Tap chi Khoa hoc Pai hoc Pong Thép, Tdp 14, Sé Pdc biét 04S (2025): 353-361

TAP CHi KHOA HOC DAI HOC DONG THAP
Dong Thap University Journal of Science

S6 Dac biét Hoi nghj Khoa hoc tw nhién
Péng bang séng Clru Long [dn IV
ISSN 0866-7675 | e-ISSN 2815-567X

DOI: https://doi.org/10.52714/dthu.14.04S.2025.1598

MOI LIEN HE GIUA CAC NGHIEM CUA MOT LOP PHUONG TRINH
VI PHAN NGAU NHIEN TRONG KHONG GIAN MOT CHIEU
LAm Hoang Chuong!" va Trang Thi Hién?

"Khoa Khoa hoc Tw nhién, T ruong Pai hoc Can Tho, Viét Nam
’Phong quan Iy chdt lwong, Truong Pai hoc Can Tho, Viét Nam
*Tac gia lién hé, Email: lhchuong@ctu.edu.vn
Lich su bai bao
Ngay nhdn: 30/6/2025,; Ngay nhan chinh swa: 01/8/2025; Ngay duyét dang: 13/8/2025

Tom tat

Mouc tiéu chinh cia bai bao la tim ra méi lién hé giita cdc nghiém ciia mot 1op phwong
trinh vi phdn ngau nhién trong truong hop c6 luc ngoai tac dong va khong co liyc ngodi tac
déng. Y twong quan trong nhat ¢ day la chuyén doi phiong trinh vi phdn ngau nhién vé > phirong
trinh vi phdn thuong dé dé dang khao sdt tinh chat nghiém hon. Tir @6 két hop véi cong thire
[t6 d@é dénh gid gi6i han ciia cdc moment béc 1 va bédc 2 cia qud trinh khuéch tan tir phiong
trinh vi phdn ngdu nhién dang xét.
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Abstract

The main purpose of this paper is to explore the relationship between the solutions of a
class of stochastic differential equations in the cases with and without external forces. The
central idea is to transform the stochastic differential equations into ordinary differential
equations in order to simplify the analysis of their solution properties. This transformation is
then combined with Ito's formula to estimate the bounds of the first and second moments of the
diffusion process described by the considered stochastic differential equations.
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1. Gidi thiéu

Xét sy chuyén dong ciia mot chat diém trong khong gian mét chiéu véi X, 1a vi tri ca
chat diém ¢ thoi diém t (t = 0). Khi d6 (X;)¢s0 1a mot qua trinh ‘ngau nhién voi khong gian
trang thai va thoi gian lién tyc. N6 con dugc goi la qua trinh khuéch tan trong khong gian R,
v6i R 1a ky hiéu cua tap sb thyuc. Trong nghién clru nay ta gia st vi tri ban dau cua chat diém
la Xy = x.

Vé mat toan hoc, qué trinh (X,) o duoc dic trung boi trinh vi phan ngiu nhién nhu sau

trong d6 (By)¢zo la chuyén dong Brown, o(x) va a(x) lan luot dugce goi la hé s6 khuéch tan
va hé sd truot. Mot trong nhiing van d& dugc quan tim d6 1a sy ton tai nghiém cua phuong
trinh (1) cung v&i tinh chit nghiém cta no. Nguoi ta dd chi ra rang néu cac hé sb o(x) va
a(x) lién tuc Lipschitz thi phwong trinh vi phdn di cho ton tai nghiém va nghiém nay 1a nghiém
duy nhat (Ikeda & Watanabe, 1981; Oksendal, 2013). Tuy nhién, d6 chi 1a diéu kién can vi du
cho diéu kién trén khong thoa thi phuong trinh (1) van ¢6 nghiém trong mot sb truong hop
dac biét da duoc chi ra trong tai li€u Ba & Nhan (2024). Trong nghién ctru nay ching toi tép
trung vao van dé thir hai, d6 1a tinh chat nghiém ctia phuong trinh (1). Chi tiét hon, ching t6i
xét phuong trinh (1) véi cac hé s6 o(x) va a(x) 1a cac ham thoa man tinh lién tuc Lipschitz
dé dam bao sy ton tai va duy nhat nghiém. Sau d6, chiing toi s& dwa ra nhitng két luan vé tinh
chat nghiém ciia chiing.

