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SU TON TAI VA XAP XI PIEM BAT PONG CUA ANH XA PON BIEU
THOA MAN PIEU KIEN (E) TRONG KHONG GIAN BANACH SAP THU TU

e Pham Ai Lam®, Nguyé&n Trung Hiéu""

Tém tit
Trong bai bao ndy, chiing t6i giGi thiéu khdi niém anh xa don diéu théa man diéu kién (E) trong

khéng gian Banach sdp thit tw, thiét lap sy ton tai va xdp xi diém bat dong ciia I16p dnh xa ndy béi day
ldp Mann trong khéng gian Banach 16i déu sdp thir tir. Cdc két qua nay la nhitng mé rong ciia két qua
chinh trong [4], [6], [7]. Pong thoi, ching t6i ciing xdy dung vi dy minh hoa cho két qua dat duwoc.

Tir khoa: Anh xa don diéu théa man diéu kién (E), day ldp Mann, khéng gian Banach sdp thit tu.

1. Giéi thiéu

Anh xa khong gidn va nhiing mo rong cua
anh xa khéng gian la nhitng khai niém quan
trong trong linh vuc xap xi diém bat dong boi
nhitng ddy lap. Véi nhitng gia thiét phu hop,
nhiéu su hoi tu cua nhirng day lip khac nhau nhu
ddy lap Mann, day lap Ishikawa, day lap
Halpern... cho 4nh xa khong gidn da duogc thiét
lap. Gan day, mot sb tac gia quan tdm nghién cau
nhitng mé rong cta &nh xa khong gian. Nam
2011, Aoyama va Kohsaka [1] da gi6i thiéu khai
niém anh xa «-khong gian va thiét l1ap mot sé
két qua v& sy hoi tu cho anh xa nay trong khdng
gian Banach; Garcia-Falset va cong su [6] da
giéi thiéu khai niém é&nh xa théa man diéu
kién (E), dong thoi nghién ciu su ton tai diém
bt dong cua I6p anh xa nay trong khong gian
Banach. Nam 2015, Bachar va Khamsi [2] da
dua ra mot cach tiép can khac dé mé rong khai
niém anh xa khong gidn la trang bi thi tu trén
khong gian Banach va gigi thiéu khai niém anh
xa don diéu khong gidn, &nh xa nua nhém don
diéu khdng gidn va nghién ciu xap xi diém bat
déng chung cuaa ho anh xa nua nhém don diéu
khong gidn trong khong gian Banach sap thir tu.
Sau d6, Dehaish va Khamsi [4] da thiét 1ap mot
s6 két qua vé xap xi diém bat dong cho &nh xa
don diéu khong gidn boi ddy Iap Mann trong
khong gian Banach sip thu tu; Song va cong su
[7] 43 dua ra mot s diéu kién du cho su ton tai
diém bat dong va xap xi diém bat dong cua anh
xa don diéu khong gidn boi day lap Mann trong
khéng gian Banach 16i déu sip thir ty. Nam
2016, Song va cong su [8] da gidi thiéu khai
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niém anh xa don diéu « - khong gian va dat duoc
két qua vé& su hoi tu cua day lip Mann cho loai
anh xa nay véi nhitng gia thiét thich hop trong
khéng gian Banach 16i déu sip thtr tu. Dén day,
mot van dé ty nhién duoc dit ra 1a co thé tiép tuc
ma rong nhitng khai niém anh xa khdng gian suy
rong khéc tir khéng gian Banach sang khéng gian
Banach sip thir ty, ddng thoi nghién ciu sy ton
tai va xap xi diém bat dong cua nhing 16p anh xa
méi nay trong khdng gian Banach sap tha ty. Do
do6, trong bai béo nay, ching tdi dat van dé xay
dung khai niém anh xa don di¢u théa min diéu
kién (E) trong khong gian Banach sip thu tu,
thiét 1ap sy ton tai va xap xi diém bat dong cua
I6p anh xa nay boi day lap Mann trong khéng
gian Banach 15i déu sip thu tu. Trudc hét, ching
t6i trinh bay mot sé khai niém va két qua co ban
duoc sir dung trong bai béo.

Pinh nghia 1.1 ([4], Definition 2.1).
Cho(X,=) la khdng gian Banach sip thi ty, C
la tap con khéac réng trong X va f:C —C la
anh xa. Khi do,

(1) f duoc goi la anh xa don diéu trong C
néu f(u)=<f(v) voéimoi uveC mau=v.

