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SAC SO, PA THUC TO MAU VA TiNH DUY NHAT TO MAU
CUA PO THI K;

e L& Xuan Hung"

Tém tit

Mot trong nhitng vin dé chii yéu trong 1y thuyét do thi la bai todn t6 mau do thi. Pdc biét la xdc
dinh sac so, da thuec t6 mau va nghién cuu tinh duy nhat té6 mau cua do thi. Trong bai bao nay, chung ta

sé xdc dinh sdc s6, da thirc t6 mau va nghién cieu tinh duy nhdt té mau ciia @o thi r phan day di K.
Tir khéa: Do thi r phan ddy di, t6 mau dinh (t6 maw), sdc sé, da thire t6 mau, do thi duy nhat

td mau.

1. Dt vin dé

Tat ca cac do thi\du’qc ndi téi trong bai bao
nay la nhiing don d6 thi htru han, vo hlgféng,
khong c6 khuyén va khong c6 canh boi. Neu G
1a mot do thi thi V(G) (hodc V) dugc goi la tdp
dinh v& E(G) (hodc E) duoc goi 1a tdp canh.
S6 dinh (tvong Ung, s6 canh) cia mot dd thi
duoc goi la cap (tuorng g, &) cua do thi do.

Db thi G =(V,E) goi la do thi con cua dd
thi G=(V,E) nfu V cV va E cE. Néu
U cV(G) thi dd thi con v&i tap dinh 1a U, tap
canh 13 tat qé cdc canh cia G ndi hai dinh cua
U, goi la do thi con cam sinh boi G 1én U va
dugc ky hiéu 1a G[U]. Ngoai ra, mot so khai
niém Vg‘l ky hi¢u khac duogc di’nh nghia trong [4].

Do thi G=(V,E) cocap |[V(G)|=n va co
|E(G)|=0 duoc goi la do thi rong, ky higu la O,.

D6 thi G=(V,E) ¢6 cap |V(G)|=n va cd
| E(G) |=@ duoc goi 1a do thi day dii cap

n, ky higula K.
Db thi G=(V,E) dugc goi 1a do thi r

phdn  néu ton tai mot phan  hoach
V=VuV,u..uV, sao cho do thi con
G[V,],i=12,...r 1a d6 thi rong, ta ky hi¢u db thi

r phan nay la (V, WV, U...LV, E). Néu trong
do thi r phan (V, UV, U..UV,,E), mdi dinh
ctia tap V, déu ké véi moi dinh cua tap V;, ¢ day
1<i,j<r vai= j, thitagoido thi nay 1a do thi
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dugc ky hi¢u la KS . Da c¢6 nhiéu nghlen ctru vé
16p d6 thi r phan day du, tiéu biéu 1a cac két qua
nghién ctru v€ t6 mau canh va t6 mau tong thé
cho 16p do thi nay (xem [2] va [5]).

Gia sit G 1a mot d6 thi va 4 1a mot sb
nguyén dwong. Mot anh xa f :V(G) —{1,2,..., 1}
duoc goi 1a A -t6 mau (A -coloring) cua do thi
G néu véi mdi cdp dinh u, v ké nhau trong G
ta luén co f(u) = f(v). S6 A nho nhét dé do thi
G ¢ A -td mau duoc goi 1a sdc s6 cua d6 thi G
va duoc ky hiéu 1a y(G). Po thi G dugc goi 1a
k-sdc néu y(G) =k.

Hai A-td mau f va g cia dd thi G duoc
goi 12 khic nhau néu ton tai ueV(G) sao cho
f(u)=g(u). Ta ky hiéu P(G,A) (hoac P(G))
1a s6 tat ca cac A -t6 mau khac nhau cua dd thi
G. Ngudi ta da chimg minh dugc ring véi moi
d6 thi G, P(G,A) 1a mot da thic cua A. Da
thire nay duoc goi la da thirc t6 mau cua G. Khai
niém da thtc t6 mau dugc dua ra dau tién vao
nam 1912 boi Birkhoff (xem [3]) khi ong cd

gang tim kiém 10i giai bai toan bon mau. Dén
nay di thu dugc nhiéu két qua sau sac.

Hai do thi G va G duoc goi 1a fwong
dwong t6 mau hay y-twong dwong néu
P(G,1) =P(G,A).

