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TRANSITION OF SPIRAL SOLUTIONS ACCORDING TO THE TIME
AND SPACE STEPS DISCRETIZATION OF REACTION-DIFFUSION
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Abstract

Spiral solutions or spiral waves can be found in many natural systems. Spiral waves were observed
in studies about the potential in brain and heart cells. Their appearance in the human heart is a
presentation of arrhythmia. The paper showed how to create spiral solutions of diffusion-reaction system
of FitzZHugh-Nagumo type and the transition of spiral solutions according to the time step and space step
discretization of finite difference method. Decreasing the value of space step discretization makes the
spiral wave grow bigger, but if the value of time step discretization is increased at the same given space
step, the finite difference method will be explosive, meaning that spiral wave no longer exists.

Keywords: Reaction-diffusion equations of FitzZHugh-Nagumo, space step discretization, time step
discretization.
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Tém tit

Nghiém xodn 6c hay séng xodn oc c¢é thé tim thdy & nhiéu noi trong thuc tién. Cdc séng xodn oc
dwge quan sdt khi nghién cieu dién thé ciia cdc té bao ndo va tim. Sy xudt hién ciia ching ¢ tim nguwoi la
déu hiéu ciia su réi logn nhip tim. Bai bdo da dwa ra dwoc cach tao cac nghiém dang xoan éc cua hé
phirong trinh phan ing - khuéch tan FitzHugh-Nagumo va sw thay doi ciia nghiém xodn oc phu thuée vao
viéc chon buoc thoi glan va khong gian cua phuong phap sai phan hitu han. Viéc giam gla tri cua budc
khéng gian lam cho song xodn oc to dan, con néu lam ting gia tri cua budc thoi gian o cung mot budc
khéng gian cho trueée thi phwong phdp sai phdn hitu han bi 16i (né), dong nghia véi nghiém xodn dc khong
con ton tai nira.

Tir khoa: Phirong trinh phdn irng-khuéch tan FitzHugh-Nagumo, bude khéong gian, bude thoi gian,
nghiém xodan oc.
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1. Introduction

The FitzHugh-Nagumo model is known as a
simplified two-dimensional model from the famous
system of Hodgkin-Huxley (Hodgkin et al., 1952;
Nagumo et al., 1962; Izhikevich, 2007; Ermentrout,

2009; Keener et al., 2009; Murray, 2010).
Although the model is simple, it has many
remarkable analytical results and retains the

properties and biological significance. This model
is made up of two equations of two variables u and
v. The first variable is the fast variable, called the
active variable, which represents the voltage of the
cell membrane. The second one is the slow
variable, which represents some time-dependent
physical quantity, such as the electrical
conductivity of the flow of ions across the cell
membrane. The FitzZHugh-Nagumo system is
represented by the following system, using the
notation as in (Ambrosio et al., 2012; Ambrosio et
al., 2013):
du

—=f(u)-v,
£t (u)

ﬂ=au—bv+c,
dt

)

where a,b and c are constants (a and b are
positive), O<e<1, teR" is the time and
f(u)=—u®+3u.

However, this system is not strong enough to
reflect the propagation of cell voltage in space
(along the cell body), so the cable equations are
used here by adding the Laplace operator to the
system (1) as follows:

g?j—lszgut = f(u)-v+dAu,
()

dv
— =V, =au—-bv+c,
dt

whereu =u(x,t), v=v(xt), (x,t)eQxR", d is
positive constant, Au is the Laplace operator of u,
QcR" is a regular bounded open set and with
Neumann zero flux boundary conditions, N is a
positive integer.

