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Tém tit
Trong bai bao nay, ching t6i sé nghién ciru mot lop bai toan bien Neumann cho phirong
trinh elliptic kiéu Kirchhoff voi biéu thirc phi tuyen 6 vé phai chita tich phdn. Bang cdch su

dung nguyén Ii bién phdn Ekeland va li thuyét diém téi han trong khong gian Sobolev voi so
mii bién thién suy réng, ching téi thiét lgp cdc diéu kién dé dam bdo si ton tai nghiém yéu

khéng tam thuwong cia bai todn.
T khéa: Bdi toan bién Neumann, phuong trinh elliptic kiéu Kirchhoff, nguyén Ii bién
phan Ekeland, so mii bién thién khong dang huong.
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Abstract

This paper examines a class of Neumann boundary value problems for Kirchhoff-type
elliptic equations whose nonlinear terms on the right-hand side involve integral expressions.
It applied Ekeland’s variational principle and the critical point theory in Sobolev spaces with
generalized variable exponents. Then, the conditions were established to guarantee the
existence of a nontrivial weak solution to the problem.
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1. Mé dau

Trong bai bao nay, chung t6i s& nghién ctru sy ton tai nghiém yéu cua bai toan bién
Neumann doi voi phuong trinh elliptic kiéu Kirchhoff ¢6 dang

N N
—M(I(w)) (Z Ay, (laxiu|pi(x)_26xiu) _ Zlulpi(x)—z u)
i=1 —~

1
=/1<f — |u |9 dx) lul9%)=2y,  trong Q, .1)
a 9()

A

ou _
on B
trong 46 O ¢ RY (N > 3) la mot mién bi chan véi bién Lipschitz 4, 1 1a vec-to phap tuyén
don vi hudng ra ngoai ctia bién dQ, 1 > 0,y = 0 1a cac tham sb thuec, pi,q: Q = R1a cac ham
lién tyc sao cho 2 < p;(x) < N,i € {1, ..., N}, q(x) > 1 véi moi x € Q. Ham Kirchhoff dwoc
nghién ctru trong bai toan (1.1) c6 dang M(t) = a+ bt*,t > 0véia,k > 0,b = 0, va I(u)
duoc cho bdi cong thirc

trén 0 ).

1) = i | o0l 4 1P
= o p; (x)

Bai toan (1.1) thuong duoc goi chung la bai toan khong dia phuong, phuong trinh thir
nhit ctia (1.1) chira biéu thic tich phan trén () nén dang thirc khong xay ra theo nghia hai Ve
bang nhau tai moi diém cta x € Q ma chi can gié trj cta biéu thirc tich phan thoa man. Mot sb
mo hinh trong cac hé vat li va sinh hoc ¢6 dang (1.1), trong d6 ham u m6 ta mot qua trinh phu
thudc vao gia tri trung binh ctia nd, chang han nhu mat do dan s6. Bai toan (1.1) lién quan dén
dang tinh cuia phuong trinh

62
patz_ ”

dugc Kirchhoff dé xuat ndm 1883 va dugc goi 1a phuong trinh Kirchhoff. Phuong trinh (1.2)
1a sy mo rong phuong trinh song c¢b dién cta d’Alembert bang cach xét dén tac dong cua su
thay dbi chiéu dai trong qua trinh dao dong. Cac tham s6 trong (1.2) c6 y nghia nhu sau: L 1a
chiéu dai day, h 1a dién tich mit cit ngang, E 1a mo-dun Young cua vat liéu, p 1a mat do khéi
luong va Py 1a luc cing ban dau, chi tiét doc gia co thé xem tai liéu (Chipot & Lovat, 1997).