Chung ta bét dau bang viéc xét phuong trinh vi phan ngau nhién c6 dang

dX, = |1+

dB; + dt,
1

‘}/ —_—
‘ X +1)  (x2+1)°
trong d6 (B;)¢so 1a chuyén dong Brown vay la mot hé“mg 50 thyc. Trong m6 hinh nay y dugc
xem nhu 1a luc ngoai tac dong vao su chuyen dong cua chat diém. Truong hop dac biét neuy =
0 thi xem nhu m6 hinh khong c6 luc ngoai tac dong. Cac hé so o(x) va a(x) lan lugt dugc xac
dinh bai
oil(x) = 1+——

x2+1
(1+7757)- o3
a(x) = - .
@) v x?+1 (x? + 1)?
D& dang thay rang ddy la cac ham théa diéu kién lién tuc Lipschitz va do d6 phuong trinh (1)
ton tai nghiém va nghiém do 1a duy nhat. Trong phan nay ta s€ gioi thi€u toan tir cyc vi £,, lién
quan dén qua trinh (X, ) ;s dugc cho boi biéu thirc

Lyf(x) - [)/ (1 +x21+1) N (xzf—l)z]f,(x) +% ( x2+1)f”( ) (2)

trong d6 f(x) 1a mot ham thyc, kha vi cép hai trén R. Trong truong hgp mo hinh khong co Iuc
ngoai tac ddng thi toan tir cuc vi £ lién quan dén qua trinh (X, )¢ duoc cho boi biéu thirc

L) = = e f 100 +5 (14 35) F (). 3)

Bang cach sir dung phuong phap moment dugc gioi thiéu trong Billingsley (1995) lién quan
dén hoi tu theo phan phdi, Chuong va cs (2021) da chi ra sy ton tai cia mot dang luat yéu sd
16n cho mét 16p qua trinh khuéch tan c6 tinh chit tuong ty. Trong nghién ctru ndy chiing ta s&
chi ra méi lién hé giira nghiém ctia phurong trinh vi phan ngau nhién c6 luc ngoai tic dong va

(x2+1
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khong cé luc ngoai tac dong. Ta c6 dinh Iy chinh nhu sau
Pinh 1y 1.1. Véi qud trinh khuéch tan (X;)¢sq théa phwong trinh (2) va (3) thi cdc dang thire

sau dwoc thoa man

2 [im E, (%)” = lim E(%)2 =1, (4)
ye

dy Lt-oo t—ooo
trong do E, va E lan lwot dwoc ky hiéu cho todn tik ky vong trong mé hinh cé lwc ngodi tac dong
va khéng co lyc ngoai tac dong.

Ding thirc (4) con duoc goi 1a mdi lién hé Einstein cho chuyén dong ngéu nhién cia chat
diém, mot khai niém trong ly thuyét dong lyc hoc duoc gidi thidéu lan dau trong tai li€u Einstein
(1956) va da dugc rat nhiéu nha toan hoc ciing nhur vat Iy quan tim nghién ciru (xem thém & cac
tai liéu Gantert & cs., 2012; Lam & Depauw, 2016).

Céu trac cta bai bao dugce sip xép nhu sau: Muyc 2 nhic lai cong thic Ito va mt sb tinh
chat nghiém ctia phuong trinh vi phan thuong lién két véi toan tir cuc vi clia qua trinh khuéch
tan. Muc 3 s& xem xét tinh chat nghiém ciia phuong trinh (2) cho mé hinh véi luc ngoai tac dong.
Tuong tu Muc 4 s& xem xét tinh chat nghiém cua phuong trinh (3) cho mé hinh khéng lyc ngoai
tac dong. Cudi cung 1a phan két luan & Muc 5.

