TRUGNG DAI HOC PONG THAP

Tap chi Khoa hoc s6 28 (10-2017)

VE BAI TOAN TiNH KHOANG CACH TU MOT PIEM PEN MAT PHANG
TRONG HINH HQC KHONG GIAN

* V6 Xuan Mai®”, L& Ngb Nhat Huy™

Tém tit

Trong bai viét nay, chung toi hé thong héa cdc phuong phap giai bai toan tinh khoang cach tir
mét diéem dén mat phang trong khong gian voi cac hudng tiép cdn khac nhau: si dung ki thudt roi
diém, sir dung phwong phdp thé tich hai lan, phiong phdp vecto va phwong phap toa do; dong thoi
minh hoa bang mot vi du cu thé cho tat cd cdc phwong phap giai trén nham trang bi cho hoc sinh
nhiéu géc nhin khéc nhau vé cac phuong phap dé giai bai toan nay.

Tir khéa: Khodng cach tir mot diém dén mdt phang, phwong phdp gidi, hinh hoc khéng gian.

1. Pit van dé

Bai toan tinh khoang cach tir mot diém dén
mat phing 1a mot trong nhimg dang toan thuong
gip trong cac ki thi tuyén sinh Dai hoc, nay 1a ki
thi trung hoc phd thong quoc gla bay la dang
toan co ban 1am nén tang dé giai bai toan tinh
khoang cach gitta duong thang va mat phang
song song, khoang cach gitra hai duon thang
chéo nhau va bai toan tinh thé tich khoi chop,
khéi hop. Bai toan khoang cach nay da duogc
nhidu tac gia nghlen ctu va trinh bay nhiéu
phuong phap gidi khac nhau & nhung tai li¢u
khac nhau, tuy nhién viéc hé thong cac phuong
phap d6 mét cach day du cling nhu tim ra dugc
mot sb vi du de thé hién duogc tt ca cac phuong
phap glal d6 van chua dugc khai thac. Trong bai
viét nay, chung toi hé théng héa céac phuong
phap giai bai toan tinh khoang cach tir mot diém
den mat phing trong khong gian v&i cac hudng
tiép can khac nhau: st dyung ki thuat roi diém, str
dung phuorng phap thé tich hai 1an, phuong phép
vecto va phuong phép toa do; dong thoi minh
hoa bang mot vi du cu thé cho tit ca cac phuong
phap g1a1 trén nham trang bi cho hoc sinh (HS)
nhiéu goc nhin khac nhau vé cac phuong phap dé
gidi bai toan nay.

2. Noi dung

Trong khéng gian, cho diém A khong thudc
mit phang (P), khoang cach tr A dén mat
phang 1a khoang cach ngan nhét tr A dén mot
diém bit ki coa (P) ki hitu Ia

d(4,(P)) =min AM,YM € (P) hay AH = d(A,(P))
v6i AH L (P) tai H (Hinh 1).

® Nghién ctru sinh, Truong Pai 1:1()0 Su pham Ha Noi.
" Sinh vién, Truong Dai hoc Pong Thap.
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Hinh 1

~2.1. Hudng tiép can 1: Xac dinh hinh
chiéu vuoéng goc cia diém do6 1én mat phang

Pé tim khoang cach d(A,(P)) = AH, ta can

xac dinh duoc hinh chiéu vuéng goc H cua A

lén (P). Ta co tinh chat
(P) L(Q)
(P)N(Q)=A=d L(P). Tr d6 ta co6 céac

d LA

budc tim khoang cach tor mot diém dén mat
phang nhu sau:

+ Bué6e 1: Xac dinh mit phang (Q) chia 4
va vudng goc véi mot duong thiang m nam trong

mt phang (P). Khi d6 (P) L (Q) (Hinh 2).

Hinh 2
+ Bude 2: Xac dinh giao tuyén A:(P) m(Q).
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Ké AH LA tai H (HeA), khi d6
d(A,(P)) — AH.

+ Budc 3: Tinh do dai AH.

Minh hoa cac budc trén qua vi du sau:

Vi du 1. Cho hinh chép S.ABC cé canh bén
SA = 3a vudng goc véi day, biét cac canh cua
tam gidc ABC c¢6 d0 dai AB=a va

ABC = 60". Tinh khoang cach d (A;(SBC)).

Buée 1: Dung mit phiang vudng goc voi

(SBC):

Ké AH 1 BC tai H = BC 1 (SAH). Do
do (SBC’) 1 (SAH) theo giao tuyén SH.

