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Abstract
In this paper, we extend Proposition 11.1 (Lam, 2001) to characterize the class of J -
semisimple semirings. By applying the obtained results, we investigate the properties of J -

semisimple semirings in relationship to simple semimodules. Finally, we provide some
examples of J  -semisimple semirings to illustrate these results.
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1. Gidi thiéu

Nam 1945, Jacobson dé xuét khai niém can cho cac vanh két hop la téng cua tat ca
cac id€an phai tya chinh quy phai (Jacobson, 1945). Sau do, 6ng st dung khai niém modun
don (mddun khac modun khong va chi ¢6 hai modun con 1a modun khong va chinh no) dé
ddc trung cho cdn Jacobson cua vanh. Tt do, can Jacobson trd thanh mot cong cu hiéu qua
dé nghién ctru cu trac vanh. Modun don, cin Jacobson va cic van d lién quan dén ly thuyét
vanh di dugc trinh bay tuong ddi day dii va co hé thong trong céc tai liéu ciia Lam (2001) va
Gardner-Wiegandt (2004).

Khai niém nura vanh dugc Vandiver gidi thiéu lan dau tién vao nam 1934 (Vandiver,
1934), 1a tong quat hoa khai niém vanh két hop theo nghia khong doi hoi tinh déi xing cia
phép cong. Ngay nay, ntra vanh dugc phat trién ca vé phuong dién 1y thuyét 1an tmg dung.
Céc tinh chat, img dung cua nira vanh, nira modun va cac van dé lién quan di duoc trinh bay
tuong d6i ddy du trong tai lidu ciia Golan (1999).

Nim 1951, Bourne (1951) d& xuat khai niém cin Jacobson ctia cac nira vanh (mot
dang tong quat hoa cin Jacobson trong 1y thuyét vanh) 1a tong tit ca cac idéan phai nira
chinh quy phai. Sau d6, Tizuka (1959) da st dung 16p cac nira modun bat kha quy (téng quat
hoa khai niém moédun don trong 1y thuyét vanh) dé dic trung cin Jacobson cua cac nira vanh
va da thu dugc nhidu két qua quan trong. Ngoai ra, Lattore (1965) ciing nghién ciru cac tinh
chat ctia cin Jacobson clia cac nira vanh.

Nam 2014, Katsov va Nam (2014) da d& xuat khai niém nira moédun don (nira moédun
khac khong ma chi c6 hai modun con tim thuong va hai twong dang tim thuong) 1a tong
quat hoa cia moédun don trén vanh va khai niém J -cén cla cdc ntra vanh ciling 1a mot dang
tong quat hoa cin Jacobson trong 1y thuyét vanh. Ciing giéng nhu cin Jacobson ctia vanh,
khai niém J| -cdn cua nira vanh da tr¢ thanh mot cong cu hiéu qua dé nghién ciru cau tric
ntra vanh.

Niam 2017, Mai va Tuyen (2017) da chimg minh dugc su tdn tai clia nira moédun don
trén nira vanh cong litly dang va nghién ciru J,-can cua mot s6 16p cac nira vanh nira don,
ntra vanh cong pi-chinh quy, nra vanh Artin phan bi chin. Ngoai ra, Mai va Tuyen (2016) da
nghién ctru 16p cac V-ntra vanh J_-ntra don.

Trong Ménh dé 11.1 (Lam, 2001) d4 str dung khai niém modun don dé dic trung cho
16p cac vanh J -nira don va nhan duogc nhiéu két qua quan trong trong 1y thuyét vanh. Trong
bai bao nay, ching t6i mé rong khai niém modun don trong Ménh dé 11.1 (Lam, 2001) cho
khai niém nira modun don dé dic trung 16p cac nira vanh J,-ntra don va su dung két qua thu

duogc dé nghién ctru 16p cac ntra vanh J_ -ntra don.
2. Kién thirc chuén bi

Mot tap hgp S khac rong duoc trang bi hai phép todn cong "+" va nhan "-" duoc goi
14 nira vanh néu théa man cac diéu kién sau:
(1) (S,+) 1amot vi nhém véi phan tir khong 1a 0;

2) (S, la mot ntra nhém;
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(3) Vo6imoi s,,8,,5; €S 5,(S, +5;) =S58, +5,:5; VA (S5, +5,)8; =5,5; +5,8;;

(4) Voimoi seS: s0,=0g5=0;.