(2) f duoc goi la dnh xa don diéu khdng
gidn trong C néu f 1a anh xa don diéu va
[If (u)—f (V)|| <|ju—V|| voi moi u,veC ma u=<v.

Xét day lap Mann {u,} xac dinh boi:

ueCu,,=au, +@1-a)f(u,) véi moi ne N,
trong d6 {a,} la day trong (0,1), C la tap 16i va
anh xa f 13 4nh xa tir C vao C. Mot sb tinh chat
cua day lap Mann chg anh xa don di¢u trong
khong gian Banach sap thu tu dugc thiét lap
nhu sau:
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B6 dé 1.2 ([4], Lemma 3.1). Cho (X,=) la
k{zéng gian Bana~ch sdp thir e, C la mét tdp con
1ol dong khdac rong trong X, f:C —>C la anh
xa don diéu va {u,} la day lagp Mann thoa man

f(u) <u, (hodc u, < f(u,)). Khi dé

@ Uy = fu,) =gy,

U, Sy = F(U,) 2 F(U,).

(2) Néu day {u } héi tu yéu dén diém
ueC thi u=u, (hodc u, <u) véi moi neN".

Khai niém &nh xa thoa man diéu kién (E)
trong khong gian Banach dugc gidi thiéu boi
Garcia-Falset va cong su nhu sau:

Dinh nghia 1.3 ([6], Definition 2). Cho X
la khong gian Banach, C la tap con khac rong
trong X va f:C —C la mot anh xa. Khi do,

f dugc goi 1a dnh xa thoa man diéu kién (E)
néu u>1 sao cho
Hu—f M [I<llu—f@I+llu-vll véi moi u,veC.

_ Trong [5], Dozo da gioi thicu khai niém
dicu kién Opial yéu trong khong gian Banach
nhu sau:

Pinh nghia 1.4 ([5], Definition 1.1). Cho X
la khong gian Banach. Khong gian X dugc goi

& thoa man dzeu kién Opial yeu neu voi moi
ue X va véi mdi day {u } hoi tu yéu dén u,

taco

(hodc

ton tai

liminf ||u, —v|[>liminf ||u, —u||
n—o0 N—o0

v&i moi V # U. (2.1)
Luu y rang trong [5], Dozo dd chimg minh

rang bat ding thuc (2.1) tuong duong véi

limsup ||u, —V|>limsup|lu, —u || v&imoi V= u.

nN—o0 n—oo

Pinh nghia 1.5 ([3], p. 46, p. 189). Cho X
Ia khdng gian Banach. Khi d6

(1) Khong gian X duogc goi 1a 16i déu néu
véimoi ¢ € (0,2], ton tai &> 0 sao cho

u+v
”T”<1 o voiuve X malulH|viEl va

[u=Vv]>e.

(2) Ki hiéu X" 1a tap hop cac phiém ham
tuyén tinh lién tuc tr X vao R va X~
hop cac phiém ham tuyén tinh lién tuc tir X~ vao
R. Xét anh xa chinh tic J: X — X

1a tap

xac dinh
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boi J(U)(f)=f(u) voi ue X, feX . Khido,
X duoc goi 1a khéng gian Banach phdn xa néu
J(X) =X

Nhan xét 1.6 ([3], Proposition 6). Néu X
la khong gian Banach léi déu thi X 1a khong
gian Banach phan xa.

B6 dé 1.7 ([10], Theorem 2). Véi s6 thuc
gq>1va r >0. Khong gian Banach X la l6i déu
néu va chi néu ton tai ham lién tuc 16i tang
nghiém ngat ¢:[0, ©) >[0, «) sao cho ¢(0)=0 va
[tu+@-tv[<tlul +A-1) IV]]* —e(q,D)e(lu—V])
uveB (0)={ueE:|u|<r},

o(q,t) =t1@-t)+t(1-t)%, te[0,1]. Pac bi¢t,

VOi moi

VoI q :2,t:%, taco

u+v
||—|| <—IIUII +—||V|| ——<0(||U vIl)-

Bo daé 1.8 (o1, Theorem 1.3.11). Cho X la
khéng gian Banach phan xa, C la tdp con 16
dong khac rong cia X, 9:C—R la ham nira
lién tuc duwoi va IIm g(X) =oo. Khi do, ton tai

[Ix[|—
ueC sao cho g(u)=inf{g(v):veC}.