Budce 2: Xac dinh chan duong vudng goc:

Ké AK 1 SH tai K :AKJ_(SBC) hay
d(A;(SBC)) - AK.

Buoc 3: Tinh d¢ dai doan AK (Hinh 3):

S

Hinh 3 B
Xét AABH co:

AH :ABsin/TBz' = sin60° =

Trong ASAH cé:
1 1 1
= +
AK®  SA*  AH?

3a\/_

Nhdn xét: Trong 101 giai trén, ta tim duoc
mit phing qua 4 va vudng goc v6i mit phang
(SBC), sau d6 xac dinh hinh chiéu K cia 4 1én
mit phang va tinh d6 dai doan AK. Viéc xéac
dinh khoang cach tir diém dén mat phang néi

s
s

_ 3&\/E
13

Vay d(A (SBC))
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chung khong phai luc nao cing thuan loi va c6
sdn cac yéu to trong quy trinh trén dé thuc hién
duogc ngay, ma phai dung hinh qua nhiéu thao tac
moi c6 thé van dung dugc. Trong mot sb truong
hop ta chua van dung dugc ngay quy trinh trén ta
o thé su dung mdt trong hai ki thuat sau dé hd
trg cho phuong phap trén, goi chung 1a “A7 thudt
roi diém”.

2.2. Huéng tiép can 2: Str dung ki thuat
roi diém

2.2.1. Roi diém thubc dwong song song
Vvoi mat

Ta co
Aedd| (P)= d(A;(P)) - d(M;(P)),VM ed.

(Hinh 4). Trong truong hop can tinh khoang cach
tir diém 4 dén mit phing (P) gap kho khan nhu
xéc dinh mat phing (cu thé kho khin & day la
nam & budc 1 trong hudng tiép can 1, khong phai
dé dang d chon dugc mot duong théng m dé
thuan loi cho viéc tao ra mat phéng (0)), ta co
thé tim mot duong thang d chira 4 va song song
v6i (P), khi d6 ta chon diém M bét ki nao trén
duong thing d ma khong qua kho dé tim ra
khoang cach.

A M d

Hinh 4

2.2.2. Roi diém thudc dwong cdt mat (Pinh
Ii Thalés)

M

N

H H I

P

Hinh 5

_ Ta dyng duong thing d qua A va gét mat
phang (P) tai I, trén d chon diéem M
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(M = AM=#1 ) sao cho viéc tinh khoang cach
d(M;(P))= MH' 1a thuan lgi va co thé thuc
hién dugc ngay nhu phuong phdp trinh bay, tr
cach dung trén theo Dinh li Thales ta co:
4 _ Al
IM  MH'
d(A,(P)) =K .d( M, p)) (Hinh 5). Xét vi dy sau:

Vi du 2. [7, tr. 12] Cho hinh chop S.ABCD
c6 day ABCD 1a hinh vudng canh a, canh bén
SA = a\/g vuong goc voi day. Goi G la trong
tam tam gidc S4B. Tinh khoang céch
d (G; (54 0)) .

Cich 1: Roi diém thujc dwong song song
voi mdt .

Goi O 1a tam hinh vuong ABCD va E, F lan
luot 13 trung diém 4B va S4, SENBF =G
(Hinh 6).

=k (k#0)suyra

Hinh 6

Ké GN LAB tai N khi
GN || (SAC) nén d(G;(SAC)) - d(N;(SA c)).
Dung NH L AC tai H thi NH 1 (SAC),

doé ta co

do do d(N;(SAC’)) = NH. Tu cac tam giac
ddng dang ta co:
NH AN FG
OB AB FB

1
3

~NH=Lop=BD_ “\/5.
3 6 6
Vay d(G;(SAC)):%.

Cdch 2: Roi diém thudc dwong cit mit
Nhan thay duong thang BF N (SAC) = F
khi d6 ta co6:

a(G:(s4¢))  pe 1

d(B;(SAc)) “FB 3

Mat khac OB L (SA C’) nén ta co:

d(B:(540)) = 0B = %
a2
22,

Nhin xét: Ta thiy dugc diém manh cua ki
thudt roi diém, nhét 1 ki thudt roi diém thudc
dwong cdt mat, mau chét dé co 10 giai ngian gon
& vi du nay Ia chi ra duge BF qua G va cit (SAC)
tai F va st dung Pinh Ii Thalés. Tiép theo ta xét
thém mot vi du nita dé tiép can cach giai dang
toan nay ¢ nhidu goc do khac nhau.