This system consists of two parabolic
nonlinear partial differential equations, showing a
wide variety of physiologically voltage-related
shapes and phenomena of the cell membrane

(Ambrosio et al., 2012; Ambrosio et al., 2013).
Note that the first equation, also known as the cable
equation, describes the flow of potentials along the
body of a cell (Hodgkin et al., 1952; Izhikevich,
2007; Ermentrout, 2009). This system has been
studied widely, but there is no specific study on the
change of its spiral solution with different space
and time steps. Spirals or spiral waves can be found
in many places in practice. Spiral images are found
in many applications. Spiral waves are observed
when studying the electrical potential of brain and
heart cells. In the heart, if the voltage wave has
these patterns, the function of the heart is impaired,
which is related to the problem of arrhythmia
(Murray, 2010). In addition, the same results were
found in the heart of rabbits, in the cerebral cortex
of rats, and in the hearts of sheep. In particular,
their presence in the human heart is a sign of
arrhythmia. If cells in the heart's system have the
same spiral wave at a certain time, it will obviously
have a significant effect on the functioning of the
heart. Therefore, the study of the change of the
spiral solution at different time and space steps is
very necessary because it helps us not only to better
understand the system under consideration but also
know how to control it and adjust the appearance of
the spiral solution as desired.

2. Method to create a spiral solution
In this section, the results of the paper are
done by numerical method, namely the finite
difference method for the system (2), where
f(u)=-u®+3u,
a=1b=0.00L,c=0,&£=0.1,d =0.05.
This numerical method is implemented in C++
and the patterns are represented in Gnuplot, with
[0;T ]x©2=[0;200]=[0;100]=[0;100].
In Figure 2, there are two patterns corresponding
to two solutions of the system at two different times t
in the chosen space Q=[0;100]x[0;100]. Figure
2(a) represents the solution u(x,, x,,0) of the system

(2) at the time t=0. Figure 2(b) represents
u(x,,X,,190) at the timet =190. All these solutions
are called spiral solutions.

For the system (2), in order to create a spiral
solution, the domain Q is divided into four parts

with almost the same area. On each of those sub-
domains, we choose the initial condition as
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constant functions (u(x,0),v(x,0)) in such a way

that these constant functions are regularly out of
phase with each other at intervals on the normal
circle of the system (1). These initial conditions can
be chosen as shown in Figure 1 below, and by the
finite difference method a spiral solution is
generated as shown in Figure 2 (see also in Phan
2019).

(u(x,0),v(x,0) =(0,-1) | (u(x,0),v(x,0)=(-10)

((x,0),v(x,0))=(1,0) (u(x,0),v(x,0))=(0,1)

Figure 1. Initial conditions allow the system (2) to
have a spiral solution
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Figure 2. The solution takes the form of a spiral of
system (2) corresponding to the initial conditions
given in Figure 1. Figure (a) represents the solution
u(x, X,,0) at the time t=0. Figure (b) represents

u(x, x,,190) at the time t =190

Similarly, if the domain Q is divided into 16
(corresponding to 64) equal parts, then the solution
of the system (2) will have the form of 4
(corresponding to 16) spirals illustrated by Figure 3
(corresponding to Figure 4).
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Figure 3. The solution takes the form of four spirals
of (2). Figure (a) represents the solution u(x, x,,0)

at the time t =0. Figure (b) represents u(x,, x,,190)
at the time t =190
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Figure 4. The solution has the form of 16 spirals of
(2). Figure (a) represents the solution u(x,,x,,0) at
the time t =0. Figure (b) represents u(x, x,,190) at
the time t =190

3. Transition of spiral solutions according
to the time and space step discretization

The results in this section are further
performed by the finite difference method for the
system (2), in which the time and space steps are
continuously changed to observe the transition of
the spiral solution as well as when it disappears.
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Let h and dtbe the space and time steps of the
finite difference method, respectively.

In Figure 5, we fix dt=0.01 and change the
value of the space step as follows: (a) h=1, (b)
h=0.9, (c) h=0.7. The results show that the
spiral gets bigger as the space step gets smaller,
which is understandable because the smaller the
space step is, the more specific the solution of the
problem will be at the locations where the space
greater is not possible. However, if the space step
takes on a smaller value, for example h=0.5, the
difference method fails (explosive), the spiral does
not exist anymore.
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Figure 5. The solution of (2) is in the form of a spiral
corresponding to the initial condition given in Figure
1, describing the solution u(x;, x,,190) at the time
t =190, the time step dt =0.01 and the space step
changes as follows: (a) h=1, (b) h=0.9, (c) h=0.7

In Figure 6, we fix h=1 and change the value
of the time step as follows: (a) dt=0.0025, (b)
dt =0.005, (c) dt=0.025. The results show that
the spiral solution gets smaller and less smooth as
the time step increases. Also, if the time step takes
on a larger value, for example, dt=0.05, the
difference method is faulty (explosive), the spiral
does not exist anymore.

