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PIEU KIEN CHINH QUY CHO BAI TOAN TOI UUDC
VOI RANG BUQC HE BAT PHUONG TRINH LOI VA TAP LOI

e Huynh Ngoc Cam®

Tém tit
Trong bai bdo ndy, ching t6i xdy dung diéu kién chinh quy can va dii dé c6 diéu kién toi wu cho
bai todn téi wu DC véi rdng buoc hé bat phu’ong trinh Idz va mét tip loi. ang thoi, chung téi ciing
thiét lap diéu kién chinh quy can va di @é cé diéu kién toi wu cho bdi todn téi wu phdn thirc va bai
todn t6i wu 16i yéu véi rang budc hé bat phuong trinh 16i va mot tdp 16i.
Tir khéa: BCQ twong ing tdp 16i, bat phwong trinh 16i va tdp 16i, 16i yéu, phén thire, diéu kién

can va di.

1. Giéi thi¢u

Bai toan t6i wu DC 13 bai toan tdi wu trong d6
cac ham muc tiéu c6 thé dugc biéu dién thanh
hiéu cuia hai ham 16i. Nhiéu bai toan trong thyc té
da dugc mo hinh hoa dudi dang bai toan tdi uu

C [7], [10]. Bai toan t6i wu DC dugc quan tam

nghién cuu boi cac tac gid [5], [9]. Trong t6i uu
10i, didu kién chinh quy 1a mot khai niém quan
trong va dugc nghién ctru boi cac tac gia [1], [2].
Mot trong nhitng diéu kién chinh quy quan trong
c6 thé ké d&n 1a BCQ (basic constraint
qualification). BCQ 1an dau duoc giéi thidu boi
Hiriart-Urruty va Lemaréchal [5]. Sau d6 khai
niém nay da dugc mé rong nghién ciru boi cac tac
gia [3], [4]. Li va céac cong su [6] da nghién clru
diéu kién chinh quy BCQ cho bai toan tbi uu véi
rang budc hé bat phuong trinh 16i va da ching to
BCQ la diéu kién chinh quy can va du dé c6 diéu
kién t6i uu toan cuc cua 16p bai toan nay.

Nam 2011, Saeki va cac cong su [9] da xét
bai toan tdi vu DC nhu sau

min f (x) — g(x),
g(X)<0jiel,

trong do f,¢ : X > Ruf{+o}iel,
16i, chinh thuong, nira lién tuc dudi va
g: X —> RU{+oc} 1a ham 16i, ntra lién tuc dudi,
X 1a khéng gian vecto topd Hausdorff 16i dia
phuong, | 13 tap chi sb bat ky. Cac tac gia da
chung t6 duge BCQ 1a diéu kién chinh quy can va
da dé co diéu kién toi wu cho bai toan toi vu DC
(1.1). Dong thoi, ho clng ap dung két qua dat
duogc dé nghién ctru bai toan t6i uu phan thirc va
bai toan t6i wu 16i yéu, hai bai toan nay s& duoc
chung t6i trinh bay chi tiét trong cac muyc sau.

(1.1)

la c&c ham
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Trong bai bao ndy, chung téi md rong két
qua trong [9] cho bai toan t6i vu DC voi rang
budc hé bat phuong trinh 16i va tap 16i nhu sau

min f(x) - g(x),

4 (x)<0,iel,

X e A,
trong d6 A 1a tap 16i. Cu thé, chung t6i thiét lap
diéu kién chinh quy can va du dé co diéu kién toi
vu cho bai toan t6i wu DC (1.2). Sau d6 ching toi
ap dung cac két qua nay dé ching minh didu kién
can va du dé c6 diéu kién tdi wu cho bai toan tbi
vu phan thic va bai toan tdi uu 16i yéu véi rang
budc hé bat phuwong trinh 16i va tap 16i.

Mot diéu can luu y ¢ ddy rang, trong trudng
hop téng quat, bai toan (1.2) khong thé dwa vé
bai toan (1.1) do tap A khong can déng.

