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PAO HAM STUDNIARSKI SUY RONG VA UNG DUNG

e Dang Thi Bich Van®, Vé Buc Thinh"”

Tém tit
Trong bai bao nay, ching toi gioi thiéu va thiét lgp mét sé tinh chdt ciia dao ham Studniarski
suy rong. Sau do, ching t6i dwa ra mét sé dp dung cua dao ham nay trong viéc nghién ciru tinh on
dinh cua anh xa da tri va trong nghién curu diéu kién t6i uu.
Tur khoa: Dao ham Studniarski suy rong, diéu kién toi wu, on dinh.

1. Gioi thiéu

Dao ham la mot khai niém quan trong trong
viéc nghién ctu diéu kién t6i wu. Nam 1630,
Fermat da gioi thiéu khai ni¢ém dao ham (theo
nghia cb dién) dé nghién ctu didu kién can cho
cuc tri cia mot ham sd bac hai. Sau d6, nhiéu tac
gia 43 mo rong cac khai niém dao ham dé nghién
clru cuc tri cua cac ham sd phuc tap hon nhu:
dao ham theo hudng, dao ham Fréchet [4], dao
ham Studniarski [5]... Cac dao ham nay thuong
duoc goi chung l1a dao ham suy rong. Ngoai viéc
mo rong cac khai niém dao ham cho 4nh xa don
tri, viéc dé xuit, mé rong khai niém dao ham cho
anh xa da tri cling dugc quan tim. Cac dao ham
suy rong cho anh xa da tri co6 thé ké dén nhu: dao
ham Fréchet, dao ham Bouligand, dao ham
Studniarski [1], [7], [11]. Nhiéu tinh chét cua cac
dao ham suy rong cua anh xa da tri da duoc
nghién ctru. Hon nira, viéc ap dung cac dao ham
suy rong nay vao nghién ctru mot s6 bai toan t6i
uu cling dugc quan tam va dat dugc mot s6 két
qua [1], [2], [3], [4], [7], [10], [11]. Mt cach
tiép can khac dé nghién ciru cic dao ham suy
rong cho cac anh xa don tri va da tri la cach tiép
can trén khong gian ddi ngiu. Voi cach tiép can
nay, nhiéu loai dao ham suy rong khac da duoc
gidi thiéu nhu cac loai dao ham dudi vi phan cho
anh xa don tri, cac loai ddi dao ham cho anh xa
da tri [8], [9].

Trong bai viét nay, ching toi gidi thi¢u mot
s6 loai dao ham suy rong mai kiéu Studniarski va
nghién ctru mot sé tinh chit cia chung. Ap dung
cac két qua dat dugc, ching t6i nghién ctru tinh
@ -6n dinh cia anh xa da tri. Trong truong hop

p(t)=t", meN, dao ham Studniarski suy rong
ctia chung toi tro vé dao ham trén Studniarski da
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biét trong [1], [7], [11]. Hon nita tinh chit ¢ -6n
dinh tr& thanh tinh chat 6n dinh bac m dugc
nghién ctru trong [1].

2. bao ham Studniarski suy rong

Trong bai bao nay neu khdng noi gi thém,
chang toi gia thiet X,Y la hai khong gian dinh
chuan, B, la hinh cau don vi trong Y. Cho
F:X —2". Mién hiu hiéu, tdp do thi cua F
duoc xac dinh nhu sau: domF :{X eX |F(X)¢¢},
grF ={(x,y)lyeF(x)}. Cho K la nén trong
Y, ta ki hieu F (x)=F(x)+K. Cho ham
@:R" —>R". Khi d6 ¢ dugc goi la twa nhan
tinh néu ¢(t)>0, véi moi
op(ab) < p(a)p((b), véi moi a,b>0,ab<1. Cho
ddy sé thuc (t,), ky hiéu t, —0" nghia la

tz0 wva

t, —>0 vat, >0 véi moi n.

Pinh nghia 2.1. Cho F:X —2" la mot
anh xa da tri va (x,, Y,) € grF.

(i) ([1], Dinh nghia 2.3) F duoc goi la nia
lién tuc duoi tai (X,,Y,) nNeu vai moi lan can mo
V cta y, ton tai 1an can mé U cia x, sao cho
vaoi moi xeU,V nF(X) # ¢.