2. Céc két qua chinh

Trudc hét, chung toi gioi thiéu khai niém
anh xa don diéu thoa man diéu kién (E) trong
khong gian Banach sip thir tu.

Pinh nghia 2.1. Cho (X,=) la khéng gian
Banach sip thir ty, C 14 tip con khac rdng trong
X va f:C—C laanhxa. Khido, f dugc goi
|a dnh xa don diéu théa man diéu kién (E) néu
f 1a anh xa don diéu va ton tai 1 >1 sao cho
Ju—fW) < zllu=fI+[[u-v]
u,veC ma u=vhoac v=u.

Nhan xét 2.2. Méi dnh xa don diéu khong
gian la mot anh xq don diéu thoa man diéu kién
(E). That vay, gia st f:C—>C anh xa don
diéu khong gian. Khi do, f 1a anh xa don di¢u
va voi moi ¢ >1, u=<v hodac v=u, taco

[u—fM lIlu—f [+ fu) - fW

Spllu=f@I+lu=vi. ‘

Do d6, f la anh xa don diéu thoa man diéu

kién (E).

vl moi
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Vi du sau chung té réng ton tai anh xa don
diéu thoa man diéu kién (E) nhung khong 12 anh
xa thoa mén diéu kién (E) va ciing khong 1a anh
xa don di¢u khong gian.

Vi du 2.3. Xét X =R voéi chuan gia tri
tuyét dbi, C= [0,2] 1a tap con cua R va anh xa

2
f:C—C duoc xic dinh boi f(u)= “? véi
ueC. Khido, f khong la anh xa thoa man diéu
kién (E). That vay, bang cach chon u=2, v=1
vavoi u>1 taco

3
o= T li=5 va gflu=T)[[Hu-vI=1.

Do d6, f khong la anh xa thoa méan diéu
kién (E).

Trén R xét quan hé thir ty < nhu sau:
u=<v khi va chi khi u<v trén R va
u,vel0,2). Khi d6 f la anh xa don diéu thoa
mén diéu kién (E) nhung f khong la anh xa
don diéu khong gian. That vay, voi u <v, ta co
u,ve[0,2). Do @6, f(u), f(v)<[0,2) va

u> v¢ o1
f(uy—f(v)= 7 5" 2(u v)(u+v) <0.

Suy ra f(uy<f(v). Do do, f la anh xa
don diéu. Tiép theo, ta chimg minh ton tai z>1
sao cho véi u=<v hoic v=<u, ta co
lu—f V) |I< m|jlu=f)||+|lu=V]. Ta chi can
xét cac truong hop sau:

Trwong heop 1. V6i u=0, ve[0,2) tacod

2
Y
u-fW)=|0-——
I W=l 2||

VZ

2
<V
=0-v|
=ullu = ()l = vIl.

Trwong hep 2. Véi ue(0,2), vel[0,2) taco
Hu=fW) [Hlu-v+v-f (V)|
sv=f W [ +[u=v]l.
2

Pit g(v):v—f(v):v—"? Khi d6, voi

te(0,2) tacd 0<g(t)£%. Do d6, ton tai x>1
sao cho

2

= f Q) IHIv="- <5 < ug(@) = allu= F@)I.

Suy ra

[lu=F W< glu =TIV voi p=1.

T hai truong hop trén, ta suy ra ton tai
1 >1 sao cho vdi u <v hoac v=<u, tacd

[lu=TW)ll=pllu=t@I+lu=-vi.

Do @6, f la anh xa don diéu thoa man diéu
kién (E). Tuy nhién, f khong la anh xa don
diéu khong gian. That vay, bang cach chon u=1
vav=19 taco

| f(u)—f(v)[|=1305=20,9|u-vl|.

Do do, f khong phai la anh xa don diéu
khong gian. [

Ki hiéu F(f)={ueC:f(u)=u} la tap
hop diém bat dong cia anh xa f:C—>C va
F.(f)={peF(f):p=u} véi u, la sO hang
thar nhét trong ddy lap Mann. Tiép theo, chung
toi thiét 1ap sy ton tai Siiém bat dong cua anh xa
don di¢u thoa man diéu kién (E) trong khong
gian Banach 16i déu sip tha tu. Luu § 'y rang, trong
két qua sau, ching ta ludn gia st rang thtr ty <
va chuan |)|| trén X thoéa man diéu kién sau:

(H1): V6i ¢ €[0,1], a<b va c=<d, tacd
aa+(l-a)c<ab+(1-a)d.

