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, SU TON TAI PIEM BAT PONG CHUNG
CHO ANH XA CO DANG HU'U TI SUY RONG TREN KHONG GIAN b-METRIC

e Nguyén Thi Thanh Ly

Tém tit
Trong bai bdo nay, ching téi thiét ldp va chimg minh mét sé két quad vé sie ton tai diém bat dong
cho anh xa co dang hitu ti trén khong gian b -metric. Pong thoi xdy dung vi du dé minh hoa cho ket

qua dat dworc.

Tir khéa: diém bat ddng chung, khéng gian b-metric, co Geraghty, « -chdp nhdn dwoc theo quj

dao dang tam giac.

1. Giéi thiéu

Nam 1973, Geraghty [5] da gioi thi€u mot
mo rong cua Nguyén li anh xa co Banach. Gan
day, két qua ciia Geraghty thu hut sy quan tim
ctia nhidu tic gia va dugc mé rong theo nhidu
cach khac nhau [7], [9]. Nam 2016,
Chuadchawna va cong su [8] da cai tién va mo
rong cac két qua trong [7], [9] bé‘mg cach chung
minh dinh li diém bat dong cho anh xa co kiéu
a-n -y -Greraghty trén khong gian metric « -
n -ddy du. Trong khi d6, Ansari va cong su [2]
mo rong dinh 1i Geraghty va mot sé két qua
trudc d6 bang cach sir dung 16p ham C trén
khéng gian metric a-7 day di. Mot sb tac gia
khac md rong dinh 1i Geraghty theo kiéu co hitu
ti nhu [6], [10] trén khong gian b -metric.

Trong bai bao nay, chung t6i m¢ rong dinh
i Geraghty trén khong gian b -metric bang cach
thiét 1ap va chimg minh mot s6 két qua vé sy ton
tai diém bAt dong cho anh xa co dang hiru ti suy
rong trén khong gian b-metric, dong thoi xay
dung vi du dé minh hoa cho két qua dat dugc.

Trude hét ching t6i trinh bay mot sd két
qué can cho ndi dung chinh cua bai bao.

Nam 1989, Czerwik [4] gidi thiéu khai niém
khong gian b -metric nhu sau.

Pinh nghia 1.1 ([4], Dinh nghia 2.7). Cho
X 1a tap khac rong, s>1 va d: X x X —[0,0)
la ham thoa man voi moi X,Y,Z € X,

(1) d(x,y)=0 khivachikhi x=y.

(2) d(x,y) =d(y,x).

(3) d(x,y) <s(d(x,z)+d(z,y)).

Khi d6, d duoc goi la b-metric trén X va
(X,d,s) duoc goi la khéng gian b -metric.
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Pinh nghia 1.2 ([4]). Cho (X,d,s) la
khong gian b -metric va day {x.} trong X.
(1) Day {x.} duoc goi la hgi tu dén X, ki

hiéu limx_ =x, néu limd(x,,x)=0.
n—oo

(2) Day {x,} duoc goi la Cauchy trong X
néu lim d(x_,x_)=0.

n,m-—oo

n’m

(3) (X,d,s) dugc goi 1a day du néu mdi
day Cauchy trong X 1a mdt day hoi tu. )
Aghajani va cong sy [1] da ching minh két
qua sau ve sy hdi tu trong khong gian b -metric.
Bo de 1.3 ([1], Bo d¢ 1). Cho (X,d,s) la
khong gian b-metric va {x.}, {y,} la hai day
trong X 1an luot hoi tu dén x,y. Khi dé,
(1)Sizd(x,y)SIit]rLigfd(xn,yn)sIimsupd(xn,yn)SSZd(x,y).
(2) V6imdi z € X,

ld(x, z) <liminf d(x,,z) <limsupd(x,,z) <sd(x,z).
S n—oo

Nam 2014, Popescu [9] gidi thi¢u khai ni¢m
anh xa a-chép nhén dugc theo quy dao dang
tam gidc nhu sau.