=0 (1.2)

Khi M(t) =1 vay = 0, bai toan (1.1) da duoc nhiéu nha toan hoc nghién ciru trong
truong hop p la mot hing sé (Baraket & Bisc, 2017 va Chipot & Lovat, 1997) hodc p: Q - R
la mot ham so 1ién tuc (Dai & Hao, 2009, Diening & cs., 2011 va Zuo & Massar, 2024). Ro
rang, toan tur p(x)-Laplace dang A, yu := div(|Vu|P®~2Vy) co cac tinh chat phirc tap hon
s0 vdi toan tu p-Laplace, chang han day la 16p toan tr khong thuan nhit. Viéc nghién ctru cac
bai toan véi s6 mii bién thién rat dang dugc quan tdm xudt phét tir cic ing dung ctia né trong
toan hoc cling nhu cac linh vuc khoa hoc ki thuat khac (Diening & cs., 2011).

Muc tiéu chinh cta ching tdi 1a nghién ctru bai toan bién Neumann df}i véi phuong trinh
elliptic kieu Kirchhoff (1.1) trong khong gian Sobolev vdi soO mil bién thién suy rong
w1 (). Day 1a 16p khong gian ham dugc mo rong tir khong gian Sobolev véi sé mil bién
thién WP (Q), trong d6 p(x) = (py(x), p2 (%), ..., by (%)), cac ham p;(x),i € {1,2, ..., N},
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1a cac ham lién tuc trén Q. Cu thé hon, toan tir p(x)-Laplace duoc thay thé bang toan tir vi
phén khong thuan nhat dang tong quat

N
Z 0r, (05" 0u).

Toan tir vi phan ndi trén con dugc goi la toan tir elliptic khong dang hudng boi gia tri
céc sd mil p;(x) khac nhau,i € {1,..., N}. Bai toan elliptic khong dang hudng véi didu kién
bién Dirchlet duoc nghién ciru dau tlen boi Fragala & cs. (2004), & d6 p;(x) = p; 1a cac hing
s6. Mihiilescu & cs. (2008) nghién ciru phat trién cho trudng hop p;: @ — R 1a cac ham s6
lién tuc. Trong truong hop bién Neumann, Boureanu va Radulescu (2012), va Chao (2009) da
nghién ctru bai toan (1.1) cho trudng hop M(t) = 1 va y = 0. Gan day, Nguyen (2018) da
nghién ciru mot 10p bai toan bién Dirichlet cho phurong trinh elliptic kiéu Kirchhoff voi ham
M(t) = a+ bt*, a,k > 0,b > 0vay = 0. Tir nhitng két qua dat dugc trong cac bai bao Chao
(2009) va Nguyen (2018), trong bai bao nay chung t6i nghién ctru sy ton tai nghiém yéu ctia
bai toan (1.1) véi diéu kién bién Neumann va biéu thirc phi tuyén ¢ vé phai chira tich phan,
ttc 1 tham s6 ¥ > 0. R3 rang, v6i sy xuat hién ciia toan tir vi phan elliptic khong dang hudng,
bai toan Kirchhoff (1.1) s& phtrc tap hon va chwra dugc nghién ciru nhiéu. Dic biét, vé phai cta
(1.1) lién quan dén cac biéu thirc tich phan. Cac bai toan nay c6 nhidu Gmg dung rong rii trong
nhiéu linh vuc nhu dong luc hoc quﬁn thé, sy hinh thanh céc dai truot trong khoa hoc vét liéu,
su truyén nhiét trong moi trudng co6 dién trd, ... (xem Gomes & Sanchez, 2005).

V6i mot sé diéy kién nhét dinh lién quan déq cac ham sé mil p;, q va cac hing sb k, 7,
st dung li thuyét diém téi han (Struwe, 2008) két hgp véi nguyén i bién phan Ekeland
(Ekeland, 1974), chung t6i chirng minh rang bai toan (1.1) c¢6 it nhat mdt nghiém yéu khong
tAm thuong trong khong gian Sobolev v&i sé mil bién thién suy rong WHPX) ().

2. Khong gian Sobolev v6i s6 mii bién thién suy rong

Trong phan nay, chiing t6i s& trinh bay mot sé dinh nghia va tinh chat co ban cua khong
gian Sobolev véi s6 mil bién thién suy rong WLPE) () véi Q 1a mot mién bi chin co bién
Lipschitz trong R, xem Chao (2009), Diening & cs., (2011) va Mihiilescu & cs. (2008). Dit

C,(Q):= {p € C(Q): rxneigp(x) > 1}.

