, lim[,(1) = y,(1)| = 0 and
}Lrg‘zi(t)—zj(t)‘ =0,i,j=1,2,.,n,i# ],

for every initial conditions x,(0),y,(0),z,(0),i =1,2,...,n.

Figure 1. Complete graphs from 3 to 10 nodes.
System (3) can be rewritten as follows:

%:—xf +ax; +y,—z,+1-g,, Z (x; —x;),

dt j=1,j#i

dy 2

—L=1-bx—y,,

dt P

% =r(s(x,—c)—-z),

dt i=2,..,0.
x n

—1:—x13+ax12+y1—zl+[—gsyn2(xl—xj)a 4)
dt =2

dy

d—tlzl_bxlz _yl’

dz

7;= r(s(x, —c)—z),

Let X=x,—x,Y=y,—-y,Z=z -z and U=z +z,i=2,.,n. We have then the
system corresponding to the variables X,Y,Z as follows:

dX 1 5 3,
—=Y-7Z-—-X+X@U-=-U"- ,

% 1 (a 1 ng.,,)
d—Yz—bXU—Y, (5)
dt

d—Z:rsX—rZ,

dt

Theorem 1.
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a 1 .\ (b—2a)2)}’

If the coupling strength g, verifies the condition g , > max {3—, 2 G- 71
n 4ny 4n(3-y

with 0<y < b%’ Jor all initial conditions x,(0),,(0),z,(0),i=1,2,...,n, the system (4)

will synchronize.
Proof. Let’s choose the Lyapunov function as follows:

1 1
EX,Y,Z)=-X*+Ly*+ — 72,
2 2 2rs
where y is a positive constant. By taking derivative of this Lyapunov function according to

t, we have:

dt 4 s
3
where 4 = ZU2 —aU +ng,,,B=ybU-1.
It can be seeen that AX” + BXY +yY* > 0 if the following two conditions are verified:

3
(1) Since 4= ZU *—aU+ ng,,, the solutions of the equation 4 =0 are

2(air«/a2—3ngsyn) . 3 a> a4

if < —. Therefore, A>0 if g, >—;
3 gsyn 3n g-y 3]’1

Ul,z =
.. B’ 2y 72 1 . .
(ii) yA— ” >0 B-yb)U" =2(a-2b)U +4ng,, — ; > 0. This condition
1 N (b—2a)’
4ny  4n(3-yb*)
Then, if the coupling strength g verifies the condition:
2 2
g,, = max a_’ ! + (b 2a)2 wi
. 3n 4ny 4n(3—yb”)
we have AX* + BXY +yY? > 0.

3
is satisfied if g, > and y < PER

dE(X,Y,Z)
dt
asymptotically stable for E(X,Y) (see Aeyels, 1995). Hence, the neurons of the network (4)

It leads to <0, for all X,Y,Z. It implies that the origin is globally

is globally asymptotically synchronized. The theorem has been proven. u

Remark 1. The above theorem offers a sufficient condition for the synchronization of
system (4), but it is not a necessary condition. This means that even if the coupling strength
does not meet the criteria outlined in Theorem 1, it does not imply that system (4) cannot
synchronize. In fact, numerical methods confirm that there are instances where the coupling
strength does not satisfy the sufficient condition, yet system (4) remains synchronous, as
illustrated in Figures 2(e) and 2(f).

3. Numerical results and discussion
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To check the effectiveness of the above-mentioned sufficient condition, the numerical
results of the paper are performed in C++ and the Runge-Kutta algorithm is used to integrate
the system (4) for n =2 with the time step Az =0.001. The parameter values are selected as

follows:

a=3,b=5c=-1.56,r=0.006,s =4, 1 = 3. with

the initial conditions:

(x,(0), ,(0), 2,(0),%,(0), ,(0), 2,(0)) = (0.1,0,0.1,-0.1,0.1,0).