2. Phuong phap nghién ciru

Khi dé cap dén phuong trinh vi phan ngiu nhién thi nguoi ta thuong nhic dén cong thire
quan trong trong It6 (1951), con dugc goi la cong thire 1t6, dugc phat bicu lai dudi dang tinh chat
nhu sau:

Tinh chit 2.1. Gida si X, la nghiém ciia phwong trinh vi phdn ngau nhién (1). Khi dé véi
moi ham h(x) kha vi cap hai thi phuong trinh vi phan ngau nhién sau dwgc thoa
! ! 1 n
dh(X;) = h'(Xy)o(X,)dB; + [h (Xp)a(Xe) + Eh (Xp)o?(Xp)|dt. (5)
Van dung tinh chit nay cing véi dinh nghia cua toan tir cuc vi L, ta cod mot s6 nhan dinh
sau: néu ham sb h(x) thoa phuong trinh vi phan thudng
L,h(x) =1
thi ta co
dh(X;) = h'(X,)o(X;)dB; + 1dt.
T d6 dan dén
E[h(X)] =t
v6imoi t > 0. Hon thé nita, néu c6 ham [(x) théa phuong trinh vi phan thuong
L, 1(x) = h(x)
thi ta co
dl(X,) = 1'(X)o(X,)dB; + h(X,)dt.
7 2
Tuong tu, ta cling c6 két qua la E[I(X,)] = %,
v6i moi t > 0. Céc tinh chit nay s& dugc 1am rd trong cac chimg minh & Muc 3 va Muc 4.

Cu\éi cung, Dinh ly 1.1 s€ dugc chimg minh bang cach két hop cdc Ménh d& 3.1 va 4.1 trong
phan tiép theo.
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3. Qua trinh khuéch tan khi ¢6 lye tic ddng ngoai

Trong phan ta xét mo hinh véi Iuc ngoai tic dong y # 0. Ta c6 ménh dé sau lién quan
dén gidi han cia moment béc 1 ctiia qua trinh khuéch tan nhu sau

Ménh dé 3.1. Véi qud trinh khuéch tan (X,) =0 thoa phwong trinh (2) thi
lim E (X %)= 6
limE, () =7 (6)

Chirng minh. Khong mat tinh tong quat, ta cé thé gia sir X, = 0. Ta xét phuong trinh
vi phén cap hai

L]/«gl(x) = 1I (7)
v6i diéu kién g4 (0) = 0. Phuong trinh (7) twong duong v6i phuong trinh
[(1+1> - ]’ +1(1+1)” =1 €)
YUMo el @t Mtag)e 0=t
Tién hanh giai phuong trinh (8) ta dugc mot nghiém la
v+l 1 (Y
= [ 2yu
g1(x) Zfo v2+2xe2y,,f_me dudv
1 f" 1 p
oy x o V242 v)
Khi dé ta c6
. g1(%) 11 1 1
lim —— = ——-— lim f 5 dv
x>t X Yy yxotex ), ve+2
11 1
Y yx—1>rinoox2+2
_ 1
Y

bang cach ap dung quy tac L’Hopital cho gi6i han ctia ham dudi tich phan. Khi d6, voi moi
£ > 0, ton tai mot s6 N(g) > 0 sao cho voi moi |x| > N(¢) ta co

g1 (%) %
x

_1| <e. ©)

Mait khac, theo cong thure It6 (5) ta co

1 1 ’ 1
dg.(Xy) =|—— 1+———dB; +dt. 10
gl( t) (V th + 2> th +1 t ( )

(X)+ft1 ! {4—t dB+ftd
- —_— S
i)™ |y Tx 712 X2+1 ° )
t/1 1 1

f ——— 1+—5——dB, +t.

o \r X2 +2 X2 +1
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Lay ky vong hai vé ta duoc
E[g:(Xp)] = ¢, (11)

v6imoi t > 0. Ta co dang thirc sau

el = e - <2 a2

Néu gia tri cua X, bi chan boi N (¢), tue 1a | X¢ | < N(¢), thi gia tri cua f(X;) cling bi chan boi
hang s6 C(N(¢g)). Tur d6 dan dén