Pinh nghia 1.4 ([9], Dinh nghia 6). Cho X
1a tap khac rong va f:X > X, a:XxX —[0,00) la
hai anh xa. Khi d6, f dugc goi la anh xa «-
chdp nhdn dwoc theo quy dao dang tam gidc néu

(1) Voi moi xe X, a(x, X)>1 kéo theo
a(fx, £2x)>1.

(2) Vi moi x,ye X, a(x,y)=1 a(y,fy)=1
kéo theo a(x, fy) >1.

Nam 2016, Chuadchawna va cong su [8]
gioi thi€u khai niém xa « -chcfp nhan dwoc theo
quy dao dang tam gidc twong ung voi n nhu sau.
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Pinh nghia 1.5 ([8], Dinh nghia 2.2). Cho X
la tap khic rong va f:X > X, a:XxX —>[0,0) la
hai 4nh xa. Khi d6, f dwoc goi 1a anh xa o -chdp
nhdn dugc theo quy dao dang tam giac tuong ung
voi n néu

(1) Vi moi xe X, a(x, X) >n(x, fx) kéo
theo a( fx, f2x) > n(fx, f 2x).

(2) V6i moi x,yeX, a(xy)=n(xy),
a(y, fy) 2 n(y, fy) kéo theo a(x, fy) =n(x, fy).

Tuong tu khai niém khong gian metric « -
day di va ham «-lién tuc trong [8], ching toi
gidi thiéu cac khai niém nay trén khong gian b -
metric.

Pinh nghia 1.6. Cho (X,d,s) la khéng
gian b-metric va o : X x X —[0,) la anh xa.
Khi do, . o

(1) X duogc goi la a-day du néu moi day
Cauchy {x.,} trong X thdéa mén a(x,,X,,)=1
véi moi neN déu hoi ty.

(2) Anh xa f:X — X dugc goi la a-lién
tuc néu véi moi xe X, lim X, =X, (X, X,1) 21,
vneN kéotheo lim fx, = fx.

Nn—o0

2. Két qua chinh ,

Trudc hét ching t6i dua ra mot s6 ki hiéu
duogc sur dung trong bai bao.

(1) ¢ 1la ho cac ham lién tuc
F :[0,00)x[0,00) > R thoa min cac diéu kién
sau voi moi S,t,u,v €[0,00),

i) F(s,t) <s.

i) Néu F(s,t)=s thi s=0 hodc t=0.

iii) Néu s<u,t <v thi F(s,t) <F(u,v).

(2) ¥ la ho cac ham lién tuc
v :[0,00) —[0,00) sa0 cho y khong giam va
w(t) =0 khi va chi khi t =0.

3 ® 1a ho cac ham lién tuc
¢:[0,00) —[0,00) sao cho ¢(t) >0 véi moi t > 0.

Lép ham G trong bai bao nay tuong tu véi
16p ham C trong [2] va thoa thém tinh chét iii).

Tiép theo, ching toi gidi thiéu khai niém
anh xa a-chép nhén dugc theo quy dao dang
tam giéc cho cap anh xa nhu sau.

Pinh nghia 2.1. Cho X Ia tap khic rdng,
f,g: X > X va a:XxX —[0,0) la cac anh
xa. Khi @6, cap (f,g) duoc goi 1a a-chdp nhin
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duge theo quy dao dang tam gidc néu véi moi
X,y,ze X, taco

(L1) a(x, fx) >1 kéo theo a(fx,gfx) >1.

(L2) a(x,y)=1 va a(y,fy)>1 kéo theo
a(x, fy) >1.

(L3) a(x,gx)>1 kéo theo a(gx, fgx) >1.

(L4) a(x,y)=1 va a(y,gy)=>1 kéo theo
a(x,gy) >1.

Nhan xét 2.2. Néu f la mét « -chcfp nhan
duoc theo quy dao dang tam gidac thi (f,f) la
mot cap a-chcfp nhan dwoc theo quy dao dang
tam giac.

~ Bo ae 23. Cho X la tp khac
rong, f,g: X > X va a: X xX —[0,0) la céc
dnh xa théa man cdc gia thiét sau.

(1) Cap (f,9) la a-chap nhdin dwoc dang
tam giéc. ‘

(2) Ton tai x, € X sao cho a(X,, fx,) >1.
Khi do, day {X,} dwoc dinh nghia bai
Xonsy = Pop VA X5 = Oy thoa man a(x,,x,) =1
vdi moi mneN va m=#=n.