Mot ntra vanh S dugc goi 1a nika vanh giao hodn néu (S,) 1a nira nhom giao hoan.
Mot nira vanh S dugc goi 1a nira vanh cé don vi néu (S,-) 1a vi nhém véi phan tir don vi
khac phan tir khong, ky hi¢u phan tir don vi la 1, Mot nira vanh S giao hoan c6 don vi
dugc goi 1a nika truong néu (S\{0},-,1 s) 1a mot nhom. Mot nira vanh S dwoc goi 1a phi kha
doi néu s, +s,=0 kéo theo s, =5, =0 v6i moi s,,5, €S. Mot nira vanh S duoc goi 1a
nguyén néu s,s, =0 kéo theo s, =0 hodc s, =0 véi moi s,,s, €S. Néu ntra vanh § vira la
nguyén vira 13 phi kha dbi thi S duoc goi 1a nguyén phi kha doi.

Mot tap con I khéac rdng cia nira vanh S dwoc goi 13 idéan trdi (phdi) cua S néu
O,el vaa+bel,sacl (asel)véimoi a,bel, seS.

Cho S va R la cac nira vanh. Mot anh xa 7: S — R duoc goi la dong cau nira vanh
néu thoa man cac dicu kién sau: voi moi s,,s, €S

(1) 7(0g)=0g;
(2) (s, +s,)=m(s,)+7(s,);
() 7(sys,) =7 (s,)7(s,).

Mot dong cau ntra vanh 7 dugc goi la don cau nita vanh (twong Ung toan cau nita
vanh, dang cau nira vanh) n€u 7 1a don anh (twong ung toan anh, song anh). Mot toan cau

nta vanh 7 dwoc goi 14 mira ding cau mira vanh néu Ker(r)={seS | 7(s)=0,}= {0 S}.

Cho S 1a mét ntra vanh va (M,+,0,,) la mot vi nhém. Trén M duoc trang bi mot
phép nhdn vé huong SxM —M (tac la voi moi se S, meM thi smeM). Khi d6 M
duoc goi la S-nika modun trai néu thoa mén cac diéu kién sau: véi moi S,8,,8, €S,

m,m,,m, € M

1) (s,8,)m=s,(s,m);
2) s(m +m,)=sm +sm,;
3) (s, +s,)m=sm+s,m;
4 s0,, =0,m=0,,.

Cho S 1a mot nira vanh va M 1a mot S-nira modun trai. Tap con khac rong
(0:M)={seS|sM=0,} 1a mot idéan cua S duoc goi 1a linh héa tir cha M, néu
(0:M)={0,} thi M dugc goi 1a trung thanh. Mot tdp con N khac rong ctia M, dugc goi
14 nika médun con cua M néu n +n,, sneN voimoi n,n,n,eN,seS. Néu M;t{OM}
thi M luén c6 it nhat hai nira modun con khéc nhau 1a {0} va M, hai nira médun con nay

dugc goi 1a tam thuong coia M. Néu M ;t{OM} va M chi c6 hai nira médun con tim
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thuong thi M duoc goi la cuc tiéu. Mot quan h¢ tuong duong p trén M duogc goi la tuwong
dang trén M néu (x+x,y+y"), (sx,sv)ep voi moi (x,y),(x,y)ep, seS. Néu
M #{0,,} thi M luén c6 it nhét hai twong dang khac nhau 1 A, ={(m,m)| me M} dugc
goi 1a fuong dang dwong chéo va M* =M xM duoc goi 1a tuwong dang phé dung, hai twong
dang nay duoc goi 1a tam thirong trén M.