Tuong tu trong [9], bai bao thiét 1ap va
chimg minh rang BCQ tuong tng vdi tap tai
mot diém la diéu kién chinh quy céan va du dé co
diéu kién t6i wu cua bai toan t6i wu DC (1.2).
Pong thoi, ching t6i cling thiét 1ap dicu kién
chinh quy can va du dé c6 diéu kién t6i wu cho
bai toan t6i wu phan thirc va bai toan t6i wu 16
yéu voi rang budc hé bat phuong trinh 16i va
mot tap 16i. Cudi cing chung t6i dua ra mot vi
du cho két qua dat dugc.

Trudc tién, chung toi trinh bay mot s6 khai
niém va tinh chit quan trong trong t6i uu 16i ma
chung t6i su dung trong bai bdo nay (xem [5],
(61, [8).

1. Mé dau

Cho X 1a khong gian vecto topo Hausdorff

(1.2)

16i dia phuong va X 13 khong gian d6i ngau cia
X. Ki hiéu (X",x) chi gia tri cia ham X e X~
tai X e X.
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Gia st Kc X,

duoc xac dinh baéi
R K={ta":teR,, a eK}.

Qui wéc R, K ={0} néu K =@.

Ham chi cua tap K, ki hiéu 8, dugc dinh
nghia nhu sau

0,
% (X) = {+oo, xeK.

Pinh nghia 1.1 ([8]). Cho tap con O 161
cia X va X € Q. Khi d6 non phdp tuyén cua tap
Q tai X, ki hifu N(€,X), dugc dinh nghia
nhu sau

N(Q,X)={x e X |(x',x=X)<0, VxeQ}.

Pinh nghia 1.2 ([8]). Cho ham
¢ X > Ru{+w}. Khi do

(1) Mién hitu hiéu cia ham ¢, ki hiéu
dom ¢, dugc dinh nghia nhu sau

dom ¢ ={x € X | #(X) < +o0}.

(2) Ham ¢ duoc goi 1a chinh thuong néu
dom ¢ = .

(3) Tap hop trén do thi cia ¢, ki hiéu
epi ¢, dugc dinh nghia nhu sau

tich cua tap R, va tapK

xekK,

epi g ={(X,x) e X xR | x edom ¢, ¢(X) < r}.

(4) Ham lién hop cua ¢, ki

¢ X" > Ru{+oc}, duge xac dinh nhu sau
¢ (X)) =sup{(X", x) —¢(x),x e X}, x e X",
Pinh nghia 1.3 ([8]). Cho ham
¢: X —> RU{+o} 1a ham 15, chinh thudong va

hiéu:

X edom ¢@. Duoi vi phdn cia ¢ tai X, ki hi¢u
0¢(X), dugc xac dinh boi

AP(X) ={x" e X" [{X", x=X) < ¢(x) —$(X)}.
Trong bai toan (1.2), goi
S={xeX|4(x)<0,iel} va gia st SNA=.
Céc tac gia trong [3], [6] da gidi thi¢u khai niém
BCQ va BCQ tuong rng mot tap nhu sau.
Pinh nghia 1.4 ([3]). (1) Lop cic ham
{#,i €1} thoaman BCQ tai X €S néu

U o4 (x)}

iel (%)

N(S,X) =cone co(

(2) Lop cac ham {4 ,i € 1} thoa man BCQ
tuong ing tip A tai X € SN A néu
U o4 (x)} N (A X)
iel (x)
trong do6 1(X) ={i e 1,4 (X) =0}

Nhan xét 1.5 ([6]). Vi
U o4 (Y)]+ N (A X)

iel (X)

N(SNAX)= coneco(

N(SNAX)>D coneco(

nén 16p cac ham {¢ :i € I} thoa man BCQ tuong
tmg A tai X €S A néu va chi néu

N(SNAX)c coneco( U o4 (Y)J+ N (A X).
il (X)

Ki hiéu:

R ={1=(4):, | 4 >0Viel,card{i | | 4 # 0} < +oc}.
Saekl va céac cong su [9] da xdy dyung diéu klen
can va du dé c6 diéu kién t6i wu cho bai toan tbi
uu DC (1.1) nhu sau.