Véimdip € C+(ﬁ), takihidup™ := supp(x) vap~ := inf p(x). V6imdip € C+(ﬁ),
X'Eﬁ , XEN
ta dinh nghia khong gian Lebesgue voi s6 mil bién thién

LPO(Q) = {u: Q - R do duwoc: f lu(x) [P dx < 00},
Q

v&i chuan Luxemburg nhu sau

[ulp) = inf{/x > 0: f
Q

Ta dinh nghia
WP (Q) = {u € LP@(Q): |Vu| € LP@ (@)},

v61 chuan
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”ullwl.p(x)(g) = |u|p(x) + |Vu|p(x)- (2-1)

Mg¢nh dé 2.1. (Diening & cs., 2011) Khong gian LP™) (Q) va WP)(Q) la khong gian Banach
phan xq va tach dwoc neup~ > 1.

Ta ki hiéu LP'®) () 1a khong gian lién hop ciia LP®) (Q), trong d6 — e ( ) o tx) =1.Taco
bat ding thire Holder duoc phét biéu trong ménh dé sau.

Ménh dé 2.2. (Diening & cs., 2011) Véi méi u € LP®(2) va v € LP'X (), ta ¢6

f uvdx
o)

Ménh dé 2.3. (Diening & cs., 2011) Trong khéng gian LP®) () ta xét dnh xa Pp(x) LP@ () »
R xdc dinh boi cong thurc

1
< (=t gy ) o ol ). (22)

Pp(x) (W) = j [ulP@dx véi moiu € LPX ().
n

Khi d6, véi moi dy (u,) € LP@ (), u € LPX(Q) va p* < oo, ta 6 cdc khing dinh sau

day
V6 # 0, [l =4 S pyoo (%) =1, (2.3)
[ulpy <1E=1,>1) © ppn@) <1(=1,>1), (2.4)
[ulpy > 12 [l < ppoy @) < [ully, (2.5)
[ulpey < 1= Tulb) < ppoy@) < lulb, 26)
lim [uplpey = 0 & lim ppey(un) =0, 2.7)
[unlp) = @ © ppex) (Upn) = . (2.8)

M¢nh dé 2.4. (Diening & cs., 2011) Néu q € C(Q) va gia sir 1 < q(x) < p*(x) véi moi x € Q
thi phép nhung
WP (Q) o LP@ (),

Np(x)

la lién tuc va compact, trong do p* (x) = N2 (D)

—2=_pnéup(x) < N hodc p*(x) = o néup(x) > N.

Véi pi(x) € C4(Q) va pi(x) = 2véii ={1,2,.., N}, ta biét rang |Vul,( 1a tuong
duong véi Z?':1|6xiu|pi(x), va [y 18 twong duong v6i N |ul,, () nén suy ra Z?’:1|axiu|pi(x) +
Nlulp,x) 12 chuan tuong dwong véi chuan (2.1). Tiép theo, ching t6i s& gidi thidu khong gian
Sobolev v6i s& mil bién thién suy rong WP (Q) théa min yéu cau cua bai toan (1.1). Xét
p: Q- RY 1a ham vecto véi B(x) = (py(x), p2 (%), ..., py (%)), ta dinh nghia chuén trong
khong gian WP (Q) nhu sau

N N
llullge) = E 0|+ E [l p -
- Pi(x) ,

=1 i=1
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Dé thuan loi trong qua trinh tinh toan, ching toi sir dung cac ki hiéu va P, P~ € R*
duoc dinh nghia nhu sau

Pf = max{p{,ps,...p4}, P =min{p7,pz,..,Px}
vaki higu X = WP® (Q). Khi d6 (WYPX(Q), ||. [l 500 ) 1a mot khong gian Banach phan xa va
tach dugc, (Borueanu & Radulescu, 2012 va Nguyen, 2018).