Cho S 1a mot nra vanh va M 1a mdt S -ntra médun trai. M duogc goi la don néu
thoa man cac diéu kién sau:

(1) SM ={0,,};

(2) M la cyc tiéu;

(3) M chi c6 hai twong dang tam thudng.

M dugc goi la S -nira modun trdi nira don néu M 1a tong tryuc ti€p cua cac S-nua
modun trai don. Vay néu M 1a §-ntra médun trai don thi M 1a S -nira modun trai nira don.

Vi du 2.1. Nua truong Boolean B ={0,1} (Golan, 1999) 1a B -ntra modun trai don.
Chitng minh. Nua truong Boolean B 1a mot B -ntra modun trai véi phép nhan vé hudng
dugc xac dinh boi phép nhan trén chinh n6. Ta c6 BB = {0} vi 1.1=1 (1). Vi B={0,1} chi
c6 hai phan tir nén B 1a cuc tiéu (2). Gia sit p 1a mot twong dang bat ki khac tuong ding
duong chéo Ay ={(0,0), (L1)} trén B. Khi d6 ton tai (1,0)e pkéo theo (0,1)e p hodc
(0,))e p kéo theo (1,0)€ p. Suy ra p={(0,0),(1,1),(1,0),(0,1)} =B>. Vay B chi c6 hai
tuong dang tam thuong (3). T (1), (2) va (3) suy ra B 1a B -ntra mddun trai don.

Vi du 2.2. Nira truong céc sd thuc khong am R . lamoét R, -nira modun trai cuc tiéu
nhung khong don.

Chitng minh. Nira truong cac s6 thuc khong am R, la mot R, -ntra médun trai voi phép

nhén vo huéng dugc xac dinh boi phép nhén trén chinh nd. Gid st N 1a mgt nira moédun con

khéac khong ciia R,. Khi d6 ton tai 0=xe N. Véimoi yeR, tacod
y=yl=y(x"x)=(x")xeN,

dodo R, cN.Ma NcR_ nén N=R,. Vay R, la cyc tiéu.

Xét quan hé¢ tuong duong p trén R, dugc xac dinh bai:

p={(xy)eR, XR+| x,yiO}u{(0,0)}.

Ching minh p la tuong dang trén R,. V6i moi (x,y),(x',y)ep, reR,, khi do
chi xay ra 2 truong hop sau:
+ Truong hgop 1: x=y=0.Khidé rx=ry=0. Suyra (rx,ry) € p.
+Néu x'=y'=0.Khidd x+x'=y+y'=0.Suyra (x+x,y+y)ep.
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+Néu x',y'#0.Khido x+x'#0,y+y'#0.Suyra (x+x,y+y)ep.

+ Truonghop 2: x#0 va y#0.Khidé x+x',y+y'#0.Suyra (x+x',y+y") e p.
+Néu r=0.Khidé rx=ry=0.Suyra (m,rp)ep.
+Néu 0. Khidé rx,ry#0. Suy ra (rx,rp) € p.

Suy ra p la mot twong dang trén R,. Vi (1,2)ep nén p khong la tuong dang
dudng chéo va (0,1)¢ p nén p khong la twong dang phd dung. Suy ra p la tuong dang
khong tam thuong. Vay R, khong don.

3. Lop nira vanh J -nira don

Ménh dé 11.1 (Lam, 2001) di phat biéu “Mdt vanh R 1a nira don néu va chi néu R co
mot médun trai nira don trung thanh A7, ”

Trong phan nay, chiing toi cung cap mot dic trung cho 16p cac nira vanh J, -nira don
(Pinh 1i 3.2). Pay 1a mot két qua md rong cho Ménh dé 11.1 (Lam, 2001). Chiing t6i sir dung
két qua thu dugc dé nghién ctru 16p cac nira vanh J, -nira don.

Dinh nghia 3.1. Cho S 1a mét ntra vanh. Idéan

J($)=N{(0:M)| M €T}

cia S dugc goi la J -can cua nira vanh S, trong d6 3 1a l6p tat ca cac S -nira modun trai
don. Quy uéc néu I= thi J, (S)=S. Néu J,(S)={0,} thi S duoc goila J, -nita don.