Do thi G =(V,E) dugc goi la dang cau voi
dd thi G'=(V',E') néu ton tai song anh
uveV ta cod

@V >V sao cho voi moi
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weE < ¢(u)p(v)eE. Ta ky hiéu hai do thi

dang cdu G va G 1A G=G.

Do thi G duogc goi 14 duy nhdt t6 mau hay
7 -duy nhdt néu v6i moi d6 thi G twong duong
t6 mau v6i G ta déu co G va G dang cau voi
nhau. Nhu vy, ciu trac cia do thi duy nhét to
mau G dugc xac dinh hoan toan baoi da thac to
mau P(G,A).

D3 ¢6 nhiéu két qua nghién ciru siu sic va
1y thii vé da thirc t6 mau va tinh duy nhét t6 mau
cho cac 16p do thi khac nhau (xem [3], [7], [8] ,
[9] va [10]), déc biét trong thoi gian gan day da
c6 két qua nghién ciru vé vn dé nay cho lop do
thi tach cuc (xem [6]). Tuy vy, day van la
nhimg van dé chua duoc giai quyet triét dé, rat
can dwoc quan tdm nghién ctru nhidu hon nira.
Trong bai béo nay, chung ti s& xac dinh sic sd

va da thirc t6 mau cua do thi K.,

va chung minh
duoc rang d6 thi K! 1a duy nhat t6 mau.

2. Mt sﬁ két qua lién quan o

Truge hét ching t0i nhac lai mot sO két qua
dé biet ve sac so cua do thi day du.

Bo de 1 ([1]). Do thi day du K, co

2(K,)=n.

Tiép theo 12 mot sb tinh chat cua dd thi
turong duong t6 mau. .

Bo deé 2 ([9]). Gia sir G va H la hai do thi
twong dwong t6 mau. Khi do

(i) M@G)=NH);

(i) [E@)=|EH)];

(i) x(G) = x(H);
(iv) G la lién thong khi va chi khi H la
lién thong;

(v) G la 2-lién thong khi va chi khi H la
2-lién théng.

Tiép theo 13 hai quy tic dém co ban hay
duoc su dung dé tinh toan da thirc t6 mau cua
mot do thi.

Quy tic cong. Néu A,A,,.... A la cic tip
hitu han doi mot roi nhau (ticc la A NA; = ¢ vi
moi 1, e{1,2,...,n},i # J)thi

IAUA U UA|=|A|+[A]+.+]A]

Quy tic nhan. Néu A, A,,.... A la cdc tap
hitu han bat kp va A x A, x..x A ld tich Dé cdc
cua cac tdp do, thi

[A A< A =[A[A] A

3. Két qua chinh o i

Trude het chung ta xac dinh sac so cua do
thi r phan day da K.

Pinh Iy 3. D6 thi r phan day di K} c6

2(K§)=

Chiing minh. D& dang nhan thay d6 thi K
chira d thi con K, nén Z(K;)z 2(K,). Do do
theo B6 dé 1 ta co Z(K;)z r. Ta can phai
chirng minh ;(( K, ) <r.

Gid st V(KJ)=V, LV, U0V, fa mot
phén hoach ciia tap dinh ctia d6 thi K. Xét anh xa
foV(Ky)>{L2...r}

sao cho

f (V) =i néu veV, voimoi i=12,..,r

Khi d6 rd rang f 14 r- t6 mau cua dd thi
G =K;, hay ;(( )<r Vay Z(Kr)—r n

Tiép theo ching ta s& xac dinh da thirc to
mau cua db thi KJ. ‘

Pinh ly 4. Pa thirc t6 mau cua do thi
G=K, la

2
P(G,2) :ﬂzz-s)?..(m-@} .
Chitng minh. Gia st ta c6 thé t6 mau dd thi
G=K] bang 1 mau. Ta s& ching minh céng
thirc tinh da thirc t6 mau cua do thi G = K} bang
phuong phap quy nap theo r.