NPZ

— voi moi x € Q thi
N—P=

M¢nh dé 2.6. (Nguyen, 2018) Néu q € C(2) théa méan q(x) <

phép nhiing X & LS® () la lién tuc va compact.
3. Su ton tai nghiém yéu ciia bai toan (1.1)

Trong phan niy, ching t6i s& phat biéu va chimg minh két qua chinh ctia bai bao vé sy
ton tai nghiém yéu cia bai toan (1.1).

Pinh nghia 3.1. Ta n6i ham u € X dugc goi 1a mot nghiém yéu cta bai toan (1.1) néu n6 thoa
man

N
(a + b(I(u))K) Z f (|6xiu|pi(x)_26xiu6xiv + |u|pi(X)—2uv) dx
i=1 "%

Y
-2 (f Iulq(x)dx> f [u|9) =2y pdx = 0. 3.1
Q Q

voimoi v € X.

bic biét, trong truong hop y = 0,k = 1,p;(x) =2 véimoii € {1,.., N} vaq(x) = ¢
la mot hang so, bai toan (1.1) tr¢ thanh

|Vul? + N|u|? 5
—la+ bf fdx (Au — Nu) = A|lu|?"“u  trongQ,
Q (3.2)
ou 0
on
Vé6i moi A > 0, phiém ham ning luong J;: X — R twong tmg véi bai toan (1.1) duoc
cho bai cong thirc

trén 0q.

y+1

b K+ A 1
L) = al(u) + m(l(u)) = m(fﬂ FIO) Iulqmdx> . (3.3)

Tir Ménh dé 2.6, ta c6 thé thiy rang phiém ham J, € C*(X, R) va dao ham Fréchet
cua J; dugc cho bdi cong thirc

N
Jyw),v) = (a + b(l(u))x) zf (|6xiu|pi(x)_26xl.u6xiv + |u|Pi(X)—2uv) dx
i=1°9

14
—A(f |u|Q(x)dx> f |u|7) -2y pdx,
Q Q

v6i moi v € X. Do d6, nghiém yéu ctia bai toan (1.1) 1a diém téi han cta phiém ham ning
luong J;.

Pinh i 3.2. Gid sir ham q € C,(Q) théa man
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Pm NP~
1T SN+ D

Khi dé, ton tai mét hang sé6 A* > 0 sao cho véi méi A € (0,1%), bai todn (1.1) ¢4 it
nhat mot nghiém yéu khong tam thuong u € X sao cho J;(u) < 0.

1<qg < (3.4)
)4

Nhén xét 3.3. 1) Véi didu kién (3.4), bai toan (1.1) duoc xét v6i biéu thirc phi tuyén & vé phai
tong quat, nghia la n6 c6 thé dudi tuyén tinh hodc trén tuyén tinh. Dicu nay khac vai cac ket
qua nghién ctru cua Dai & Hao, 2009 va Zuo & Massar, 2024, & d6 cac tac gia nghién clru bai
toa Kirchhoff véi bieu thirc phi tuyén dudi tuyen tinh hodc trén tuyén tinh.
2) Trong truong hop q(x) = q 1a mot hang s6, ta cé g~ = q* = q, do d6 tir diéu kién
- P- NPZ

- _ P~ P P \ ~ s 2 , . A . A .
1<qg < ey tacoqT < el < —(N’_P__) D" Lic nay, ro rang bicu thirc phi tuyén & v& phai

ctia bai toan (1.1) ¢6 dang dudi tuyén tinh. Két qua ciia Pinh 1i 3.2 ¢6 thé xem 1a mot mo rong
cua Dai & Hao, 2009, Theorem 3.1.

Tir Pinh 1i 3.2, ta ¢6 hé qua sau day ddi voi bai toan (3.2).

Hé qua 3.4. Gia st 1 < q < 2. Khi d6, ton tai hang s6 1* > 0 sao cho v6i mdi A € (0,1%), bai
toan (3.2) c6 it nhat mot nghiém yéu khong tam thudng trong khong gian W2 (Q).