(H2): Néu ton tai abeX sao cho
a<u=bvdiueX thitontai A>0 sao cho

Ilull < Amaxlall, oI

Ménh dé 2.4. Cho (X,=) la khéng gian
Banach 6i déu sap thi tw, C la tdp con loi dong
khac rong trong X va f:C —C la dnh xa don
diéu thoa man diéu kién (E), {u,} la day lip

Mann thoa man f(u) =u;, liminf ||u, - f(u,)[=0

va ton tai veC sao cho v=<u, véi moi neN'.
Khi do, F_(f)#.

Chimg minh. Vi liminf [[u, - f (u,) |=0
nén ton tai diy con {u,,} cia {u,} sao cho
Eﬂ””n(k) — f(Uy4y) [IF0. Hon nira, theo Bo6 dé
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1.2.(1), ta €0 Upgy,y <Upgy < Uy vOi moi keN',
Két hop voi gia thiét nén v=u,,, voi moi
keN’, taco {u,,} la diy bj chan.
bat C, ={zeC:z=xu,,} vo6i moi
k e N*. Khi d6, C, 1a tap 16i dong khac rong véi
moi k e N*. That vay, vi v=<u, véi moi ne N
nén v =<u,,, véi moi k e N*. Piéu nay c6 nghia
la veC, véi moi ke N". Do do, C, 1a tap khac
rong voi moi k € N*.
Vé6imdi ke N, gia st {u,“} 1a ddy trong
c, va {u,"} hoi tu dén u®. Khi do, u,® eC va
u,® <u (2.2)
Do {u, ™} la day trong C, hoi tu dén
{u®3} va C 1a tap dong nén u® e C. Hon nira,
cho m— oo trong (2.2), st dung B6 dé 1.2.(2),
ta dugc u® < Uyy- Do do u® ecC, hay C, la

n(k)*

tap d()ng. ‘

Tiep theo, ta ching minh C, la tap 16i voi
mdi k eN". Véi moi uveC,, 1€[01] ta can
ching minh  Au+(1-A)veC,. That vay, vi
uveC, nén uveC. Do C la tap I6i va
uveC nén Au+(@-A)veC. Do u=u,, va
V=Uy, Nén theo gia thiét (H1),
AU+ A=AV =AUy + (L= DU = U -
Au+(@1-A)veC, hay C, latap Ioi.

ta co
Vay

bat K =ﬁCk. Khi @6, K la mot tap con
16i déng kheick rlgng trong C. VI V=U, 3,
vGoi moi keN" nén theo gia Wthié't (H2) ta co
{U,} 1a ddy bi chan theo chuan. Do do, ton tai
g:K —[0,) dinh
g(z):lirknsup||un(k)—z||2 v6i moi zeK. Khi

ham Xac baéi

d6, theo B6 dé 1.8 ton tai z' eK sao cho
g(z") =inf g(z). Suy ra

9(z") < g(2) véimoi zeK.
Hon nita, theo B6 d& 1.2.(1), ta ciing co

(2.3)
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7 <..<u <u

n(k)11 = Ungg = 23U

Uy 22y

voi moi k e N™. (2.4)
Két hop (2.4) voi f 1a anh xa don diéu va

st dung BO6 @ 1.2.(1), ta c¢ob

f(z27) = f(Upgy) < Upgy vOi moi ke N". Do do,

f(z") e K. Khi d¢, sir dung tinh 16i cua K, ta co
7 +1(2)

n(2)

e K. Két hop diéu nay voi (2.3), ta co

g@ﬁsqtiigﬁib. (2.5)

Hon ntra, vi f 1a anh xa don diéu théa man
didu kién (E) nén ton tai >1 sao cho
” un(k) —f (Z*) ”S H ” un(k) —f (un(k)) ” + ” un(k) -7 ”
véimoi k e N, (2.6)
Str dung l!m I Upey — F(Upgy) IO nén tur
(2.6), ta duoc
Himsup{] Uy, - f(z') < Himsupliu, ) — Z||.(27)
T dinh nghia ctia g(z) va (2.7), ta dugc
9(f(z) = “Tffp g = F @I