In Figure 7, we fix h=0.5 and change the
value of the time step as follows: (a) dt =0.0025,
(b) dt=0.005. The results also show that the spiral
solution does not change much, perhaps the
solution becomes less smooth because the time step
increases. In addition, because the space step is
subdivided, the solution of the problem is more
specific and the spiral wave is also larger than the
case of h=1. But if the time step takes on a larger
value, for example dt=0.025, the difference
method is faulty (explosive), the spiral does not
exist anymore.
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Figure 6. The solution of (2) is in the form of a spiral
corresponding to the initial condition given in Figure
1, describing the solution u(x, x,,190) at the time
t =190, the space step h =1 and the time step
changes as follows: (a) dt =0.0025, (b) dt =0.005, (c)
dt =0.025

In Figure 8, we fixed h=0.2 and changed the
value of the time step as follows: (a) dt =0.0001,
(b) dt=0.0005. The results show that the spiral
wave does not change much, perhaps the solution
becomes less smooth because the time step
increases. In addition, because the space step is
subdivided, the solution of the problem is
expressed more specifically and the spiral wave is
also larger than the case of h=0.5 and h=1. But
if the time step takes on a larger value for example
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dt =0.0025 then the difference method is faulty
(explosive), the spiral doesn't exist anymore.
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Figure 7. The solution of (2) is in the form of a spiral
corresponding to the initial condition given in Figure
1, describing the solution u(x;, x,,190) at the time
t =190, the space step h=0.5 and the time step
changes as follows: (a) dt =0.0025, (b) dt =0.005

u(x1,x2,190)

x2

0 10 20 30 40 50 60 70 80 90 100
X1
(a)
u(x1,%2,190)

100 T T T T 2.3
90 2
80 15
70 1
60 0.5

% 50 0

40 — -0.5
30 -1
20 -1.5
10 -2

0 2.5
0 10 20 30 40 50 60 70 80 90 100
x1

(b)

Figure 8. The solution of (2) is in the form of a spiral
corresponding to the initial condition given in Figure
1, describing the solution u(x,, x,,190) at the time
t =190, the space time h=0.2 and the time step
changes as follows: (a) dt =0.0001, (b) dt =0.0005

Table 1. Transition of spiral solutions according to different time and space steps of reaction-diffusion system
of FitzHugh-Nagumo type

Space step h Time step dt Transition of the spiral solution of
system (2)
1 0.01 The spiral appears
0.9 0.01 The spiral grows bigger
0.7 0.01 The spiral grows bigger
0.5 0.01 The spiral vanishes (explosive)
1 0.0025 The spiral appears
1 0.005 The spiral becomes smaller
1 0.025 The spiral becomes smaller
and less smooth
1 0.05 The spiral vanishes (explosive)
0.5 0.0025 The spiral appears, large and smooth
0.5 0.005 The spiral is less smooth
0.5 0.025 The spiral vanishes (explosive)
0.2 0.0001 The spiral appears, large and smooth
0.2 0.0005 The spiral is less smooth
0.2 0.0025 The spiral vanishes (explosive)
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From the above results, it is shown that the
change of the spiral solution depends on the choice
of time and space steps of the finite difference
method for the system (2). Decreasing the value of
the space step causes the spiral wave to become
larger, and if the time step is increased at the same
given space step, the finite difference method is
faulty (explosive), which means the spiral does not
exist any more (see Table 1).

4. Conclusion
The article has shown how to create the spiral
solutions of reaction -diffusion system of

FitzHugh-Nagumo type and the change of the
spiral solution depends on the choice of time and
space steps of the finite difference method.
Decreasing the value of the space step causes the
spiral wave to become larger, and if the time step is
increased at the same given space step, the finite
difference method is faulty (explosive), which
means the spiral does not exist any more. In the
next paper, the author will study the
synchronization of spiral solutions in the case of a
complete network with non-linear coupling.
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