Chirng minh. Vi a(X,,X) =a(x,, fx)) =1
va st dung (L1) cua cap (f,g), ta dugc
a(X, %) =a(fx,,of) =1 Vi a(x,x,)=1 va
X, =0% nén a(x,gx)=>1. St dung (L3) cua
cap (f,9), ta duoc a(gx, fgx)=1. Diéu nay
keo theo a(x,,%)=>1. Vi x;=fx,, ta dugc
a(X,, f,) >1. Tiép tuc st dung (L1) ta dugc
a(fx,, gfx,) =1. Suy ra a(x,,x,) >1. Tiép tuc tién
trinh trén ta dugc a(X,,X,,;) =1 véi moi neN.

Gia su a(x,,X,)=1 véi m>n. Ta s¢

X)) =1 véi m>n. Néu
m & thi a(x,,0%X,)=a(X,,X,)=1. Chay
rang  a(x,,%x,)>1. Sir dung (L4)
a(X., %) =a(x,,gx,)>1. Néu m chin thi
a(Xy,, f%,) = a(X,, X,,1) =1. Tiép tuc st dung
a(x, %,) =1 va (L2) ta dugc a(x,,Xn.) =a(X,, fx,) >1.
Vi vay, a(X,,X,)=1 véi moi m>n. O

ching minh rang a(x

ta ¢ob

Tiép theo chung toi gidi thiéu khai niém -
@ -F -co dang hitu ti va y -¢ -F - co dang hitu
ti cho cdp anh xa trén khong gian b -metric.
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Pinh nghia 2.4. Cho X Ia tap khic rong,
f,g: X > X va a:XxX —[0,0) la cac anh
xa. Khi do, cap (f,g) duoc goi la w-¢-F -co
dang hitu # néu ton tai weV, ped va Feg
sao cho v&i moi X,ye X, Xx=y va a(x,y)>1
ta co
w(sd(f ) < F(w(Hx ) o(H(xY)) (2.1)
trong do

H(xy)
= max{d(x, y),d(x, fx),d(y,gy), dx, QY);sd(y’ fx), dex (j)g(d)(/;/ gy)}'

Pinh nghia 2.5. Cho X Ia tap khic rdng,
f,g: X > X va a:XxX —[0,0) la cac anh
xa. Khi do, cap (f,g) dugc goila w-¢-F -co

dang hiru ti néu ton tai w eV, pe® va Feg
sao cho v&éi moi X,ye X, x=y va a(xy)>1,
ta co
v (s*d (P gy)) < F(w (H 6 ) o(H (0 y)) (2.2)
trong do

H (x,y)

= max{d(x, y),d(x, fx),d(y,ay),

d(x,gy)+d(y, &) d(x, &)d(y,gy)
2s ok+d(xy) |

~ Sau ddy 1a diéu ki¢n di cho sy ton tai diem
bat dong chung cua cdp anh xa théa man y -¢ -
F -co dang hitu ti va y -¢-F, - co dang hitu ti
cho cd@p anh xa trén khong gian b -metric.

Pinh li 2.6. Cho (X,d,s) la khéng gian b -
metric o -ddy di, f.9:X >X VA a:XxX —[0,0)
la cac anh xa thoa mdn cdc diéu kién sau.

(1) Cap (f,9) l& a-chap nhin dugc theo
quy dgo dang tam gidc.

(2) Cap (f,9) & v -¢-F -co dang hitu ti.

(3) Ton tai X, € X sao cho a(x,, fx,) >1.

4) f va g la a-lién tuc.

Khi d6 f hodc g ¢6 diém bat dong hodc

f va g c6 diém bat dong chung.