Véi r =1, do thi chi c¢6 ding hai dinh v,,v,
va hai dinh nay khong ké nhau. R& rang c6 A
cach to dinh v, va A4 cach t6 dinh v,. Theo Quy
tdc nhan ta s& c6 A% cach to hai dinh v,,V,, hay
P(G,A)= A2

Véi r=2, gid st V =V, UV, la mft phan
hoach ciia tdp dinh cia do thi G=K) va
V, ={Vyy, Vi, }, V, ={V,y,V,, }. Ta s& lan luot t6 cac
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dinh V,,,V;,,V,,V,,. Ta nhan thdy, c6 A cach to
dinh v, A cich to dinh v,,, néu v, Va v,
dugc t6 cung mot mau thi s€ c6 A—1 cach to
dinh v,, (tuong tw, c6 A—1 céach t6 dinh v,,),
néu v, Va v,, duoc to bai hai mau khac nhau thi
s€ c6 A—2 cach t6 dinh v,, (tuong tu, c6 A -2
cach t6 dinh v,,). Do do6 theo Quy tic cong va
Quy tac nhan ta s€ co
22 (A-1+2-2)(A-1+2-2) = 2*(22-3)’
cach to tit ca cac dinh Vj,,Vj,,V,,V,,, hay
P(G,2)=2%(22-3)".

Voi r>2, gia st dinh ly da dugc ching
minh cho moi dd thi K; vol 1<t<r-1. Ta s€
chimg minh dinh 1y ding véi d6 thi G = K]. Gia
st V(K3 )=V, UV, U...LV, la mdt phan hoach
cta tap dinh cta dd thi Kj. Pat G, =G -V,. Khi
do G, 1a d6 thi K™, Dé t6 mau do thi G = K},
ta s& lan luot t6 mau cac dinh cia dd thi G, 1ol
sau d6 to cac dinh ciia V,. Theo gia thiét quy
nap, da thuc té‘méu (sé cach dung 4 mau dé to
cac dinh) cua d6 thi G, la

2

Tiép theo ta can to tiép cic dinh cta V,. Gia sir
V, ={v,v,}. Vi ;((Kzr’l) =r-1va ‘v(K;‘l)‘ =2r-2
(theo Pinh 1y 5), nén s6 mau da dung dé t6 cac
dinh cua d6 thi Kj™ chi c6 thé 1a r—1, hoic la
r,.., hoacla 2r—2. Néu so mau da dung d¢ to
Ky lai (ie{r-1r,.,2r-2}), thi s& c6 A—i
cach t6 mau dinh v, (twong tu, ciing c6 A—i
cach t6 mau dinh v,). Theo Quy tic cong va Quy
tac nhan, s6 cach t6 mau cac dinh cua do6 thi
G=K; la

P(G,2)=P(G,2).(A—(r 1)+ A-r 4.4 A-(2r-2))

P(G,2)= /12(21—3)2...((r—1)z—3(r_1)(r_2)J2.

= P(Gl,ﬂ,).(r/l—(r—1+ r+...+(2r—2)))2

= P(Gl,/l).(r/l—zr(r—l)jz.
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Nhu vay ta da ching minh dugc da thtc to
mau ctia d6 thi G = K 13

P(G,A)= /12(2/1—3)2...@,1—%_1)]2. -

Tiép theo chiing ta tinh s6 canh ctia do thi r
phan day du K, . .

B6 dé 5. Cho do thi r phan day di
G=K voi r>2. Khi do do thi G c¢o so

n.Ny,..N,
[E(G) = X nn;.

canh la
K<i<j<r

Chitng minh. Gia sit V(G)=V, LUV, U..LV,
la mot phan hoach cua tip dinh cua dd thi
G=K,, sa0 cho |V|=n,
i=12,.,r. Ta s& chimg minh b6 d& bang
phuong phap quy nap theo r.

Véi r=2 thitaco [E(G) =nn, B dé ding.

Vé6i r>2, gia sir bé dé di dugc ching
minh cho moi d6 thi K, = véi 1<t<r-1.
Ta s& chimg minh dinh 1y dung voi dd thi
G=K,, .. Pat G =G-V,. Khido G lado
thi r—1 phan day du K, . Theo gia thiét

quy nap ta co

0 véi  moi
..... \

.n

Vi mdi dinh cua tap V, déu ndi v6i moi
dinh cta do thi G =K,
Moy
dothi G=K, la

..... n,

E@)= 2 nn +§”i”r
1

I<i<j<r-1 i=
= 2. nn;.
<i<j<r
Nhu vay ta da chirng minh xong cong thirc

[E(G) = X nn;. n

I<i<j<r

n,0én so canh cua

Tir B6 dé 5 ta suy ra s6 canh cua db thi Kj.
B6 dé 6. S6 canh ciia do thi G = K, la
[E(KS)| =2r(r-1).
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Chitng minh. D6 thi K} chinh 1a do thi
Kpon,on VOi N =N, =..=n =2 Theo B6dé5

ta co
[E(G)|= D nn;=2°(1+2+.+r)=2r(r-1).