IXe —v X g1(X)| < N(&) + [y[C(N(€)).
Do d6, vé phai ctia (12) tién vé 0 khi t dan ra vo cung. Nguoc lai, néu | X, | > N () thi vé phai

cua (12) bi chan béi
E[ ] <e|E (’i—’;z) . (13)

Bt déng’thfrc sau cung dugc suy ra tur (9) va tur [:)ét ding thire Cauchy-Schwartz cho bién ngau
nhién. DBén day, dé co6 két qua nhu trong (6) ta can chi ra rang bi€u thirc dudi can bac hai trong
(13) bi chan.

Lap lai cac budc nhu trén, ta lai xét phuong trinh vi phan cp hai
Lyg2(x) = g1(x) (14)
v6i diéu kién g, (0) = 0. Phuong trinh (14) twong dwong vé6i phuong trinh
x ’ 1 " 1
[V( x +1) (x2+1)2] 92 (x) + 2 (1 + x2+1) 92 (x) = ]_/( fO v24+2 dv) (15)

Tién hanh giai phuong trinh (15) ta dugc nghiém la

91(Xt)

|1 y X —=——=

1 1 10* 1
g2(x) =2—}/2(962—236)—2—]/21n(x2 +2)+)—/f0 v2+2dv — B(x),
trong do
ﬂ(x)_zfxv2+1x ! fv ezyufu ! dsdudv
_y0v2+2 e ) . o S2+2 '
Vi gia tri cua tich phan | 7 :
0<|B(x)| <D x Efxvj-l_lx ! fv e?"" dudv —Dx—lgl(x)l
vJo vi+2 eV )_ lyl

Két hop voi tinh chat lim g, (x)/x = 1/y ta duoc két qua 1a lim f(x) /x% = 0. Tr 6 dan
X—1T 00 X—1T 00

dén gioi han sau

lim 92(0) = i— im ! ——In(x? +2)+—J ]
x>k x? 2y2  xotoo|y2x 2)/2 2 vZ2 42
1
= 32

bang cach ap dung quy tic L’Hopital cho gii han ctia ham sau cung. Khi d6, v6i moi € > 0,
ton tai mot s6 M(g) > 0 sao cho vai moi |x| > M () tacod
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2
2

-2y <e (16)

g2(x)
Mait khac, theo cong thure It6 (5) ta co

, 1
dg,(Xe) = g2' (Xp) |1+ —5— X2+ 1 dBt + g1 (X,)dt.
Tu d6 dan dén

t , 1 t
0K = w@d+fgz@01+—7—%&+fgﬂ&ﬂs
0 Xo+1 0
t 1 t
X 14— dB +f XJds.
f@(a o 91(X5)

Lay ky vong hai vé ta duoc

2

t
Blgo ()] = | sds =,

v6imoi t > 0. Ta co dang thirc sau

= |E[Xt 2 ngz—(Xt)] . (17)

X2
‘Et_z_ ]_ ez ¥ t2

Néu gié tri cua X, bi chan boi N(e), tirc la | X, | < M(¢), thi gid tri cia g, (X;) cling bi chén
bdi hang s6 C(M(¢)). Tt d6 dan dén

1Xe —v292(X0)] < M(e) +y*C(N(&).

Do d6, vé phai cuia (17) tién vé 0 khi t dan ra v6 cung. Nguoc lai, néu |X, | > M(¢) thi vé phai
cua (17) bi chan bai

E [gz (Xt)

gz(Xt) 2)/ ” <E

Bét dang thirc sau cing dugc suy ra tir (16) va ham g, (x) = 0 véi moi x € R. Cho & dan vé 0
ta duogc
2

lim E ()i ) =y? (18)

t—oo
hay twong duong véi E,, (X;/ £)2 bi chan. Nhu vy Ménh dé 3.1 da duoc ching minh.
4. Qua trinh khuéch tan khéong c6 lue tic dong ngoai
Ta xét mo hinh khong luc ngoai tdc dong y = 0. Cac bude xay dung bai toan va chimg

minh tuong ty phan truéc nhung duge diéu chinh lai mot cach thich hop. Ta c6 ménh dé sau
lién quan dén gi6i han ciia moment béc 2 ciia qua trinh khuéch tan nhu sau