Chirng minh. Trudc hét, ta dinh nghia diy
{x,} trong X nhu sau X,,,,=1x, va
Xoni2 = Pona neN,
a(X,, f%,)>1. Néu ton tai neN sao cho
Xon = Xonyy thi X, = X, tlic 12 X,, 12 diém bt

vol  moi trong do

dong cia f. Tuong tw, néu ton tai neN sao
ChO Xp,1 = Xonin thT Xo0 = 0%y, tac 12 Xy,

la diém bat dong cua g. Bay gio ta gia su
X, # X,,; voi moi neN. Vicap (f,g) la a-
chép nhan duogc theo quy dao dang tam giac nén
su dung Bo6 d¢ 2.3, ta duoc bat dang thurc sau voi
moi mneN, m>n
a(X,,X,) =1 (2.3)

Vi (f,g) 1a w-¢-F -co dang hitu ti nén st
dung (2.3), ta duoc
W (d(Xani1: Xons2)) < ‘/’(Szd (X0, 9X2n+1))

<F (l//( H(X,,,, X2n+1)) ; (0( H (X5, X2n+1)))
trong do

H (XZn ! X2n+1)
= max {d (o Xane1 )y A (Xan s Yo )y (X000 9% )

d (XZn! gX2n+1) + d (X2n+1’ fXZn) d (X2n' fXZn)d (X2n+1! gX2n+1)
25 l d(X2n1X2n+1)

(2.4)

d (X2n ! X2n+2) }
2s

d (X2n ' X2n+1) + d (X2n+1’ X2n+2) }
2

= max{d (XZn ) X2n+1)r d (X2n+1' X2n+2)'

< max{d (inYXZn+1)vd(X2n+17X2n+2)v

= max{d (X2n ' X2n+1)7d (X2n+1l X2n+2)}'

Néu ton tai ne N sao cho

max {d (X0, %01 )4 (Xop1s Xonsa) | = A (Kopgs Xop,5) >0

thi (2.4) tr¢ thanh

l//(d (X2n+1’ X2n+2)) < F (l//(d (X2n+1' X2n+2))l¢(d (X2n+1' X2n+2)))

<p(d(Xyp1:%5n.5)). Pidu niy vo 1i. Do do,

max{d (X2n 1 X2n+1)’ d (X2n+17 X2n+2)} = d (X2n 1 X2n+l) > O

véi moi n e N . Khi d6, (2.4) trd thanh

V/(d (X2n+17 X2n+2)) < F (l//(d (X2n’ X2n+1))7¢7(d (X2n ’ X2n+1)))
< l//(d (X2n ' X2n+1)) (25)

véi moi neN. Hon nita,  la ham khong giam

nén ta dugc

d(X2n+1’X2n+2) < d(XZH'X2n+1) (26)
véi moi neN. Mat khac, tir (2.3) va (f,g) la
v - - F -co dang hiru ti, ta dugc

W (d(Xoni1 %a1))
< l//(S?'d (X, 9X2n—1))
<F (V/( H (X, X2n—l))’(0( H (%, XZn—l)))'

Tuong tu 1ap luén trén, ta cling dugc

d (X2n+l’ X2n) < d (X2n ’ X2n—1) (27)
voi moi neN, n>1. Tu (2.6) va (2.7), ta dugc
{d(x,,x...)} 1a diy s6 giam khong am. Do do,
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ton tai r>0 sao cho limd(x,,x,,,)=r. Khi do,
N—o0

ldy gi6i han khi n— oo trong (2.5), ta dugc
w(r)<F(w(r).e(r)). Ditu niy kéo theo

F(w(r).e(r))=w(r). Suy ra y(r)=0 hodc
@(r)=0. Suyra r=0. Vaytaco

limd (x,,,.,) =O. (2.8)

Tiép theo ta s& ching minh {x } la day
Cauchy. Do (2.8) nén ta chi can chimg minh
{x,,} 1a diy Cauchy. Gia st nguoc lai rang
{X,,} khong la diy Cauchy. Khi dé, ton tai
£>0 va hai diy sé nguyén duong {m(k)} va
{n(k)} trong d6 n(k) 1a chi s6 nho nhit thoa
man n(k) > m(k) >k,