I<i<j<r

Nhu vay ta da chung minh cong thic
[E(Kf)|=2r(r-). .

Tiép theo ta so sanh sd canh cua dd thi

K véi sO canh cua do thi K.
Ny Ny 5 : 2

B6 dé 7. Cho do thi r phan day di

G=K, .0 VOi TZ2Va N +N,+...+0 =2r.

Khi do ta co

[E(G)|<2r(r-1).
Ddu “=" xdy ra khi va chi khi n,=n,=..=n, =2.
Chitng minh. Gid su V(G) =V, LV, U..uV, la mot
phan hoach ctia tap dinh ctia d6 thi G = Ko,
sa0 cho |V,|=n v6i moi i=12,.,r.

chting minh b6 d& bing phwong phap quy nap
theo r.
Véi r=2 thitaco n,+n,=4. Taco

[E(G)|=nn, S%(nﬁnz)z =4=2r(r-1).
[E(G)| =4 khi va chi khi n, =n, =2,

Vé6i r>2, gia sit bd d& da dugc ching
minh cho moi dd thi K, = voi 1<t<r-1va
n+n,+..+n =2t. Ta s€ chung minh dinh Iy

hop sau:

Truong hop 1: Ton tai ie{l2..r} sao
cho n, =2.

Khong mat tinh tong quét ta gia st n =2.
Pit G =G-V,. Khi d6 G 1a d6 thi r—1 phan
daydu K, , . van+n,+..+n=2(r-1).
Theo gia thiét quy nap ta co

E(G) <2(r-1)(r-2).
Do do ta co
|E(G)|=‘E(G')‘+nr(n1+n2+...+nr_1)
<2(r-1)(r-2)+4(r-1)=2r(r-1).
Truong hop 2: n, # 2 voimoi 1=12,...,T.

ey

Trong truong hop ndy thi s& ton tai
ie{l2,..,r} saocho n =1 (néu n, >3 voi moi
i=L12..,r thi n+n,+..+n >3r, trai gia
thiét) va ton tai je{12,..,r} sao cho n; >3
méu n <1 véi moi i=12..,r thi
n+N,+..+n <r, trai gia thiét). Khong mat
tinh tong quat ta gia st n, =1 va n, >3. Ta xay
dung d thi r phan G, = Ko.p,...p, DO sau:

pp=n+1=2,p,=n,-1 va p,=n
moi i =3,4,...,T.

Theo trudng hop 1 ta co ‘E(Gl)‘ <2r(r-1).

Mit khéc, theo B6 d& 5 ta co
‘E(G1)‘: z Pip;

1<i<j<r

=D PP+ Y PP+ Y PP+ PP,

3<i<r 3<i<r 3<i<j<r

=D (m+)n+ > (=1 + D ninj+(n +1)(n, 1)

3<i<r 3<i<r 3<i<j<r

vo1

= Y nnj+n,-n -1
I<i<jsr

=|E(G)[+n,-2

>[E(G)|+1.

Do d6 [E(G)|+1<2r(r-1), hay |[E(G)[<2r(r-1).

Nhu vy ta da chimg minh [E(G) <2r(r-1).
Ciing tir chimg minh truong hop 2, ta nhan thiy
rﬁng néu ton tai ie{CLZ,...,r} sao cho n, =1 va
je{l2,..,r} sao cho n;>3 thi
E(G) <2r(r-1). Do d6 [E(G)[=2r(r-1) khi va chi
khin =n,=..=n =2 ]

Cudi cung la két qua vé tinh duy nhat to
mau ctia d6 thi K.

Pinh 1y 8. D6 thi G =K} la do thi duy nhat
td mau. .

Chitng minh. Gia st H la do thi sao cho
P(G)=P(H) (G va H la tuong duong to
mau). Ta phai chimg minh G va H dang cau véi
nhau. V&i r =1, hién nhién G va H dang cau
v6i nhau (lac nay ca G va H déu 1a dd thi rong
6 hai dinh). Do vay ta chi xét truong hop r > 2.