Pinh li 1.6 ([9]). Gia st {@,i € 1} 1a 16p cac
ham 10i, chinh thuong, nira lién tuc dudi tr X
toi R u{+o} va X € S. Khi d6 cac ménh dé sau
day la tuong duong:

(1) Lép cac ham {#,i € 1} théa mian diéu
kién BCQ tai X. ‘

(2) Gia su f 1a ham 161, chinh thuong, nua
lién tuc dudi tr X t6i Ru{+eo} sao cho
domf NS =@ va epi f" +epid, dong yéu* va
gid st g: X — R 1a ham 16i, ntra lién tuc dudi.
Khi d6 néu X 1a nghiém dia phuong cua f —g

trong S thi v6i mdi vedg(X) ton tai
(A4)i., <R saocho 44 (X)=0 véimdiiel va
vedf (X)+ 404, (X).

iel

Diéu kién can cho nghiém dia phuong cua
bai toan toi wu DC khong rang budc dugc gidi
thi¢u boi Hiriart-Urruty [6] nhu sau.

Pinh li 1.7 ([5]). Gia st f : X > RuU{+oo}
1a ham 10i, chinh thudng, nira lién tuc dudi va
g:X >R 1a ham 151, ntra lién tuc dudi. Néu
X € X 1a nghiém dia phuong cia f —g trong
X thi 6g(X) < of (X).
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Str dung cac lap luan trong [6, page 14],
chdng toi ¢ bo dé sau. B dé nay duoc sir dung
trong chizng minh két qua chinh cua chung téi.

Bo dé 1.8 ([6]). Gia sir f:X — RuU{+w}
la ham 15i, chinh thuong, nia lién tuc dudi, A 1a
mot tap 16i sao cho domf NA=J va

epi f*+epis, dong yéu*. Khi do voi mdi
X edom f N A, taco
o(f +6;)(X) = of (X) + 055 (X).

2. Két qua chinh )

Trong dinh li sau day, chung t61 thiet 1ap va
ching minh rang BCQ tuong mg vdi tdp A tai
moét diém la di€u kién chinh quy can va du dé co
diéu kién t61 wu cua bai toan toi vu DC (1.2).

Pinh li 2.1. Gia st {¢,i € 1} 1a 16p cac ham
16i, chinh thuong, nira lién tuc dudi tr X t6i
Ru{+wc} va XeSNA Khi d6 cac ménh dé
sau day la twong duong:

(1) Lop cac ham {@,i €1} thoa man dicu
kién BCQ tuong ung tap A tai X.

(2) Gia st f ham 10i, chinh thuong, nira
lién tuc dudi tr X t6i Ru{+0} sao cho
domfNS~A=J va epif +epid;, , dong
yéu* va gia sit g:X — R 1a ham 16i, nira lién
tuc dudi. Khi d6 néu X 1a nghiém dia phuong
cia f—g trong SNA thi v6i mdi veog(X)
ton tai (4),,, < R sao cho ¢ (X) =0 véi mdi
iel va

vedf (X)+ 404,(X)+N(AX).
iel

Chirng minh. (1)= (2). Gia st {¢,iel}
thoa man diéu kién BCQ tuong tng tap A tai X,
nghia la

N(SNAX)= coneco{ U o4 (7)} N(A,X).
iel (x)
f: X > RU{+x}
dom f NS~ A= D va epi f ™ +epid,. , 1a dong

Gia su sa0 cho

yéu*, g:X — R la ham 15i, nta lién tuc dudi.
Vi X la nghiém dia phuong cua cua f —g trong
SNA nén X la nghiém dia phuong cua
(f+05.,)—9g trong X va do d6 X ciing la
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nghiém dia phuong cua (f +
Theo Pinh 1i 1.7, ta c6
ag(xX)co(f +
Theo B6 d 1.8, ta ¢6
o(f +06;, ;)(X) =of (X) + 06, 5 (X)
=of (X)+N(SNA,X)
cof (X)+N(S N A X)

0s.z)—9 trong X.

S5,z )(X).