3

3

By numerical method, we get the results as shown in Figure 2.
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05 | 0.5 JL ) IH} ""-."L-UJ
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Figure 2. Before synchronization of the system (4) with g, =0.1 and g, =0.4

according to the figure (a), (b), (c), (d) since there is no identity between x, and x,. In

figure (e), with g,

=0.5 we see that there is appearance of a diagonal in the plane Ox,x,,

it means that there is an identity between x, and x,. In figure (f), the evolution of x, in

time is blue and the evolution of x, in time is red, in this figure we also see the identity

between x, and x,. Therefore, synchronization occurs in the network (4) for n =2.

The results show the correlation between the variables x;, and x,. If there is an

identity between x, and x,then we say the system (4) for n =2 has synchronization, the

case otherwise no synchronization occurs. Specifically:
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- with g = 0.1 then the sufficient condition is not satisfied (see Figure 2(a) and

2(b)). Synchronization does not occur in the network (4).
- with g =0.4 then the sufficient condition is not satisfied (see Figure 2(c) and

2(d)). Synchronization does not occur in the network (4).
-with g, = 0.5 then the sufficient condition is not satisfied (see Figure 2(e) and

2(f))., we see that there is appearance of a diagonal which means there is an identity between
x, and x,. In Figure 2(f), the evolution of X, in time is blue and the evolution of x, in time

is red, in this figure we also see the identity between x; and x,. Therefore, synchronization

occurs in the network (4).
From the above result, in the case of two linearly coupled neurons, the coupling
strength over or equal to g =0.5, these neurons has synchronous behaviors. By doing

similarly for the complete networks of linearly identical coupled neurons, the values of
coupling strength according to the number of neurons # are reported in Table 1. In Table 1,
for each value of n, we seek one necessary value of coupling strength to get the
synchronization in complete network corresponding to » from 2 to 20.

Table 1. Minimal coupling strength necessary to observe the synchronization

n 2 3 4 5

Eon 0.5 035 031  0.28
" 6 7 8 9 10
Esn 006 025  0.245 0.24  0.235
n 11 12 13 14 15
Sor 023 0228 0225 0223 0222
n 16 17 18 19 20
Zon

0.22 0.219 0217 0216  0.215

After conducting these numerical experiments, it becomes evident that the coupling
strength necessary for observing synchronization among n neurons varies depending on the
number of neurons present. The points depicted in Figure 3 illustrate the relationship
between the coupling strength required for synchronization and the number of neurons in a
complete network, as detailed in Table 1. We can derive a function that represents this
relationship between the number of neurons 7 and the coupling strength listed in Table 1.
The function is as follows:

0.3
gsyn :E+0.2’ (6)

In Figure 3, the function described in equation (6) is represented by a curve, where
the points corresponding to the coupling strengths are nearly aligned. This indicates that the
coupling strength required for synchronization in a complete network follows the law
outlined in (6). The simulations demonstrate that as the number of neurons increases, the
necessary coupling strength decreases. In other words, achieving synchronization becomes
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easier as the number of neurons in complete networks grows.

0.5 o

0.45 |

o

w 2

wul B
! !

. _

Coupling strength
o

0251 “'.‘0000—0"...
.

0l2\||
2 4 6 8 10 12 14 16 18 20

n
Figure 3. The evolution of the coupling strength
with respect to the number of neurons

4. Conclusion

This study presents a sufficient condition for achieving synchronization in a complete
network of n linearly coupled ordinary differential equations of the Hindmarsh-Rose 3D
type. Theorem 1 indicates that as the value of n increases, the required coupling strength

g,,, decreases. Numerical analysis demonstrates that synchronization remains stable when

the coupling strength exceeds a certain threshold, which is influenced by the number of
neurons in the network. Specifically, a larger number of neurons facilitates the phenomenon
of synchronization. Therefore, a compromise can be reached between the theoretical and
numerical findings. Additionally, further research is needed to explore different
synchronization regimes in free networks coupled with chemical synapses.
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