Chung t0i s& 4p dung nguyén li bién phan Ekeland (Ekeland, 1974) va cac két qua
trong 1i thuy€t diém t61 han dé chung minh DPinh 1i 3.2. Trong phan tiép theo, d€ chiing minh
cac bo de lién quan, chiing t6i luon gia thiét rang cac dicu kién cua Dinh li 3.2 théa man.

Bo dé 3.5. Ton tai hcing $6 A* > 0 sao cho véi méi A € (0,1, ¢6 cdc hcing s6 p,a > 0 théa
man J;(u) = a > 0 véi moi u € X thoa man ||ull 3¢ = p.

Chitng minh. Theo Ménh dé 2.6 va gia thiét (3.4), ta co khong gian X nhung lién tyc vao khong
gian LI%) (2). Do d6, ton tai hing sb C; > 0 sao cho

lulge < Cillullg), Yu € X. (3.5)
Chon hang s6 p > 0 sao cho p < min{l,ci}. Khi d6, tir bat dang thic (3.5) ta co
1
[ulge) < 1véimoiu € X théa man [[ull 5 = p. Hon nira, theo cong thirc (2.6) clia Ménh
d2.3,taco

fﬂ [u]?@dx < Iulggx), Vu € X voi |[ull e = p- (3.6)
Tur (3.5) va (3.6) suy ra
plx)

f ul"®dx < €7 |l 3.7)
Q

véimoiu € X voi ||ullz) = p. Mét khac, vi ||ullz) =p <1, suy ra |6xiu|p.(x) <1va
[ulp,xy < 1voimoii € {1,...,N}.
Pit

N
[(w) = Zf (|6xiu|pi(x) + Iulpi(")) dx.
i=1 ¢

Theo cong thirc (2.6) cia Ménh dé 2.3, ta ¢6
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N N
“ p+ P_;'_'
i=1 i=1
N PI
' (jon | )
N 21—1 <| x‘ulpi(x) + |u|pl(x) ”u”p(x)
= opf-1 N (2N)P+—1

Khi do,

y+1

Ja(w) —aI(u)+—(I( ))’c+1 L(J‘ %Iulq(")dx>

14
- q
= P+(2N)P+—1 Il “P(x) y+1D(gHrtt (C ”u”P(x))

(y+ 1q~
a AC (r+1Dq~

>
~ PF(2N)Pi-1 Il - (V+1)(q et 1l

/1C1(Y+1)q_
v+ D@ ) )

= pr+ha” __* . pPI—(V+1)Q‘
PF(2N)Pi-1

Do 36, néu ta chon hang s6

aly + D(g)Hr+t

A= P:zP:'NP:'—lcl(Y"'l)q_

pPi-tr+Da” 5 (3.8)

+
apP+

thi véi mdi A € (0,4%) va u € X véi [lulli) = p, ton tai a = +— >0 thoa man

pf2PiNPL-
J2(w) = a > 0. Nhu vy, B6 dé 3.5 dugc chirng minh.

Bo dé 3.6. Ton tai ham 1 € X sao chop = 0,3 # 0va J,(th) < 0véi t > 0 dii nho.
Chimg minh. Theo diéu kién (3.4) tacé 1 < q~ < ;;;_1. Ly €, > 0 sao cho g~ + €y < ;;;_1.

Mat khac, vi q € C+(ﬁ) nén ton tai mot tip md Qg < Q, | Q| > 0 sao cho |q(x) — q7| < €
voi moi x € (). Do do, ta co

P-
<q <
q(x) <q |

véi moi x € Q.