<limsup U,y —2" I
k—o0

=g(2).
Hon nira, tu dinh nghia cua g(z), (2.8) va
su dung B6 dé 1.7, ta duoc

(2.8)

7+ ()
90—
. 7 +1(),,
=limsup||lu, ———
k_mp” n(k) 5 I
U—2 U —T(
= limsup || — + —© 5 ( )||2
k—o0

< Iikrgjup(% iy =2 F + Sty — £ F =300~ 1)
1 .1 e 1 .
<29@)+2a(F @)~ ol - 1@

< g(Z*)—%qo(Ilz* = @I (2.9)

Két hop (2.5) va
1, . . . 7 +1(2) .
Z@(IIZ -f(@2)I)<9(z)-9g(———)<0. Su

2
ham ¢, ta «co

(2.9), ta duoc

dung tinh chat cua
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%gp(”z*—f(z*)”):o. Do d6 7z =f(z). Két

hop diéu nay véi (2.4), ta dwoc z e F_(f) hay
F.(f)=4. O
) Tiép theo, chung t6i khao sat mot sb tinh

chat cﬁg day 1ap Mann v6i anh xa don diéu thc}a
man diéu kién (E) trong khong gian Banach sap
thu tu. ‘

Ménh dé 2.5. Cho (X,=x) la khéng gian
Banach 16i déu sap thit tw, C la tp con l6i déng
khac rong trong X, f:C—C la dnh xa don
diéu théa man dieu kien (E) sao
choF.(f) =3, {u,} la day lap Mann théa mén
f(u) 2u,. Khi do

(1) Déy {u,} la bi chan.

(2) Uy — Pl — | va t0n 1gi gidi han
!m”u” —pl| véimoi peF_(f).

(3) Néu limsupa,(l-a,)>0 thi
liminf ||u_ — f (u_)||=0.
(4) Néu liminfa (1-a)>0 thi

lim|lu, - f (u,) |=O.

Chieng minh. (1) Chizng minh rang {u,} 1a
day b; chan. o

Theo B6 de 1.2.(1), ta c6 u, <u, Voi
neN” hay {u,} la day bi chan trén boi u,.

Tiép theo ta chang minh p=<u, Véi
neN", pe F (f). (2.10)

Do F (f)#Q nén ton tai peF (f) sao
cho p=u,. Do do, (2.10) dung v6i n=1.

Gia st (2.10) ding véi n=k=>1 ta cb
p=u, ta ching minh p=U.,. That vay, vi
p=<u, va f la anh xa don diéu nén
p=f(p)=<f(u,). Mat khac, theo B6 dé 1.2.(1),
tacé f(u,)=<u,,. Dodo, p=u,,. Vay{u} la
day bi chan.

(2) Ching minh rang ||u,, - pli<flu, - pl
Va ton tai gidi han !E[‘OHUn - pll voi peF(f).

That vay, véi peF_(f) tacod p=u,. Bang lap

luan twong ty nhu ching minh trong (2.10), ta c6
p=u, véi moi neN". Do f la anh xa don

diéu thoa man diéu kiéen (E) nén
I fQu,)—pl=lp—fu)ll
<ullp=ft(p)II+Ilu,—pll
v6i moi ne N*. Piéu nay dan dén
I f@)=pli<iu, —p|l véi moi ne N (2.11)
Talai co
[ Ups =Pl

=|| a,u, + (1_an) f (un) -P ”

&, (U, - p)+ @-a,)(f (u,) - P

<a, [l @, - P 1 +@-a) 1 (Fu,) - Pl

Két hop (2.11) va (2.12), ta dugc
Uy~ Pl @, (U, - P)[I+@-23) | U, — P)

~lu, ~pll.

Suy ra {|lu,—p||} la diy don di¢u giam. Mat
khéc, ta c6 0<||u, — p|| v&i moi neN". Do do,
ton tai lim|ju, —p|| véi moi neN*.

3) Chitng minh rang néu
limsupa,(l—a,) >0 thi Iiflninf [lu,— f(u,)|=0.