(i) F dugc goi 1a ¢-6n dinh tai
(%, Y,) Néu ton tai hang s6 L >0va lan can mo
Ucua X, sao cho véi moi xeU\{x},

F(x) < {Yo} + Lol x—% By, trong do B, I
hinh cau don vi trong Y.

Pinh nghia 2.2 ([1], Pinh nghia 3.1). Cho
F:X—>2" & mot anh xa da tri va
(X9, Yo) €9rF. Hgo ham trén Studniarski bgc m
cua F tai (X,,Y,) duoc dinh nghia boi:
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D"F (%, Yo)(u) ={veY [3t, > 0%, (u,,V,) - (u,V)
saocho Vn,y, +t v, € F(X, +tnun)}.

Bang cach thay t" trong dinh nghia dao
ham trén Studniarski bac m bai ¢(t,) va cach
xac dinh c4c day trong Dinh nghia 2.2, chung t61
giadi thiéu cac khai niém dao ham Studniarski suy
rong nhu sau:

Pinh nghia 2.3. Cho F: X —»2" la mot anh xa
da tri va (Xy,Y,) €9rF. Dago ham ¢ -Studniarski

cua F tai (X,,Y,) duoc dinh nghia boi:
D?F (%), Yo)(u) = {v €Y [3t, > 0", (U, V,) > (u,v)
sao cho Vn, Y, +o(t, )V, € F(X, +t.u,)}.

Pinh nghia 2.4. Cho F:X —2" la mot
anh xa da tri va (X,,Y,) €9rF. Dgo ham ¢ -
Studniarski chat cia F tai (x,,Y,) dugc dinh
nghia boi:

DF (X, Yo)(u) = {ve Y [¥t, > 0°,u, —>u,3v, >V
sao cho Vn, Y, +o(t, )V, € F(X, +t.u,)}.

Vidu25. Giasir X=Y=Rva F,,: X >2",
n=12,3... dugc xac dinh bai:

F,, (X) :={er : yZXZ”}, vxe X.

Gia sur (X,,Y,) =(0,0) vdi n=1 chdng ta co:

D2F,(0,0)(u) = {v eY:v> uz}, vu e X.

Véi ¢(t) =t* ta co:

DF,(0.0)(u) ={ve R|v=u’}, Vue X.

D?F, (0,0)(u) ={VGR|v2u2}, Yu e X.

Véi ¢(t) =€' taco:

D?F,(0,0)(u) ={veR|v>0}=R", Vue X.

Nhin 2.6.
o(t) =t™thi D’F #¢ thanh D' F.

Pinh 1i 2.7. Cho F,: X — 2 la cdc énh xa
da tri va (X,,Y;)€9rF,i=12. Khi do véi moi
ue X, taco:

D?(F, + F,)(%. Y1 + ¥,)(U) 2 D?F (%, Y, )(U) + D?Fy (X5, ¥, )(u)-

Chirng minh:

Gia str v e D?F; (%, ¥ )(U) + D F, (%, ¥,)(u).

xét Trong truong hop

Khi d6 ton tai w eD’F(X,Y,)u) va
W, € D?F,(X,,Y,)(U) sao cho v=w +w,. Vi
W, € D?F (X, y;)(u) nén ta co tir Pinh nghia 2.3
rang 3t, —0°,u, —u,v, — W, sao cho
y, +o(t,)Vv, € F (X +t.u,). (2.1)
Vi w, € D?F,(X,,Y,)(U) nén vdi cic diy
t =t ,—>0%,0,:=u, —u. Khi d6 ton tai day
V, = W, théa man
Y, +o(t, )V, e F, (X, +t.u,), vn.
Tu (2.1) va (2.2) suy ra
Yo+ Y, o) (v, +V,) € (R +F,)(X, +tu,).
Do d6 v=w, +w, e D?(F, + F,)(X,, ¥; + Y,)(U).