d (XZm(k) ) XZn(k)) 2 €&,
d (X2m(k) ) X2n(k)7z) <é&.
Su dung (2.9) va (2.10), ta dugc
< d(XZm(k), x2n(k))
<80 (Xomgey Xongy-2) + 570 Kanr2 Xangoy-) + 570 (Kangy 10 Xangry)
<58 + 52 (X002 Xangoy1) + 578 (Kangy 10 Xangio)-
e< d(XZm(k)' XZn(k))
<sd (x2m(K), XZWH) +sd (xZn(KH, X2n(k))'
d (XZm(k), XZn(kH) <sd (sz(k) , x2n(k)72) +sd (XZH(kH, sz(kH)
< &8+ 50 (Xyng0-21 Xangrya)-
&< d(me(k), XZH(k))
< sd(xz,n(k), XZm(kM) + sd(me(kM, XZn(k))'
d (XZm(k)+1’ X2n(k)) <sd (XZm(k)+1’ X2n(k)71) +sd (X2n(k)—1’ XZn(k))'
d (XZm(k)+1' in(k)fl) <sd (XZm(k)+1' XZm(k)) +sd (sz(k)’ in(kH)-
Liy gi6i han trén khi k — oo trong cac bét déng
thirc trén va st dung (2.8), ta dugc

(2.9)
(2.10)

& < limsupd (Xymay s Xangey) < €S- (2.11)
k—0
& .
S < IlTsupd (Komey» Xongy1) < €S- (2.12)
& .
— < limsupd (X, y415 Xanci))- (2.13)

S k—o

& _ . 2
pes < IITsupd(XZm(k)+l1X2n(k)—1) <est. (2.14)
—>0

Vi l!im d(Xomys Xan(ky1) = & >0 nén ton tai
ko €N sa0 cho d(Xymas Xony ) >0 v6i moi
k>k,. Voi moi k>k,, taco 2m(k) <2n(k) -1
va st dung (2.3), ta dugc a(Xomkys Xonya) 21

66

Do do,
V/(szd (Xamkysas XZn(k)))

= '//(Szd (Pome s gXZn(k)—l))

<F (‘//( H (Xomey X2n(k)-1))v¢( H (Xomey XZn(k)—l))) (2.15)
trong do
H (Xomeiy+ Xangy1)
= maX{d (Xam(y Xangey-)2 A Koy Xamiys1) & (Kanoy10 Xangio s
d(XZW(K)'XZH(k))+d(XZn(k)—1’X2m(k)+1) d(XZm(k)’XZm(K)+1)d(XZn(k)—l'XZH(k))
2s ' A (Xaomeky» Xan(ey-1)

Lay gidi han khi k — oo trong (2.16) va st

dung (2.8), (2.11) - (2.14), ta duogc

& . £s+¢s’
N <limsup H (X0, Xonqry 1) < max{gs,o,o,i25 ,0} =¢s. (2.17)

k—x

}.(2.16)

LAy gi6i han trén trong (2.15), stt dung tinh
lién tuc cua F, v, @ va (2.13), (2.17), ta duoc
w(es) < F(w(es),@(es)). Theo tinh chat cia F
ta dugc w(es) =0 hoac ¢(egs)=0. Tu do6 suy ra
£=0. Diéu nay mau thuan véi & >0. Vi‘ vay,
{x.} la ddy Cauchy trong X. Vi X la «-day du
nén ton tai xe X sao cho limx, =x. Vi f va

n—o0
g la a-lién tuc nén
X= !m Xon1 = !m X = X
va
X= !m X2n+2 = r!ﬂ;?o gX2n+l = gX.
Do d6, x 1a diém bat dong chung ciia f va g.
Pinh 1i 2.7. Cho (X,d,s) la khéng gian b-
metric o -ddy dii, f,9:X —>X V& a:X xX —[0,00)
la cac anh xa thoa man cac diéu kién sau.
(1) Cap (f,9) la a-chap nhin duoc theo
quy dao dang tam gidc.
(2) Cap (f,9) la w-¢-F -co dang hitu ti.
(3) Ton tai x, € X sao cho a(x,, fx,) >1.
(4) Néu day {x} trong X théa man
limx, =x va a(X,,X,,;) =1 véi moi neN thi

N0
a (X, X) 21 va a(X, Xy,,4) =1 voi moi ne N,
Khi @6 f hogc g cé diém bdt déng hogc
f va g ¢ diém bdt dong chung.
Chuing minh. Tuong ty nhu trong ching
minh DPinh li 2.6, ta dugc day {x,} duoc dinh

nghia boi X,,,; = X, va X,,., = 0%, VOi moi
neN thoa min
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a(X,,X,) =1,
limd(x,,x,,,)=0.