Ménh d@ 4.1. Véi qud trinh khuéch tan (X,) =0 thoa phwong trinh (3) thi
2

lim E ()%) -1 (19)

t—oo
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Chirng minh. Khoéng mat tinh tong quat, ta cé thé gia sir X, = 0. Ta xét phuong trinh
vi phén cap hai

Lg(x) =1, (20)
v6i diéu kién g(0) = 0. Phuong trinh (20) twrong dwong véi phuong trinh

X , 1 1 "
T rnd ™ +E<1+x2+1)9 () =1. @1
Tién hanh giai phuong trinh (21) ta dwoc mot nghiém 1a
giai phuong g
g(x) = x? —In(x? + 2) + In2.

Khi @6 ta co
g ~ In(x?+2)—1In2
lim = 1-— lim
x—too x2 Xx—+oco x2
1
= 1-— lim

x—>tooIn(x? + 2)
= 1
bang cach ap dung quy tic L’Hopital. Khi d6, vdi moi € > 0, ton tai mot s6 K (¢) > 0 sao cho
véi moi |x| > K(¢) tacod

1| <e (22)
|g(x)
Mat khac, theo cong thire Itd (5) ta co

2X, 1
dg(X,) =(2x, - —— ) [1+———dB, + dL. 23
9xe) < ‘ ln(XtZ+1)>’ X2+1 ° (23)
Tu d6 dan dén

(X¢) (X)+ft<zx 2%s > 1+ ! dB +ftd
= - s
it IEIT o\ Tha 2+ x2+1 ° )

t 2X, 1
= f 2Xg ————| [1+—5—dB, +1t.
0 In(X,? + 1) X241

Lay ky vong hai vé ta duoc

E[g(Xpl =t, (24)
v6imoi t > 0. Ta c6 dang thic sau
X X g X
ET—l] ‘ [t (t)] (25)

Néu gié tri cta X, bi chan boi K (¢), tirc 1 | X, | < K(¢), thi gia tri cia g(X,) ciing bi chan boi
hang s6 C(K(¢)). T d6 dan dén

|X:% — g(Xp)| < N2(e) + C(K ().

Do d6, vé phai caa (25) tién vé 0 khi t dan ra v6 cung. Nguoc lai, néu |X, | > K (¢) thi vé phai
cua (25) bi chan bdi

360



Tap chi Khoa hoc Pai hoc Pong Thép, Tap 14, S6 Ddc biét 04S (2025): 353-361

-1

<E.
t gXe)

Bét dang thirc sau dugc suy ra tir (22) vaham g(x) = 0 véimoix € R.Cho ¢ dan vé 0 ta duoc
ve€ phai cua (25) hoi tu vé 0. Nhu vay Ménh dé 4.1 d2 dugc chiing minh.

5. Két ludn

E [Q(Xt) % ‘ th

Bai bao da khao sat tinh chat nghiém ctia mot 16p phuong trinh vi phan ngau nhién trong
céc truong hop ¢ luc ngoai tac dong va khong co luc ngoai tac dong. Bang cach van dung
toan tw cuc vi va cong thirc It6 dé thiét 1ap cac moment bac 1 va bac 2 ciia qua trinh khuéch
tan roi tir d6 chi ra dugc mdi lién h¢ gira chung. Két qua chi ra dugc trong bai bao cho truong
hop céac hé¢ so khuéch tan va hé s6 truot 1a cac ham so déc biét cu thé. Van d& quan trong can
nghién ctru tiép theo 1a cac diéu kién cho cac hé sd nay dé dam bao cac két qua dugce trinh bay
van con ding.
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