Dinh li 3.2. M6t ntra vanh S 1a J -nua don néu va chi néu § c¢6 mot S-nira mddun

trai nira don trung thanh Af.

Chirng minh. (=) Gid su ntra vanh S la J -ntra don. Goi 3 1a 16p tat ca cac S -nira moédun
trai don. Ky hiéu M =@, N, suy ra M 1a mot §-nra médun trai nira don. Khi d6 linh
hoéa tr ciia M
(0:M)={reS|rM=0,}={reS|rN=0,,,VN e T}
=ﬂ{(O:N)| Ne3J} =J.(5)={0,}.

Vay M la mdt S -nira médun trai nira don trung thanh.

(<) Gia sir S 1a mot nira vanh va S c6 mét S -nitra modun trai nira don trung thanh
M. Vi M 1amot S-nira mddun trai nira don nén M 1a tong truc tiép cia mot ho {M.}._,

cac S-nua mddun trai don. Goi I la 16p tat ca cac S-ntra modun trai don. Khi do

{M.},., <33, vado do:

iel

N{O: V)| N eI}, (0:M). (1)
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Mt khac, 1ap luan twong tu trong chimg minh diéu kién can, N,_,(0: M,)=(0: M).
Hon nita, do tinh trung thanh ctia M nén

ﬂie[(O:Mi):(O:M):{OS}' (2)
Tur (1) va (2) ta duge JS(S):ﬂ{(O:N)| Ne3 N, (0:M,)=(0:M)={0}.
Vay § lantra vanh J -ntra don. (|

Nhin xét 3.3. Trong Ménh dé 11.1 (Lam, 2001), Lam da cung cép mot dédc trung cho
16p céc vanh J -ntra don. Trong Dinh 1i 3.2, chung t61 dd mé rong két qua cua Lam cho 16p
cac nira vanh J -ntra don. Tiép theo, chiing toi str dung két qua mé rong niy dé nghién ciru
mot s6 tinh chat khéc ctia 16p cac nira vanh J, -nira don.

Bo dé 3.4. Cho S va R 1a cdc nira vanh, va 7: S — R 1a mdt toan ciu nira vanh. Khi
d6, néu M 13 R - nira mddun trai nira don thi M ciing 1a S -nira modun trai nira don.

Chitng minh. Gia st M 1a R - nira modun trai nira don. Khi d6 M 1a tong truc tiép ctia mot
ho {M.},_, cic R-nra médun trdi don. Ching ta s& chimg minh M, ciling 1a S -nira moédun

trai don v6i moi iel. DE dang kiém tra M, 1a mot S-ntra modun trai voi phép nhan vo

iel

huéng dugce xac dinh boi: voimoi s €S, meM,
sm = 7z(s)m.
Do 7 latoan cdu, suy ra SM, =7(S)M,=RM,. Vi RM, #0 nén SM, #0. (1)

Gia st N 1a mot nra médun con khac khong ctua S -nira modun trai M,. Ching ta s€
chimg minh N ciing 1a nira moédun con khac khong cua R -nira modun trai M,. That vay,

véimoi reR, ne N, do 7 latoan caunén tontai s €S sao cho z(s)=r. Khi do,

rm=n(s)n=sneN.

Suy ra N ciing la nra modun con khac khong cua R -ntra modun trai M,. Vi M, la

R -ntra mddun trai cuc tifunén N =M,. Vay M, clingla §-nra médun trai cyc ti€u. (2)

Gia sir p 1a mot twong dang khac twong dang duong chéo ciia S -nira modun trai M, i
Chung ta s& ching minh p ciing 1a mot tvong dang khac twong ding dudng chéo cia R -

nta modun trai M,. That vay, véi moi r e R, (x,y),(X\y) € p, hién nhién
(x+x.y+y)ep,
Mit khéc, do 7 1a toan cu, suy ra tdn tai s €S sao cho z(s)=r. Khi do