Theo (iii) ctia Bo dé 2, y(G)= y(H). Ma
theo Pinh Iy 5 thi x(Kj)=r. Do dé z(H)=r.
Gia sir ta dd t6 mau d6 thi H bang cac mau
12,..,r. Dbt

V,= {vevH) | v dugc tomau i }, i=12,.,r.

ton tai
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Khi d6 cac dinh trong moi tap
V;,i=12,..,r s¢ khong ke nhau. Do d6 H 1a do
thi r phin H =(V, LUV, U...0V,,E(H)).

Theo (i) va (ii) cia B6 dé 2 thi
V(G)=N(H)| va |E(G)=|E(H). Do d¢

V (H)| =Ny +Vo|+...+|V,|=2r va theo BS dé 6

thi [E(H |—2r(r—1) Ap dungBéd‘é7tasuy

|\/1|—|V2|—...—|Vr|—2. Suy ra ha1 do th1 G va
H ding ciu voi nhau.

Vay do thi G =K} 1a d0 thi duy nhét t6 mau. m

4. Két luan

Viéc xac dinh da thirc t6 mau va nghién ctru
tinh duy nhét t6 mau cta mot dd thi ludn 13 van

dé kho va 1y tha trong 1y thuyét d6 thi. Van dé
nay da va dang duoc nghién ciru nhiéu, cho dén
nay di dat dugc nhimg két qua co ban va ching
minh dugc tinh duy nhit t6 mau ctia mét sb 1op
dd thi (chang han xem [6], [7], [8], [9] va [10]).
Tuy nhlen van dé nay cho dén nay van chua co
10 giai tong quat, viéc tim kiém thém nhiing 16p
d6 thi duy nhit t6 mau vin can duoc quan tim
nghién ctru nhiéu hon nira. Vi huéng tiép can
do, bai bao nay da nghién ctru 16p do6 thi KJ, két
qua chinh thu duogc 1a da xac dinh duoc da thuc
t6 mau cia do thi K], dong thoi ciing ching
minh dugc 16p do thi K} 1a duy nhat t6 mau. Hy
vong trong tuong lai s& thu dwoc nhitng két qua
sdu sac hon./.

Tai li€éu tham khao

[1]. M. Behazad and G. Chartrand and J. Cooper (1967), “The coloring numbers of complete
Graphs”, J. London Math. Soc., (42), p. 226-228.

[2]. J. C. Bermond (1974), “Nombre chromatique total du graph r-parti complete”, J. London Math.
Soc., 9 (2), p. 279-285.

[3]. G. D. Birkhoff (1912), “A determinant formula for the number of ways of coloring a map”,
Annals of Math, 14 (2), p. 42-46.

[4]. B. Bollobas (1979), Graph theory: an introductory course, Springer — Verlag. New York,
Heidelberg, Berlin.

[5]. D. G. Hoffman and C. A. Roger (1992), “The chromatic index of complete multipartite graphs”,
Journal of Graph Theory, (16), p. 159-163. ’ .

[6]. L€ Xuan Hung (2014), “Sac so, da thirc t6 mau va tinh duy nhat t6 mau cua do thi tach cuc”, Tap
chi Khoa hoc va Giao duc, Truong Dai hoc Su pham, Dai hoc Pa Nang, s6 13(04), tr. 23-27.

[7]. K. M. Koh and K. L. Teo (1990), “The search for chromatically unique graphs”, Graphs
Combin., 6 (3), p. 259-285.

[8]. K. M. Koh and K. L. Teo (1997), “The search for chromatically unique graphs II”, Discrete
Math., (172), p. 59-78.

[9]. R. C. Read (1968), “An introduction to chromatic polynomials”, J. Combin. Theory, 4 (1), p. 52-71.

[10]. R. C. Read (1987), “Connectivity and chromatic uniqueness”, Ars Combin., (23), p. 209-218.

CHROMATIC NUMBER, CHROMATIC POLYNOMIALS AND
CHROMATICALLY UNIQUE FOR K;

Summary

One of the fundamental issues in graph theory is the graph-coloring problem. In particular, it is
to determine the chromatic number, chromatic polynomials of graphs and to characterize
chromatically unique graphs. In this paper, we determine the chromatic number, chromatic
polynomials and characterize chromatically unique for K, .

Keywords: Complete r-partite graph, vertex coloring (coloring), chromatic number, chromatic
polynomials, chromatically unique graph.
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