(2.2)

Vay
D* (R +F,)(%, 1 +Y,)(U) 2 DR (%, ¥)(U) + D7F, (%, ¥,)(u).
Vi du sau chi ra ring néu thay D = D? thi
Dinh 1i 2.7 1a khong ddng.
Vi du 2.8. Gia su X=Y=R,C=R, va

F.F:X—> 2" duge cho bai:

{1} né’uX:l,nzl,Z,?:... .
F.(x)= n va

{0} néu x=0

{0} néu x=1,n =12,3...
FZ(X): n

{1} n€ux=0.
Véi p(t) =¢€' taco:
D?F,(0,0)(0) = {v e R|3t, 0", (u,,V,) = (u,v)
saochoVvn,e"v_ e Fl(tnun)}
={0,1}.
D?F,(0,1)(0) = {ve R|3t, >0, (u,.V,) = (u,v)
sao cho vn,1+e"v_eF,(t.u, }
={-1,0}.
Mat khac, ta c6

{1} néux :l,n =1,2,3...
(F+F)(X) = n

{1} néux=0.
Suy ra D?(F, +F,)(0,1)(0) = {0}.
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Vay
D7 (%, ¥1)(U) +DF, (%, Y, )(U) & DY (F, + F,) (%, Yy + ¥,)(u).
Bao ham thurc trong Dinh 1i 2.7 1a chat. Piéu
nay duogc thé hién trong vi du sau day.
Vi du 29. Gia su X=Y=R,C=R, va
F,F,: X = 2" dugc cho béi:
1

{l} néux==,n=12,3... .
F.(x)= n va
{0} n€ux=0

{0} néu x=1,n =12,3...
Fz(x)= n

{1} n€ux=0.
Véi ¢(t) =¢€', ta co:
DF,(0,1)(0) = {ve R|[3t, > 0",(u,,V, ) > (u,v)
sao cho 1+e"v. e F(t,u,) Vn} ={-1,0}.
D?F,(0,0)(0) ={v eR|Vt, »0%,u, »>u,3v, >V
sao cho e"v. e F,(t.u,) Vn} =¢.
Mat khac, ta ¢o

{2}
(R+F)(x) =
{1} néux=0.

Suy ra D?(F, + F,)(0,1)(0) = {0}. Do do ta co:
D (Fy + )0, Ya + ¥2)(U) 2 D7F; (%, Y1) (U) + D7F; (%, ¥ )(W). 1

3. Ap dung )

Trong muc nay, ching toi trinh bay mot so
ap dung cua dao ham Studniarski suy rong trong
viéc nghién ctru tinh ¢ -6n dinh cta &nh xa da tri
va nghién ctru diéu kién t6i wu.

Pinh li 3.1. Gia su Y la khong gian hitu
han chiéu va ¢ :R* —R" la ham twa nhén tinh.
Khi dé néu dnh xa da tri F: X — 2" 1d nira lién
tuc du6i va @-on dinh tai (X,,Y,)€grF thi
D?F (X, Yo)(U) # ¢, Vu € X.

Chimg minh: Cho u=0, diy l1a tim
thwong boéi  vi  ching ta  luon  co
0eD?F(Xy,Y,)(0), vi vay gia sdt u=0 va
t. — 0", Vi moi 1an can m& V cla Y, ton tai
sao cho v&i moi
Xo +t,U—>X, nén

lan cdn mo U cua X,
xeU:VNnFX)=z¢. Vi
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X, +tueU véi n da lén. Do d6 ton tai
¥, € F(X, +t,u)nV. Bdi tinh chit ¢-6n dinh,
tdn tai A >0 sao cho:

¥, € F(% +t,u) = {Yo} + Ae(lIt,ull) B,

<{Yo} +20(t,)o(Ilull)B, .

1 ¥n— Yo ll

o(t,)
nghia 1a {(Y, —Y,)/ @(t,)} 1a mot day bi chan va

Vi vay < Ag(|ul). Diéu nay co

c6 mot day con hoi tu. Béi PBinh nghia 2.3, gioi
han ctia day con nay la mot phan t& cua tap

D”F (X, Yo)(U). 0

Hai vi du sau ching to rang tip
D?F(X,, Y, )(u) c6 thé 1a tap rong néu gia thiét
cua Dinh li 3.1 khong dung.

Vi du 3.2. Gia st F:R —2% duoc dinh
nghia boi:

¢ néux<-l,
F.(x) =1{x} n€u-1<x<0 hoicx>1,
{X”S} néu0<x<1
va o(t) =t".

Khi d6 ching ta c6 F(x)= {Xl’3} voi
0<x<1 va D’F(0,0)(u) =¢ véi moi m>1, &
day F 1a nua lién tuc dudi tai (0,0) nhung
khong la @ -6n dinh tai (0,0). That vy, véi moi
V mo, 0eV. Gia su (—g,¢)cV véi €>0
(ndo d6). Ly U =(—11). Khi d6 véi moi x U
ta xét hai truong hop sau:

Truong hop 1: 0<x<1. Trong truong hop

1
ndy F(x)={x"*}. Vi -1<x<1 nén -1<x3<L.
Suyra F(x)nV #¢.