(rx,1y) = (7(5)x, 72(5)y) = (5%, 57) € p.
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Suy ra p la mot twong dang khic twong dang duong chéo ctia R -nira modun trai M..
Vi R -nira médun trai M, chi c¢6 hai tuong dang tam thuong nén p=M [2. Vay trén S-ntra

modun trai M, chi c6 hai twong dang tam thuong. (3)

Tur (1), (2) va (3) suy raM, 1a mot S -ntra mddun trai don. Khi d6 M 1a tong truc tiép

cuaho {M,},_, cac S-nira mddun trai don. Vay M la S -nira mddun trai nira don. O

iel
H¢ qua 3.5. Cho S va R 1a céc nira vanh, va 7:S — R 1a mot nira dang cdu. Néu R

la J; -nra don thi § cling la J -nua don.

Chirng minh. Gia st R 1a J-nira don. Theo Dinh Ii 3.2 thi R ¢6 mét R -ntra médun trai
nira don trung thanh M. Theo B6 dé 3.4 thi M ciing 1a mot S -ntra modun trai nira don. Xét
tap linh hoa tir ciia §-nra modun trai M
0:M);={seS | sM =0, }={seS | n(s)M =0,,}
={seS | 7(s)=0,}=Ker(mr) ={0,}.

Vay M la mot S-ntra modun trai nira don trung thanh. Theo Pinh 1i 3.2, § 1a ntra
vanh J -ntra don. O

Vi du 3.6. Néu S 13 ntra vanh nguyén phi kha d6i thi S 1a J -ntra don.

Chitng minh. Theo Vi du 2.1 nua truong Boolean B ciling 1a B -ntra modun trai don
trung thanh, nén theo Dinh 1 3.2 thi B la J -nua don.

Xét anh xa
7:S—>B
0 khis=0y,

st m(s) =
(<) {1 khi s # 0.

Trudce tién, chimg minh 7 1a mot dong cau nua vanh. V&i moi s,,s, €S ta co céc

truong hop sau:
+ Truong hop 1: s, =0, = 7(s,) =0. Khi d6, 7(s, +5,) =7(s,) =7(s,) + 7(s,) va
7(s,8,)=m(0g) =0=7(s,)7(s,).
+ Truong hop 2: s, =0,. Chirng minh tuwong tu truong hop 1.
+ Truong hop 3: s,,5, #05 =5, +5, #0g, 5,5, # 0.
Khi do, (s, +s,) =1=1+1=7(s))+ 7(s,) va z(s;s,)=1=1.1=7x(s,)7(s,).

Trong tit ca cac trudng hop c6 thé, ta lubn co (s, +s,)=7n(s,)+7m(s,) va

7e(s,s,) = 7(s,)7(s,).

Do d6 7 1a mot dong ciu nira vanh. (1)
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Dé dang kiém tra dugc 7 12 mot toan chu va co Ker(r) = {05} . (2)

Tir (1) va (2) suy ra 7 1a mot nira dang cau nira vanh. Theo Hé qua 3.5, S 1a mot nira
vanh J -ntra don. O

Nhan xét: Nira vanh cac so ty nhién N la nira vanh nguyén phi kha doi nén N la ntra
vanh J -nira don.

Vi du 3.7. Hé qua 4.16 trong (Lam, 2001) chi ra rang truong 1a vanh J -nira don. M&
rong két qua trén, chung toi ching to rang nira trudng 14 nira vanh J  -nura don.

Chung minh. Gia st ' 1a mot nira truong that suy.

Chuing minh F languyén: V6imoi x,y e F va xy=0,. Gid st x#0,., khi do

y=y=Ly=(x"x)y=x"(x)=x".0,=0,.