Sur dung B6 dé 1.7 véi q=2,t=a, va sa
dung (2.12), ta co
Uy — PIP=l &, (U, — P)+(@—a,)(f(u,) - p) I
<a, |lu, - pIF +@-a,) |l f(u,) - pIF -a,@-a)e(lu, - f (u,) )
<a, |lu, - pIF +(@-a,) [lu, - p I -a,@-a,)e(lu, - (u,) 1)
=lu, - pI* —a,@-a,)e(lu, - fu,) ).
Suyra
a,@-a)p(lu, - f ) ) <lu, - pIP =llu,,, —pIF . (2.13)

Do giéi han lim f|u, - p|| tdn tai nén tir (2.13) taco

limsupa, 1-a,)¢(|u, - f(u,)[) =0. (2.14)

N—o0

Gia st liminf o(||u_ — f (u,)|) > 0. Khi do,

imsupla, (-,)o(1, ~ 1) Dl o

. ) 1
=1 1— —f I . S
Irpjgp[an( a)e(lu, — f(u) D] imsup P T TONI])
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_ 1
= limsup[a, (1-a,)e(lu, = f(U) ID]———
e o(llu, = f ()1
=limsupa,(1—-a,).
Do do6
(iminf o(||u, — T (u,) [1))-(limsupa, (1-a,))
<limsupa,(1-a,)e(lu, - f(u,)l).  (2.15)
Két hop (2.15) va (2.14), ta duoc
(liminf (|| u, — f (u,)]])).(limsupa, (1-a,)) = 0.
Piéu ndy méau thudn voi  gia  thiét
limsupa (1-a ) >0 Va |igligf(/?(ll u,—f(u,))>0.

n—oo

Do dé liminfe(u, —f(u,)[)=0. Khi do, su

dung tinh chat cua ham ¢, ta dugc
Iim)igf lu, —f(u,)|=0.

(4) Chitng minh rdang néu liminf a, (1-a,) >0
thi rI]iﬂr?oH u, — f(u,)|=0.

Do Iiminfa (1-a,)>0 nén

limsupa,(1-a )>I|m|nfan(l a,)>0. Khi do,

n—o0
theo chirng minh trong Ménh dé2.5.(3), ta co
liminf ||u, —f(u,)|=0. (2.16)
n—oo

Mait khég, lqeip luan tuwong ty nhu trong
chung minh bat dang thirc (2.15), ta co

(I|m|nfa(1 a,))-(limsupe(||u, — f (u,) )
<limsupa,(1-a,)e(lu, - f(u)l).  (2.17)
Ké hop (2.17) voi  (2.14) va

- f,)Ih=0.
Khi d6, sir dung tinh chat cia ham ¢, ta

liminfa, (l-a,) >0, ta dugc limsupg(|u,

duoc limsup ||u, — f(u,)||=0. (2.18)
Két hop (2.16) va (2.18), ta duoc
lim(||u, — f(u,) ) =0. 0

Tiép theo, ching t6i chizng minh mot s6 két
qua cho su hoi tu cua day lap Mann cho anh xa
don diéu thoa man diéu kién (E) trong khdng
gian Banach sap tha ty. Trudc hét, chung toi gidi
thiéu khai niém diéu kién don diéu Opial yéu
trong khong gian Banach sap tht tu.
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Pinh nghia 2. 6. Cho (X,=) la khong gian
Banach sip thu ty. Khdng gian X dugc goi 1a
thoa mén diéu kién dcm diéu Opial yéu néu voi
mdi ue X va voi mdi diy {u,} don diéu ting
(hodc don diéu giam) va hoi tu yéu dén u, taco

limsup ||u, —Vv||> limsup ||u, —u ||

n—o0o
voi moi VU ma u, <V (hodc v=u,) voi moi
neN" ‘

~ Két qua sau la diéq kién df} cho su hdi tu
yeu cua day 1ap Mann vé di€ém bat dong cua anh
xa don diéu thoa man dicu kién (E) trong khong
gian Banach 161 déu sap thu ty.

Pinh 1i 2.7. Cho (X,=) la khdng gian
Banach [6i déu scfp thir tw va théa man diéu kién
don diéu Opial yeu, C la tdp con 16i dong khac
rong trong X, f:C—C la anh xa don diéu
théa man diéu kién (E) sao choF.(f)=®,
{u.} la day lap Mann thoa man f(u)=<u, va
liminfa, (1-a,) >0. Khi do, day {u,} hoi tu

n—o0

n—o

yéu dén p e F.(f).