(2.18)
(2.19)
véi moi nmeN va n>m va ton tai xe X
sao cho
r!l_rll X, = X. (2.20)
Theo gia thiét (4), ta dugc a(X,,,X) >1 va
a(X,Xpn,1) 21 voi moi neN. Vi a(X,,,X)=1
va (f,g) 1a a-chip nhan duoc theo quy dao
dang tam giac nén ta co
v (5°d (00,9 ) = (5°d (P, 0%)
<F(y (He (%0.9) 0(H, (%, 99)) (2.21)
trong do
Hk (in | X) = Mmax {d (in ) X): d (ini X2n+1)’ d (X’ gx),

d (%0, 99 +d (X, Xp1.1) d(xzmxzm)d(x,gx)} (2.22)

2s K-+d(X, X,,)
LAy giéi han khi n— oo trong (2.22) va sir
dung (2.19), (2.20), ta dugc

limH, (x,,,X) =d(X, gx). (2.23)

Ly gi6i han khi n—oo trong (2.21), sir
dung tinh lién tuc cta F, w, ¢ va (2.23), ta
duge y(d(x,0x)) < F (y(d(x, g)), o(d (x, 9))).
St dung tinh chit cia F, ta duoc
1//(d(x, gx)) =0 hodc go(d(x, gx)) =0. Diéu nay
kéo theo d(x,gx)=0. Suy ragx=x. Lap ludn
tuong tu voi a(X,X,,,;) =1, ta dugc fX=x. Vay
x 14 diém bat dong chung cua f va g. O

Sau day, ching t6i trinh bay diéu kién du
cho sy ton tai duy nhat di€ém bat dong chung cua
cap anh xa théa man diéu kién y -¢ - F -co dang
hitu ti va y-¢-F -co dang hitu ti trén khong
gian b-metric. )

Dinh li 2.8. Gia su cac gia thiet trong Dinh
li 2.6 duoc thoa man. Khi do, neu voi moi
X,ye X, Xy, ton tai z€X sao cho
a(z,f2) 21, a(x,z)>1 va a(y,z)>1 thi f
hodc g 6 diém bat dong hogc f va g c6 duy
nhat mét diém bat dong chung.

Chirng minh. Theo Dinh 1i 2.6, f hodc g
c6 diém bat dong hoic f va g c6 diém bat
dong chung. Gia sit X,y 1a hai diém bét dong
chung ciia f,g va x=y. Theo gia thiét, ton tai
ze X sao cho a(z,f2)>1 a(x,2)>1. Vi

(f,g9) la a-chap nhan dugc theo quy dao dang
tam giac nén a(x, fz) >1. Su dung «a(z, fz2)>1
va DPinh 1i 2.6, ta dugc

limz, =2

n—o0

trong d6 z € X va {z,} dugc dinh nghia bdi
2y =12, 2y, = 12,, VA 2,,,, = 92,,., V6 i moi neN.
Hon nira, a(Xx,z))=a(Xx, fz)>1 va (f,q)
ld «-chip nhan duoc theo quy dao dang tam
giac. Do d6, a(X,z,)=a(fx,9z)=1. Diéu nay
kéo theo a(x,z,) =a(gX, fz,)>1. Tiép tuc tién
trinh trén ta duoc a(X,z,)>1 véimoi neN. Ta

xét hai truong hop sau
Truwong hgp 1. Neu ton tai z, € X sao cho

=X thi

(2.24)

z

n

limz, =x

n—ow
Str dung (2.24) va (2.25), ta duge x=2'.
Truwomng hop 2. Néu z, #X véi moi neN
thi st dung (2.1), ta duoc

W(Szd (X, Z2n+2))
= l//(Szd ( fx, gZZn+l))

< F (W( H (X’ 22n+1))!(0( H (Xv 22n+1)))
trong do

H (X, Zpn.1)