Truweong hop 2: —1<x<0. Trong truong
hop nay F(x)=x. Suyra F(x)nV = g.

Do @6 F la ntra lién tuc dudi tai (0,0).

Tiép theo ta kiém tra tinh ¢ -6n dinh cia
F tai (0,0). Véi moi L>0,U mo chira O,

chon Xe[—m—Q/I,OJmU . Khi do F(X):X
L X
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ma O>x>—m—l o ——>L ox<-Lx"

| |m -1
= xeL[x|" (-11). Vay F khong 12 ¢ -6n dinh
tai (0,0). o

Vi du 3.3. Gia st F:R —2% duoc dinh
nghia boi:

00 ¢ néu x=0,
X) =
{O} néu x=0

va o(t) =t".
RO rang F la ¢-6n dinh vi ton tai
L=1>0, U=(-11) <chea 0 sao cho

vxeU\{0} ta c6 F(x)=¢c{0}+L|x|"B,.
Tuy nhién D?F(0,0)(u) =¢ véi moi u=0. Do
d6 khang dinh ctia Pinh 1i 3.1 khéng con ding
nita vi F khong la ntra lién tuc dudi tai 0. That
vay , lay V =(-11) lan can m& cua 0, véi moi
U mo chia 0, 1dy 0=xeU ta co F(x)=4g.
SuyraVnF(x)=¢. O

Tiép theo chung toi trinh bay ap dung cua
dao ham Studniarski suy rong dé nghién ctru didu
kién qan cho nghiém yéu dia phuong cua bai
toan toi vu. Chung t6i ludn gia thiét rang anh xa
@ la nita lién tuc phai tai 0, nghia la: v6i moi
day t, > 0", tacd ¢(t,) > 0"

Gia st X,Y,Z la cac khong gian dinh
chudan, CcY,DcZ la cac nén 16i cod ph?m
trong khac rong va chira 0. ChoS #¢, S < X,
F:S—>2'va G:S — 2%
nhu sau:

Xét bai toan toi uwu

{Minimize F(x) . )
xeS,G(x)N(-D) = ¢

Ky higu A={xeS:G(x)N(-D)=¢} la
tdp kha thi cia bai toan (P).

Pinh nghia 3.4. Gia st X, € A voi A latap
kha thi ciia bai toan (P). Diém (x,,Y,) € grF
duoc goi 1a mot nghiém yéu dia phirong cia (P)
néu ton tai 1an can mé U cua X, sao cho
(F(ANU)—-y,) n—intC = ¢.

Nén tiép tuyén trong cua S tai X, duoc
dinh nghia nhu sau:
ITs (%) ={ue X :36>0,vte(0,5),Vu'e By (u,8), %, +tu' e S}.
Ménh dé 3.5 (I5], Ménh dé 2.3). Néu
ScXla tip loi, X, eclS va intS=¢ thi

IT, s (%) =intcone(S —x,).

B6 d  3.6.  Néu z, €D,
z e —intcone(D +z,) va ton tai
t —0", ¢(t,) > 0" sao cho L(zn —2,) > 2

o(t,)
thi z, e—intD véi moi n.

Chirng minh: Tu z e—intcone(D+z,) ta
c06 -zelT,p(-z). Do cua
IT, .o (—2,) ching ta co:

36 >0,Vt€(0,0),vu'e By (-z,6),—z, +tu'eintD.

Tt tinh chit lién tuc phai tai 0 cua @ va gia
thiét diy t —0°, ta cO ¢(t,) >0". Do do,
khong mat tinh tong quat, ta co thé gia su

o) <SVneN. Vi —(
o(t,)

—-1,) € B(-z,0). Do

dinh nghia

Z,—Z,) > 7 nén
. y . 1
voi n dulém, taco ——(z,
tn
d6 véi n du lon, ta co:

-2, =—7,+o(t,)(——(z, — z,)) € intD.