Chimg minh. Theo Ménh d& 2.5.(1), ta c6
{u.} la day bi chan. Do X la khoéng gian
Banach 16i déu nén X la khong gian Banach
phan xa. Khi do ton tai day con {u,,} ctua {u,}
sa0 cho {u,,} hoi tu yéu dén peC. Theo Bo
dé 1.2, tacd p =y, =U,. Do f 1a 4nh xa don
dieu  thoa  dicu (E) nén
Uiy = FCP) IS 21l Ungy = F WUy T+ 11 Uy — PII- (2-19)

Vi Iim)iogf k) (d—a,4)) >0 nén theo Ménh

dé 2.5.(4), ta co

kién

‘!m Il Uny = F Uy =0 (2.20)
T (2.19) va (2.20) ta co
"ranUp [ Ungy = F(P) [I< "ranUp Uy = PII- (2.21)

Tiép theo ta ching minh p = f(p). Gia sir
p= f(p). Vi p=u,,,va f laanh xa don di¢u
nén tr B6 @& 121, ta co
f(P) = (Ungy) = Ungo- Két hop véi {U,y} la
day hoi tu yéu d&én p va (X,=) théoa méan diéu
kién Opial yéu ta ¢co

don  diéu
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Iirkrggp | Uy — F(P) 1> Iirkrggp lUngy = PII-
Diéu nay mau thuin véi (2.21). Do d6 p = f(p).
Ma p=u,. Vi vay peF_(f). Khi do, theo
Ménh dé 2.5.(2), ta c6 lim lu, - p| ton tai.

Tiép theo ta ching minh {u } hoi tu yéu
dén peF_(f). Gia st {u,} khong hoi tu yéu
dén peF.(f). Khi d6 ton tai day con {u,;}
hoi tu yéu dén ueC ma p==u. Lap luan tuong
tu nhu trén ta c6 ue F (f), u=u,, va ton tai
gidi han '!I_rllH u,—ull.

Vi peF (f) va f laanh xa don di¢u nén
theo B dé 1.2.(1), ta c6 p =U,;. Do X thoa
man diéu kién don diéu Opial yéu, ta c6

limsup || u,) —ull<limsup |[u,; — Pl (2.22)

1—00 1>
Do lim|lu, —p|l va lim|u, —u|| ton tai nén tir
(2.22) taco

lim|lu, —ull<lim|u,—p]. (2.23)
n—o0 n—o0

ViueF_(f) va f laanh xa don diéu theo
B6 d¢ 1.2.(1), ta c6 U=U,,. Do X théa man
diéu kién don diéu Opial yéu, ta co

"ranUp [ Ungy — PII< "ranUp [ Ungy —ull- (2.24)
Do lim|lu, —p|l va lim|lu, —u]| ton tai nén tir

n—o n—o

(2.24) taco
fim [[u, — plI< lim | u, ~u .

Piéu nay mau thuan véi (2.23). Do d6 {u,}
hoi tu yéu dén peF (). L

Tiép theo, ching t6i thiét 1ap hai két qua sy
hoi tu cua day lap Mann cho anh xa don di¢u
thoa man diéu kién (E) trong khéng gian
Banach 16i déu sép thir tu.

Pinh 1li 2.8. Cho (X,x) la khong gian
Banach [6i déu sd'p thw twe, C la tdp con
compact, /loi dong khac rong trong X,
f:C—C la anh xa don diéu théa man diéu
kien (E) sao cho F_(f)=O, {u,} la day lap

Mann thoa man f(u) =y va

limsupa,(1—-a,) >0. Khi do, day {u,} hoi tu

dén peF.(f).
Ching minh. Vi limsupa,(1-a,)>0 va

n—oo

F.(f)#J nén theo Ménh d¢ 2.5.(3), ta ¢
liminf ||u, — f (u.)||=0. Khi do, ton tai diy con
N—o0
{Uy} cua {u,} sao cho
I!'_TO Il Ungy = F (Un) [I=0.
Do C la tdp con compact nén ton tai
{Un(jp} 12 day con cua {u,,,} sao cho {u,, iy}
hoi tu dén p e C. Khi do, tir B6 d& 1.2.(2), ta ¢6
P =X Uiy XU vOimoi jeN.