= max{d(x,zzm),d(x, fX),d (22n+1' 922n+1)r

d (%, 92p0.4) +d(Zp0,5, &) d(X ) (25,4, 9251.4)
25 ’ d (X7 22n+1)

(2.25)

(2.26)

d(X!ZZn+2)+d(22n+llX) (2 27)
. 2s T
Lay gidi han khi n — oo trong (2.27), ta dugc

limsupH (x,z,,,) <sd(x,z°). (2.28)

=max4d (X' 22n+1)r d (22n+1’ 22n+2)'

Lay gi6i hn;fkhi N — oo trong (2.26), két hop st
dung tinh chat cua ¢, v, F, B6 de 1.3 va (2.28),
ta dugc
w(sd(x27))< F(y/(sd(x, z*)),(p(sd(x,z*)))_ (2.29)
Tir (2.29) va st dung tinh chét ciia F, ta duoc
(//(sd(x,z*))zo hoic go(sd(x,z*))zo. Suy ra
d(x,z2)=0. Ticla x=17".

Tir hai truong hop trén, ta déu c6 x=2".
Tuong tu, ta cling ¢6 y=2". Vi vay, x=y. Do do,
diém bat dong chung ctia f va g 1a duy nhat.
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Pinh li 2.9. Gid sit cdc gia thiét ciia Pinh Ii
2.7 dugc théa man. Néu véi moi X, ye X, X#Y,
ton tai 7€ X sao cho a(z, fz) =1, a(x,z)>1va
a(y,z) =21 thi f hodc g cé diém bdt dong hodc
f VA g cé diém bat dong chung duy nhat.

Chuing minh. Tuong ty nhu chimg minh
Dinh 1i 2.8. O

Cac h¢ qua sau duoc suy ra tu cac Pinh li
2.6, Binh 1i 2.7, Pinh 1i 2.8 va Dinh 1i 2.9.

Hé qua 2.10. Cho (X,d,s) la khong gian
b-metric a-ddy dii, f:X—>X VA a:XxX —[0,%)
la cdac énh xa théa man cdc diéu kién sau.

(1) f 1a a-chdp nhin dwoc theo quy dao
dang tam gidc.

(2) Voi moi X,y e X, X#Y, ton tai we,
pe® va F eg sao cho

a(x,y)w (sd(f 1)) < F(w(H (v ) 0(H (x)))

trong do
H'(xy)

= max{d(x, y),d(x, £),d(y, fy),

d(x, fy)+d(y, &) d(x, &)d(y, fy)
2s "od(xy) '

(3) Ton tai x, € X sao cho a(x,, fX,) >1.

4) f la a-lién tuc.

Khi doé, f cé diém bat dong. Hon nita, néu
voi moi X,y € X, X#Y, t6n tai ze X sao cho
a(z,f2) =1, a(x,z)>1 va a(y,z)>1 thi f cé
diém bat dong duy nhat.

H¢ qua 2.11. Cho (X,d,s) la khéng gian
b-metric o -day di, f.g:X > X V& a:XxX —[0,%)
la cac anh xa thoa mﬁn cac dieu kién sau.

(1) f 1a& a-chap nhdn duwoc theo quy dao
dang tam gidc. ‘

(2) Voi moi X,ye X, X#Y, ton tai v ¥,
ped va F €G sao cho

(Y (s°d(f, ) < F (w(H ' (0 9)o(Hi 009))

trong do
H ' (%)

= max{d (x, ),d(x, ),d(y, fy),

d(x, fy)+d(y, ) d(x, &x)d(y, fy)
2s ok+d(xy) |

(3) Ton tai x, € X sao cho a(x,, fx,) >1.
(4) Néu day {x} trong X thoa man
limx, =x va a(x,,X,)=1 voi mgi neN thi

n—oo

a(X,,X) =1 vdi meoi neN.
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Khi @6, f 6 diém bat dong. Hon nita, néu
voi moi X,y € X, X#Y, ton tai ze X sao cho
a(z,f2) =1, a(x,z)>1 va a(y,z)>1 thi f cé
diém bdt dong duy nhat.