(t )

Diéu ndy co nghia 1a z, e—intD vé&i moi
n. Do d6 chirng minh duoc hoan thanh. O

Pinh li 3.7. Gid su X, €intS va
2, € G(X,) N (~D). Khi d6 néu (X,,Y,) €9rF la
mét nghiém yéu dia phwong ciia (P) thi voi moi
xeQ:=domD?(F xG), (%, Y,,2Z,) taco
D?(F xG), (Xy, Yo, Z5)(X) n—(intC xintcone(D + z,)) = ¢.

Chirng minh: Gia su rang
D?(F xG), (X, Yq: Z5)(X) m—(intC xintcone(D + z,)) = ¢.
Khidotdntai yeY va zeZ sao cho

(¥,2) € D?(F xG), (%, Yo, 20)(x)  (3.1)

va

(y,z) e—(intCxintcone(D+1z,)) (3.2)
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Tir (3.1) ton tai t, -0, (u,v,)—(x(.2))
sao cho (y,,z,)+o(t,)(v,) € (FxG), (X, +t.u,).
Khi d6 ton tai (y,,z,)e(FxG), (% +tu.) sao
cho (Y,,z,) +o(t,)(V,) = (Y,,z,). Diéu nay twong

duong voi
(yn'zn)_(yO’ZO) _)(y,z). (33)
o(t,)
Tir (3.2) va (3.3) cho n di 16n ta co
Y, — Y, €—intC (3.4)

va tlr Bo dé 3.6, ta dugc:
z, e—intD.

Béi vi z, G, (x,+t,x,)N-D, X, +t,X, € AnU

v6oi n du 1on nén tr (3.4), ta co:
Y, — Yo €(F.(AnU)—-y,) n—intC.

Mau thudn véi Dinh nghia 3.4.

Vay
D?(F xG), (X Yo: Zo)(X) N —=(intC xintcone(D + z,)) = ¢. U

Bai bdao nay duoc hé tro béi T ruwong Pai
hoc Pong Thap véi Pé tai nghién citu khoa hoc
md s6 SPD2017.02.38.1.

Tai liéu tham khao
[1]. N. L. H. Anh (2014), “Higher-order optimality conditions in set—valued optimization using
Studniarski derivatives and applications to duality”, Positivity, (18), p. 449-473.

[2]. N. L. H. Anh and P. Q. Khanh and L. T. Tung (2011), Higher-order radial derivatives and
optimality conditions in nonsmooth vector optimization, Nonlinear Anal, (74), p. 7365-7379.

[3]. N. L. H. Anh (2016), Sensitivity analysis in constrained set-valued optimization via

Studniarski derivatives, Positivity, (21), p. 255-272.

[4]. J. F. Bonnans and A. Shapiro (2000), Perturbation analysis of optimization problems,

Springer-Verlag, New York.

[5]. B. Jiménez and V. Novo (2003), “Second-order necessary conditions in set constrained
differentiable vecter optimization”, Math. Methods Oper. Res, (58), p. 299-317.

[6]. P. Q. Khanh and N. D. Tuan (2008), “Variational sets of multivalued mappings and a unified
study of optimality conditions”, J. Optim. Theory Appl, (139), p. 45-67.

[7]. D. V. Luu, (2008), “Higher-order necessary and sufficient conditions for strict local Pareto
minima in tems of Studniarski’s derivaties”, Optimization, (57), p. 593-605.

[8]. B. S. Mordukhovich (2005), Variational analysis and generalized differentiation I, Springer,

Berlin.

[9]. B. S. Mordukhovich, N. M. Nam (2014), An easy path to convex analysis and applications,

Morgan & Claypool Publishers, Willistion.

[10]. M. Studniarski (1986), “Necessary and sufficient conditions for isolated local minima of
nonsmooth functions”, SIAM J. Control Optim, (24), p. 1044-1049.

[11]. X. K. Sun and S. J. Li (2011), “Lower Studniarski derivative of the perturbation map in
parametrized vertor optimization”, Optim. Lett, (5), p. 601-614.

GENERALIZED STUDNIARSKI DERIVATIVES AND ITS APPLICATIONS

Summary

In this paper, we introduce and state some properties of generalized Studniarski derivatives.
Then, we present some applications of these derivatives in studying the stability of multi-valued maps

and optimality conditions.

Keywords: Generalized Studniarski derivative, optimality conditions, stability.
Ngay nhdn bai: 11/01/2018; Ngay nhdn lai: 19/3/2018; Ngay duyét dang:10/4/2018.

64