Chon ham ¥ € C{ () sao cho supp(i) D Qp, Y(x) = 1 v6i moi x € O va thoa min
0 <y <1 trén Q. Theo cong thie (3.3) véimoi t € (0,1), tacd
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y+1
1

q(x)

b y)
_ - K+1 _ )
L) = al(ty) + — (I(ty))e+t — (fn [ty|9 dx)

y+1

= W+ ey (W)

A
_ T D@ (fﬂ tq(x)|¢|q(x)dx>

y+1

atP- R btP__(;c+1) R 1 At(q_+60)(y+1) o
=51+ (k + 1)(P7)*+1 (Tw)™ - (r + D(gHr+t (fﬂolwl dx)

_/a . b R K+1 Atl@ +e)(y+1) .\
< ¢P” (El(lp) e D () ) el A

Suy ra J,(t) < 0 v6i ¢ < SP=—@ 07D i
0<4d ind1 Al a i b i K1y 1 -
<8< mm{ "oy + D(gHrt (E W) + ot 1)(P:)"+1( (ll))) ) } (3.9)

i That vy, ta chi can chimg minh [(1) > 0, tirc 14 c6 thé chon dugc § > 0 thoa mén
diéu kién (3.9). Ta c6

0< gl = [ Widxs [ Wie@drs [ wiva, (3.10)
Q% Q Q

va vi X nhing lién tuc vao L9 (2) nén ton tai hing s6 C, > 0 sao cho

[¥lg- < GllYli5e-

Két hop bét dang thic nay véi (3.10) suy ra 1¥ll5¢) > 0. Nhu vay, @) > 0vaBb
dé 3.6 dugc chig minh.

Chitng minh Dinh Ii 3.2. Ta thiy rang, chuan trong khong gian X 1a mot phiém ham ntra lién
tuc dudi yeu. Gia sir (u,,) 1a mot day hoi tu yeu dén u trong X. Vi phép nhung tr X vao khong
gian LI®)(Q) 1a compact nén diy (u,) 1a mot diy hoi tu manh dén u trong khong gian
LQ(f‘)(Q) nghia 1a |u, — ulq(x)‘—> 0 va u,(x) = u(x) hiu khip noi trén Q khi n - oo. Tir
khang dinh (2.7) trong Ménh d¢ 2.3, ta c6

Py (i — 1) = f i — ulP@dx > 0,

0
khi n — oo. Do d6, theo B) dé 4.3 trong Nguyen va Ho (2022), ta co

_[ Iunlq(x)dx—j lul1®dx - 0,
Q Q

khin — co. Hon nira,

f LW I‘I(")dx—f Llulqo‘)dx
a q@) " a 900

suy ra

1
<—
q

)

flunlqmdx—f |u| 1) dx
Q Q
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y+1

1 1
; - (x) — _ (x)
i‘ii‘o(fg 2 ol dx) <fg aeo M’ d")

N6i tom lai, phiém ham J; cho bai cong thie (3.3) nira lién tuc dudi yéu trong khong
gian X.

y+1

Ki hi€u B, (0) 1a hinh cau trong X co tam tai gbc toa o va ban kinh p. Lay 1* > 0 duoc
xéc dinh nhu trong B6 dé 3.5 va 1 € (0, 1*). Theo B6 dé 3.5 ta biét rang,
aé?(fO)] 2> 0.
Miit khéc, theo B6 dé 3.6, ton tai ham 1 € X sao cho 1 >0, ¥ # 0 vaJ,(t ) < 0 véi
t > 0 dunho. Hon nita, v6i moi u € B, (0), ta c6
Pt AC1(7+1)q‘
PO (y + D(g)rH

(y+1q~
plx)

llull llull

a
W) =2 ————
P prenypi
suy ra

—oo < ¢ = _inf J; <0.
By(0)

Béy gio, ta lay 0 < e < _inf J; — inf J,. Ap dung nguyén li bién phan Ekeland
dB,(0) B,(0)

(Ekeland, 1974) cho phiém ham J;: B,(0) - R, ton tai u, € B, (0) sao cho
Ja(ue) < _inf J; + €,
B,(0)
]A(ue) <]A(u) + 6||u - ue”ﬁ(x); U # Ue.

Khi do,

u.) < inf J;+e< inf J; + e < inf J;,
Ja(ue) —Bp(o)h Bp(o)]’l aBp(o)]’l
suy ra rang u, € B,(0).