= of (x)+coneco( U o4 (x)J+ N(A X)

iel (%)

=of (X)+ Y 404,(X)+N(AX).

iel (X)
Pat 4 =0 néu i el \ I(X), khi d6
A (X)+ D 40 (X)+N(AX) =of (X)+ Y 404,(X) + N(AX).

iel (x) el

Do d6 (2) théa man. )

(2)= (1). Gia st (2) thoa méan va lay
X eN(SNAX). Khi d6 (X ,x—X)<0,
vxeSNA Tuong duong, —x (X)<-x (X),
VxeSMA Khidd X 1a nghi€ém dia phuong cua
X" trong SANA Dbit f=—x"va g=0, khi d6
X la nghiém dia phuong cia f—g trong
SAA Do d ton tai (4),, cR" sao cho
A4 (X)=0 véimoiiel va

0e—X"+ > 404 (X)+N(AX).

iel
Do d6
X €D 404 (X)+N(AX) = Y 484(X)+N(AX) coneco[ U a¢,m]+ N(A,X),
iel iel(X) iel (%)

nén ta co

N(SNAX)c coneco( U o4 (Y)J+ N (A X).
iel (X)
Do d6, 16p cac ham {4,i € 1} thoa méan diéu kién
BCQ tuong ung tap A tai X. Vay (1) thoa man.
Tiép theo ching t6i s& ap dung két qua cua
Pinh }y 2.1 dé ’th1et lap diéu kién cap va du dé
c¢6 diéu kién toi uvu cho,be‘li toan to1 uu phén
thirc voi rang budc hé bat phwong trinh 161 va
tap 161 nhu sau

min 1+ ).
9(x)
#(x)<0jiel,

Xe A,
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trong d6 f:X — RuU{+c} 1a ham 16i, chinh
thuong, nira lién tuc dgé’i, khoéng am trén SN A
vag: X — R la ham 16i, duong trén SN A

Pinh 1i 2.2. Gia st {¢,iel} la 16p cac
ham 10i, chinh thuong, nira lién tuc dudi tr X
toi R u{+oc} v X € S A Khi d6 cac ménh dé
sau day la tuong duong: ‘

(1) Lop cac ham {@,i €1} thoa man dieu
kién BCQ tuong ung tap A ‘tai X.

(2) Gia st f 1a ham 101, chinh thuong, nira
lién tyuc dudi tr X t6i Ru{+0} sao cho
domf NS~A=D va epif +epid,, , dong
f khébngadmtrén SNAva g: X >R la
mot ham 11, nﬁ”a lién tuc dudi va duong trén
SN A Khi doénéu X la nghiém dia phuong cta

fx

9(x)

mdi Ve A, 0g(X) ton tai (4)
A4 (X)=0 véimdi iel va

Ay
yéu*,

trong S A thi ton tai A, >0 sao cho véi

cR"sa0 cho

vedf (X)+) 404(X)+N(AX).
Chirng minh. (1)= (2). Pat 4, = fgxg.
Khi dé, véi mdi xeSMA, ta co AOSM.
9(x)

Suyra
29(x) < F(x)
< Ag(X) - f(X) < () - f(X)
& 2900~ Ag(X) < T (x) - F(%).
Do d6 (f —24,9)(X) <(f —409)(X),¥YxeSNA.
Suy ra X la nghiém dia phuong cua f —A4,Q

trong SAA Theo Pinh 1i 2.1, véi mdi
ve,09(X) ton tai (4)_ <R{’ sao cho
Ad(X)=0 véimdi iel va

vedf (X)+ 404,(X)+N(AX).

iel
(2= (1). Pat f(X)=—x,x=X) va
g(x)=1 vxeSnA Khido, vi X la nghiém
f(x)

, ta c6 X la nghiém dia
9(x)

dia phuong cua

phuong cia f(x)=—(x",x—X) trong SNA,
suy ra 0= f(X)<(=x,x)+(x,X),¥xeSNA
Do d6, X e N (SNA X) va theo gia thiét (2),
ton tai (4),., c R saocho 4¢(X)=0 va

Do d6 0e—X"+ > 404 (X)+N(AX), nén

iel
X e coneco{ U o4 (7)]+ N(A,X).
iel (X)

Tiép theo, ching t6i ap dung Dinh 1i 2.1 cho
bai toan toi wu 16i yéu vé6i rang budc hé bat
phuong trinh 16i va tap 191 trong khong gian
Banach thyc, tron. Trude hét, chung toi trinh bay
mot sO khai ni€ém st dung trong muc nay.

Cho X 1la khong gian Banach thuc véi
chuén |||| Pé tién loi, chung t61 cling ki hi¢u
chudn trong X" 1a |||| Anhxadatri J: X »> X~
dinh nghia nhu sau

JX)={x" e X" (X, xy=|x|" =[x 2},X€X.