(2.25)

Hon nita, vi f la anh xa don diéu thoa man
diéu kién (E) nén
iy = FOPYIE 22U = F ) 1+ Uy = Pl (2.26)
Két hop (225) va (226), ta cb
lim [y gy = T (P) 1= 0 hay fuy iy} hoi tu dén
f (p). Két hop diéu nay véi két qua {U,;,} hoi
tu dén p, tacd f(p)=p. Ma p=<u,. Do d6
peF_(f). Hon nita, tir Ménh dé 2.5.(2), ta ¢6
rI]erlo||un—p|| ton tai. Két hop véi diy con
{Une(jpt cta {u,} hoi tu dén pe F.(f) ta dugc
{u,} hoitudén peF_(f).

Hé qua 2.9. Cho (X,x) la khong gian
Banach [oi ‘dé‘u sap thir t, C la tap con
compact, [o6i dong khac rong trong X,
f:C—>C la dnh xa don diéu théa man diéu
kién (E) sao cho F.(f)=d, {u} la day lap
Mann théa man f(u) =y va
Iimigf a,(1-a,)>0. Khi do, day {u,} hoi tu
dén peF_(f).

Chirng minh. Vi Iirnrligf a,(1-a,)>0 nén

limsupa,(1-a,)>0. Do d6, cic gia thiét cua

Nn—o0
Dinh 1i 2.8 dugc thoa man. Theo Pinh li 2.8, ddy
{u,} hoitudén peF_(f). O

Cubi cung, chﬁng toi dua ra vi du yé viéc
Ung dung nhimg két qua duoc thiét 1ap dé chimg
minh gidi han ctia day so6 c6 dang day lap Mann.
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Hon nira, vi du niy ciing chimg t6 ring nhing
két qua duoc thiét 1ap trén ap dung duoc cho anh
xa dugc chi ra nhung nhitng két qua trong [4],
[6], [7] khong ap dung dugc.
Vi du 2.10. Xét diy s6 {u } xac dinh boi
n+1 n+2 ,
1=05 s = g e
neN". Khi dé, limu, =0. That vay, xét X =R

n—o0

voi moi

v6i chuan gia tri tuyét d6i, C =[0,2] 1a tap con
cua R va 4nh xa f :C — C duoc xac dinh boi
2
f(u)=u? véi ueC. Trén R xét quan hé thir
tu < nhu sau: u<v khi va chi khi u<v trén
R va u,ve[0,2). Khi do6, theo Vi du 2.3, ta co
f 1a 4nh xa don diéu thoa mén diéu kién (E).
Do  do, {u,}co u, =0.5,
U, =au,+@1—a,)f(u,) neN,

n +13. Khi do, ddy {u } thoa min
+

day dang

vol  moi

trong do a, =

cac gia thiét cua Pinh 1i 2.7, Pinh 1i 2.8 va Hé
qua 2.9 va

F(f)={peF(f):p=u}={0}

Vi vdy, theo Pinh li 2.7 hodc Dinh 1i 2.8

hoic Hé qua 2.9, ta c6 diy {u } hoi tu dén

p=0eF.(f). Hon nia, bang phan mém
Scilab-6.0.0, ching t6i cing minh hoa dang diéu
hoi tu dén 0 cua day {u,} boi hinh vé sau:

Hinh 1

Tuy nhién, theo Vidu 2.3, tac6 f khong la
anh xa don di¢u khong gian va cling khong la
anh xa thoa man diéu kién (E). Do d6, cac két
qua trong [4], [6], [7] khong &p dung dugc cho
day {u,}. ]

Bai bdao nay duwoc hé tro béi Truong Pai
hoc Pong Thdp véi Dé tai nghién ciru khoa hoc
md s6 SPD2017.02.43.1.
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ON THE EXSITENCE AND APPROXIMATION OF FIXED POINTS OF
MONOTONE MAPPINGS SATISFYING CONDITION (E)

IN PARTIALLY ORDERED BANACH SPACES

Summary

In this paper, we introduce the notion of a monotone mapping satisfying condition (E) in
partially ordered Banach spaces, and establish the exsitence and the approximation of fixed points of
such mappings by the Mann iteration process in partially ordered uniformly convex Banach spaces.
These results are the generations of the main results in [4, 6, 7]. Also, we provide examples to
illustrate the obtained results.

Keywords: Monotone mapping satisfying condition (E), Mann iteration, partially ordered
Banach spaces.
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