Tiép theo, véi mdi hang s6 A € (0, 1), ta xét phiém ham K, : X - R xdc dinh boi cong
thie K (w) := Jy(w) + €llu — uell52)- RO rang, ta thay u, la mét diém cyc tieu ctia phiém
ham K, nén ta c6

K/l(ue + tv) - Kl(ue) >
: >
véimoi t > 0 du nho va véi moi v € B;(0). Tur do, suy ra
]A(ue + tv) _]A(ue)
t

Cho t — 07 ta nhan duoc (J;(ue), v) + €||v|l;) = 0 moi v € B;(0). Thay ham v boi
ham —v € B,(0), ta nhan dugc ||J;(u.)|| < €. Didu nay c6 nghia 1a ton tai mot day ham
{un} © B,(0) sao cho

Ja(uy) » ¢, Ji(u,) - 0trong X* khin — oo, (3.11)

0,

+ E”U”ﬁ(x) = 0.

& day X* dugc hiéu 1a khong gian d6i ngéu ctia khong gian X.
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RO rang, {u,} < B,(0) la day bi chdn trong X. Hon nita X 1a khong gian Banach phan
xa nén ton tai mot diy con cua diy {u,} , dé don gian ching ta van ki hiéu 1a {u,}, sao cho
{u,,} hoi tu yéu vé mot ham u nao d6 trong X. Theo Ménh d¢ 2.6, khong gian X nhing compact
trong L1 (Q)), nghia 1a diy {u,,} hoi tu manh dén u trong L1*) (Q). Khi do, sir dung bat ding
thirc Holder (2.2) v6iu = |u, |11 € LY (Q) vav = u,, — u € LIX(Q), ta c6

q

fﬂ Iunlq(x)_zun(un - u)dx < ||un|q(x)—1| /(x)lun - ulq(x);

q(x)
. qx)-1
Ménh dé 2.6, ta suy ra {u,} bi chan trong L™ (Q). Khi d6, diy {|u,,|9*)~1} bi chin trong
4@ Q).

trong d6 q'(x) = 1a s6 mii lién hop cia q(x). Do day {u,} bi chin trong X va dua vao

Vi ddy {u,} hoi tu manh dén u trong L9® (Q), nghia 14 |u, — uly@) = 0 khin — oo,
nén ta duoc

lim | |u, |99~ 2u, (u, — u)dx = 0.

— 00
n Q

Vi {u,,} 12 day bi chin trong L1®) (), nén két hop véi diang thirc trén ta suy ra

¥
lim <j Iunlq(x)dx> f [, |92y, (u,, — w)dx = 0. (3.12)
Q Q

n—-oo

Hon nira, theo (3.11) ta ¢6 J; (uy,) — 0 trong X* khi n — oo, nghia la véi moi v € X ta
c6 (J3(up),v) » 0. Véiv = u, —u, tacod

Tlli_r)go(])i(un)vun - u)
N
= lim (@ + b(1(uw))") Z f (1052 0t Psgtt — t0) + 11 PO 211 (a1
—00 . Q
i=1

¥
— u)) dx — Alim (f Iunlq(x)dx> f [y, |999=2, (u,, — u)dx = 0.
Q Q

n—-oo

Két hop ding thirc ny véi (3.12), suy ra

lim (a + b(I(un))K)

n—oo

N
> f (105,10 ™ 01t Bt = D) + 1 P02 (uty, = w)) dx = 0. (3.13)
=179

Ta sé& chirng minh

N
lim ZJ (laxiun|pi(x)_2(')xiun(6xiun — Ox,u) + [t [P0~ 2 0, (U, — u)) dx = 0. (3.14)
i=1" %

n—oo

Dé chimg minh dang thice (3.14), trudce hét ta can ching minh diy sb {S,,} xac dinh boi
cong thirc
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Sp=1(uy),voin=1.2, ..

bi chan. That vay, vi {u,,} 1a mot ddy bi chin trong X, nghia 1a ton tai mot hing s6 C; > 0 sao
cho
N N

lunllse = Z|6xiun|p_ + zlunlm(x) < C3,véimoin € N*,

i=1 =

Két hop cong thirc trén va cac khang dinh (2.9) va (2.10) cia Ménh dé 2.5, v6i moi i €
{1,..,N},tacod