Goi B(X)={xeX||x|=8 1a hinh ciu
don vi trong X. Khi d6 X duoc goi la tron néu
[x-+ty] =[]

t

han lim ton tai v&éi moi

gidi lim
X,y € B(X). Trong truong hop nay, vi anh xa
d6i ngdu J cua X 1a don tri nén tap J(x) duoc
xac dinh chi mot phan tir J(x) v6i mdi x € X.

Mot ham g duoc goi 1a /6i yéu néu nd cod

thé duoc viét dudi dang g = h—g”.”2 voi h la
mot ham 10i va p>0. Chiing ta xét bai toan 16i
yéu sau day

min f(x)—§||x||2,

g(x)<0,iel,
X e A,
trong 46 f:X — RuU{+c} 1a ham 16i, chinh
thuong, ntra lién tuc dudi, p > 0.
Chung toi co két qua sau ddy trong khong
gian Banach tron.
Pinh li 2.3. Gia su {g,i € 1} 1a 16p cac ham
16i, chinh thuong, nira lién tyc dudi tr X toi
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Ru{+0}, Xtron va XeSNA Khi do cac
ménh dé sau day 1a twong duong: .

(1) Lop cac ham {@,i €1} thoa man dicu
kién BCQ tuong tng tap A tai X.

(2) Gia st f ham 16i, chinh thuong, nira
lién tyc dudi tr X t6i RuU{+0} sao cho
domf "SNA=@ va epif +epis,. , dong
yéu* va p>0. Khi d6 néu X la nghiém dia

phuong ciia  f (x) _§||x||2 trong SN A thi tn tai
(A4)a =R sao cho 44 (x)=0 véimdiiel va
pI(X) € Of (X)+D_404,(X) + N(AX).

iel
Chirng minh. Tt X la khong gian Banach

tron, suy ra J la ham don tri. bDat

g(x) :§||x||2, vxeSNA Khi d6, ta cb
89(X) = pJ(X). Theo Pinh 1i 2.1, ta c6
pI(X) € of (X)+D_ 404, (X) + N(AX).

iel

2 ¥xeSNA

Nguoc lai, lai dat g(x)=§ux

Theo gia thiét (2), ta co
pI(X) € of (X)+ D404, (X) + N(AX).

iel

Theo Dinh 1i 2.1, ta c6 {#,i € I} thoa man
diéu kién BCQ twong ng A tai X.
Vi du 2.4. Xét bai toan toi uu DC sau day

min1|x|3+|x|—1x2,
3 2

max{0,—x} <0,
x e[-11).
Ta 6 X =R, I:l,f(x):%|x|3+|x|,

=1 ¢(x)=max{0,—x}, S =[0,+), A=[-11).
Khi d6 f va ¢ 1a cac ham 10i, lién tuc va
{4} thoa man BCQ tai moi diém ciia S N A Gia

st X la nghiém cua f(X)—%XZ. Theo Pinh li

2.3, ton tai A, 20 sa0 cho px e df (x)+ 404 (%) + N(AX)
va 44(X)=0. Khi x>0, tir of (X)=X*+{}
va 0g(X)={0y va N(AX)={0}, ta co
X eX*+{l}, X la nghiém cua phuong trinh
X? —X+1=0, phuong trinh ndy v6 nghiém trén
R. Khi X=0, tr 04(X)=x"+[-11] va
o4 (X)=[-1,0] va N(AX)={0}, ta co
0e[-11+A4[-10]=[-1-4,1] va O 1a nghi¢ém
toan cuc cua bai toan./.
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THE CONSTRAINT QUALIFICATION FOR DC PROGRAMMING PROBLEMS
WITH CONVEX SET CONSTRAINTS

Summary
In this paper, we provide a necessary and sufficient constraint qualification for optimal
conditions in DC programming problems with constraints of convex inequality systems and a
convex set. We also set up necessary and sufficient qualifications for optimal conditions in
fractional and weakly convex programming problems with constraints of convex inequality
systems and a convex set.

Keywords: BCQ, convex inequality and convex set, weakly convex, fractional, necessary and
sufficient qualification.
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