Nhan xét 2.12. Trong Hé qua 2.10 va Hé
qua 2.11, bang cach chon F(s,t)=sp(s) véi
moi S,t €[0,0) trong do f:[0,0) —>[0,1) la
ham lién tuc va khong giam, ta duoc cac két qua
co theé xem la mo réng cua cac ket qua trong [ 7],
[9] trén khdong gian b-metric voi gia thiét
“ rlmo]oﬁ(t") =0 kéo theo limt,=1" dwoc thay

N—o0
boi “ B lién tuc va khong giam.”

Nhan xét 2.13. Theo [3, Pinh [li 2.2], cac
két qua trong bai viét nay cé thé suy ra dwge cac
két qua twong img cho dnh xa o-chdp nhdn
duoc theo quy dao dang tam gidac twong wng voi
n. Khi do, tw H¢ qua 2.10 va H¢ qua 2.11 ta suy
ra duwgc cdc két qua twong tw nhuw [2, Dinh li 2.3,
Dinh li 2.4, Dinh Ii 2.5] xét trén khong gian
b -metric. Tor Hé qua 2.10, Hé qua 2.11 va Nhdn
xét 2.12 ta suy dwoc cdc két qua twong tir [8,
Dinh Ii 2.7, Dinh [i 2.8, Dinh li 2.9] xet trén
khdng gian b -metric véi gia thiét “ !Lr)n pt)=1
kéo theo limt, =0 " duoc thay boi “ S lién tuc va

n—o
khong giam.”
Cudi cung, chung t6i dua ra vi du sau minh
hoa cho Pinh 1i 2.6.
Vi du 2.14. Xét khdong gian b-metric day
du (X,d,s) voi X ={1,2,3,4}, s:g,
0 khi (x,y) €{(1,1).(2,2),(3,3),(4,4)}

L khi (x y) €{(2.3).(2.4).(3.2).(4.2))
a0y =13
5 Khi (x.y) €4(13). 3D, (34), (4.3}

1 khi (x,y) {1 2),(L4),(2,1),(4,1)}
vacac ham f,g: X — X xac dinh boi
f1=f2=1f3=4,f4=3 gl=1 g2=g4=3, g3=2,
w :[0,00) —>[0,00), w(t)=t, Vte[0,x),
F :[0,00)x[0,0) > R, F(s,t) =sp(s) trong do6

B xéc dinh bsi B(s) = ——, Vs €[0,00),
1+s
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1khi (x,y) e{(L1),(2,2),(2,4),(4,2)}
O!(X, y) = { . N N .
0 cac truong hop con lai.

Khi 6, f va g thoa man cac gia thiét cia
Dinh i 2.6.

Chirng minh. Ta kiém tra (f,g) 12 «-chip
nhan dugc theo quy dao dang tam giac. That vy,
ta co

a@, f)=a@@l)>1,
a(fLof) =a(1) =1,
agl) =a(l1) 21,
a(9L fgl) = a(1,1) 21,
(2,12)=a(2,) 21,
cac truong hop con lai luoén dang. Do do, (f,Q)
la «-chap nhan dugc theo quy dao dang tam
gidc. By gio ta kiém tra (f,g) 12 w-¢-F -co
dang hiru ti. V6i moi x,ye X, x=y va a(x,y) =1,
khi do (x,y) €{(2,1),(2,4),(4,2)}. Tacé,

w(sd(fgy)) < F(w(HxY)).o(H(x.)))
tuong duong véi
H?(x.y)
1+H(x,y)
trong d6 H(X,y) duoc xac dinh nhu trong Pinh
nghia 2.4. Ta co
d(f2,91)=d(f4,92)=0,d(f2,94) =1,
d(2, f2).d(4,94) _3

s*d(fx,gy) <

H(24)= d(2,4) !
) _9_ H*24)
s d(fz’g4)_4_1+H(2,4)'

Do d6 (f,g) la w-¢-F -co dang hiru ti. Cac
gia thiét con lai cua Pinh li 2.6 cling dugc thoa
man. Do d6 bai todn thoa man céc gia thiét cua
Dinh 1i 2.6. 3 ]
Nghién ciru nay dugc ho tro boi Truong Dai
hoc Dong Thap voi dé tai ma so CS2015.01.36.1.
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