1 i ,
0<1I(uy) < Efﬂ (1050 + 1t P dlx
< —1 ad p* p* 0 P~ P~ < 1 Cp+ Cp_
<P max{| xiun|pi(x) + |unlpi(x)'| xiun|pi(x) + lunlpi(x)} =< P—__max{ 3 +C3 },

suy ra

N oY
OSSn=I(un)SP—max{C3 ! } véin=1,2, ..

Suy ra, {S,} 12 mot diy s bi chan. Do M(t) = a + bt* 1a mot ham sd lién tuc trén
[0, 00) nén ta c6 day s6 {S,} xac dinh boi

S, =a+b(I(uy))k,véin=1,2,..

bi chin. Hon nita, theo dinh nghiatac6 S,, > a > 0, véin = 1, 2, ..., tir 46 ta nhan dugc déng
thirc (3.14).

Mit khéc, theo chiing minh trén, ta c6 diy (u,,) hoi tu yéu vé ham u trong X nghia la

N
Zf <|6xiu|pi(x)_26xiu(6xiun — By u) + lulPieo2u(u, — u)> dx = 0. (3.15)
=19

Tir (3.14) va (3.15) ta c6

N
hm Z fﬂ ((laXiunlpi(X)_zaxiun - |axiu|pi(X)_zain) (axl.un - axiu)
i=1

n—-oo
+ (lun [P 2, — [ulPi®=2y) (u, — u)> dx = 0.

Tiép theo, ta st dung bét dang thuc dudi diy (Mihiilescu & cs., 2008)
2=l 2P)E—P) 22771 —yl", &P eRY, (3.16)

véimoi 7 = 2. V&i § = O up, ¥ = 0 uvar =p;(x) = 2,i=1,2,..,N, ap dung bt dang
thirc (3.16) ta co

P20 1) (Dagttn — tt) = 2770y, — 0y ul*,

pi(x)-2
(|axiun| axiun - |axiu|
vavéi& =u,, Y =uvar=p;(x)=>2,i=1,2,..,N, ap dung bit ding thirc (3.16) ta co
(|un|pi(x)—2un — |u|pi(x)—2u)(un —u) = 27Pi@ |y, — |Pi0),

Cong vé theo vé hai bat dang thirc trén, ta dugc
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(10 n™ ™ Brttn = 2l B1t) (Bnttn = 3r0)
+(|un|pi(x)_2un - |u|pi(x)_2u)(un - u)
> 27Pix) (|8xl.un — Oxiu|pi(x) + u, — ulpi(")).

. Lay tich phan hai vé ctia bat dang thirc trén theo x trén mién Q, sau d6 va cong cac bat
dang thirc thu dugc theoi =1, ..., N suyra

N
z fﬂ <(|axiun|pi(x)_zaxiun - |axiu|pi(X)_zaxiu) (axiun - axiu)
i=1

+ (lun [P ~20, — [ulPi)=2y) (u, — u)) dx

N

Zf 2” ”l(") |6 Uy — Oy, U |pi(x) + |u, — ulpi(")) dx
i=1
> Z‘NZI (|6xl.un — axl.u|”"(") + lu, — ulpi(x)) dx. (3.17)
=179

Tur cac cong thie (3.15) va (3.17) ta co

N
lim ZJ (|6xiun - axiulpi(x) + |, — u|pi(x)) dx = 0.
7 Ja

n—oo

St dung khang dinh (2.7) ctia Ménh dé 2.3 va dinh nghia chuan trong khong gian X,
suy ra day {u,} hoi tu manh dén u trong X. Do @0, theo (3.11) ta suy ra

i) =c<0=J;00), Jh(w)=0,

nghia 14 u chinh 12 mét nghiém yéu khong tim thuong cua bai toan (1.1). Nhu vy, Dinh li
3.2 dugc chung minh.
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