Ching minh F 14 phi kha d6i: Gia sit x,y € F va x+y =0,. Néu x # 0, thi
Ix ' e F saocho x'x=1,. Khidé x'(x+y)=0,, suyra l+x'y=0,. V&imoi ze F ,ta
¢6 z(1+x'y)=0,, suyra z+zx'y=0. Do dé F 1a mot nhém v&i phép toan cong (mau
thudn vi F 1a ntra truong that sy). Vay x=0,suyra y=0,. Dodé x=y=0,. Suyra F 1a
phi kha dai. (2)

Tir (1) va (2) suy ra F 1a nira trudng nguyén phi kha déi. Theo Vi du 3.6, F 1a nira
vanh J -nura don. O

Vi du 3.8. Cho n 1a mot s6 nguyén duong va B, 1a mét nira dan dugc xac dinh trén

n+l1
xich 0<l<2<..<n. Trén B, duoc trang bi hai phép toan cong la a+b=av b va nhan
1a ab=0 néu a=0 hoic b=0va ab=a b néu a=0 va b=0. Khi d6, (B

mot nira vanh J -ntra don.

Vv,A0,n) 1a

n+l>

Chitng minh. Dé dang kiém tra (B,,,,Vv,A,0,n) la mot nira vanh c¢6 don vi, nguyén va
phi kha d6i voi phan tir don vi la n.

Theo Vidu 3.6, F' 1a ntra vanh J -ntra don. O

Vi du 3.9. Nira vanh con

{0 Mo oo 6 hefe o) ?)

cta nua vanh ma trdn M, (Z,) 1a ntra vanh J -ntra don.

Chitng minh. D& dang kiém tra dugc 7Z, 13 7, -nira modun tréi don trung thanh, nén
theo Pinh 1i 3.2 thi Z, 1a J -ntra don. Theo Hé qua 5.11 (Katsov, 2014) thi
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L[ 1@ @) _[(0 0
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Vay S la nra vanh Jg -nira don. O

Tai liéu kham khao

Bourne, S. (1951). The Jacobson radical of a semiring. Proc. Nat. Acad. Sci. U.S.A, 37, 163 —
170. https://www.pnas.org/doi/10.1073/pnas.37.3.163.

Gardner, J., & Wiegandt, R. (2004). Radical theory of rings. Marcel Dekker,
Inc., New York, Basel.

Golan, J. (1999), Semirings and their applications, Kluwer Academic Publishers, Dordrecht-
Boston-London.

lizuka, K. (1959). On the Jacobson radical of a semiring, Tohoku Math. J., 11(2), 409 - 421.
https://projecteuclid.org/journals/tohoku-mathematical-journal/volume-11/issue-3.

Jacobson, N. (1945). The radical and semi-simplicity for arbitrary rings. American Journal of
Mathematics, 67(2), 300-320. https://doi.org/10.2307/2371731.

Katsov, Y., & Nam, T. G. (2014). On radicals of semirings and related problems.
Communications in Algebra, 42(12), 5065-5099.
https://doi.org/10.1080/00927872.2013.833208.

Lam, T. Y. (2001). A4 first course in noncommutative rings (2nd ed.). Springer.
https://doi.org/10.1007/978-1-4419-8616-0.

Latorre, D. R. (1965). A note on the Jacobson radical of a hemiring. Publ. Math. (Debrecen),
14,9 - 13.

Mai, L. H., & Tuyen, N. X. (2016). On J;-semisimple left (right) V-semirings. J. Adv. Math.
Stud., 9(3), 437 - 443.

Mai, L. H., & Tuyen, N. X. (2017). Some remarks on the Jacobson radical types of semirings
and related problems. Vietnam Journal of Mathematics, 45(3), 493-506.

https://doi.org/10.1007/s10013-016-0226-7.

Vandiver, H. S. (1934). Note on a simple type of algebra in which the cancellation law of
addition does not hold. Bull. Am. Math. Soc., 40, 914-920.

https://www.ams.org/journals/bull/1934-40-12/S0002-9904-1934-06003-8/.

10


https://doi.org/10.1080/00927872.2013.833208
https://doi.org/10.1007/978-1-4419-8616-0
https://doi.org/10.1007/s10013-016-0226-7