Vi du 3. [1] (Cdu 5 dé thi tuyén sinh dai
hoc khoi A nim 2013)

Cho hinh chop S.ABC c¢6 day la tam giac

vuong tai 4, ABC = 30", SBC la tam giac déu

canh a va mat bén SBC vudng gbéc voi day.
Tinh theo a thé tich cia khdi chop S.ABC va

khoang cach tir C dén mat phang (SAB ) .

Tinh thé tich khoi chép S.ABC

Goi H la trung diém BC ta c6 SH L (ABC)
hay SH la duong cao trong hinh chop S.ABC, tur

5

gia thiét = SH = % (Hinh 7a).

N d(G;(SAC)) -

S

Hinh 7a
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Trong AABC vuong tai 4 co:

a3

AB =acos30° = 5

AC =BC? —AB* =2

Do do ta co:
1 11 ABA a’
V:S‘.ABC :vg.SABC.SH :g 5 B CSH = 16
(don vi thé tich). ) i
Tinh khoang cach tw C den mat phang
(54B)
Taco6 BC N (SAB) = B, khi do:

d(c;(sAB)) B
d(H;(SAB)) HB
= d(C;(SAB)) - 2d(H;(SAB)).
Goi J 1a trung diém 4B thi JH J/ AC va

=4¢._a
2 4
(SAB) L (SHJ) theo giao tuyén SI. Tir H ké
HK 1 SJ tai K, khi d6 ta co:
HK 1 (SAB)= d(H;(SAB)) = HK.
Trong ASHJ vudng tai H co6:

Ta c6 AB 1 (SHJ) hay

1 1 1
= +

HK?* SH?* JH? J_

- HK - SHJH  _a 39.

NSH? + JH? 26

Do d6 khoang cach can xac dinh la:
d(C;(SAB))=2d( (SAB)) */—

2.3. Huéng tiép cén 3: Tinh khoang cach
thong qua thé tich - phwong phap “thé tich
hai lin”

Trong mdt sd bai toan ¢ yéu cau ¥ tinh thé
tich mot khdi chop hodc viée tinh thé tich khéi da
dién nao do, khi dé ta co thé tan dung ¥ tinh thé
tich nay dé tim ra khoang cach tir diém do (1a
mdt dinh ciia khdi chop) dén mit phang (xem la

. . 1
day cua khoi chop). Cu thé ta ¢c6 V = gBh,
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trong d6 B 1a dién tich mat day, 4 1a chiéu cao
xuat phat tr dinh hinh chop dén mat day. Dé tinh
khoang cach tir diém M dén mit phing (ABC)

ta c6 thé dua vao cong thirc tinh thé tich trén:

3V . .
d(M,(ABC)) = —248C " tinh thé tich khoi
ABC

chop M.ABC bang cach chon mdt di€ém nao

khéc 1a dinh ma khong qua kho dé tim khoang

cach, ticla Vo =V, 1m0 =V e = Voaus:

Chgng han, trong Vi du 3 da néu & trén, ta
nhan thay:

1
V =V =-.5

S.ABC c.saB g SAB'd(C;(SAB))
= d(C;(54B)) = Noine
Ssap

trong d6 ta xem C la dinh, day 1a ASAB. Tu 16i
giai trén ta co hudng tiép can nira cho bai toan
tinh khoang cach tir mot diém dén mat phang
nhu sau:

Ta ¢6 (SAB) L (SHJ) suy ra (SHJ) la

mit phéng trung tryc cia (S4B) nén ASAB la

tam giac can tai S nhan SJ la dudng cao.

1 1|
Sy =5 STAB =, [SB - [ : ] AB =

(don vi dién tich).
Khoang cach can tim:

d(O;(SAB)) 3;/5/*3” - “*1/;’_9.
ASAB

2.4. Huéng tiép cin 4: Sir dung phuwong
phap toa do trong khong gian

Phén tiép theo bai viét, ta s& tiép can bai
toan tinh khoang cach tir diém dén mit phang
thong qua phuong phap toa do trong khong gian
Oxyz, dé st dung dugc phuong phap nay ta thuc
hién cac thao tac nhu sau:

- Chon h¢ truc toa d Oxyz thich hop.

ol

- Chuyén d6i cac yéu cau cua bai toan tur
ngdn nglr hinh hoc thuan tay sang ngén ngi
toa do.
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- Viét phuong trinh mat phang
(P):ax+by+cz+d=0 va xic dinh toa do

A(xA;yA;zA) ¢ (P) cua bai toan.

- St dung cong thtc tinh khoang céch
‘axA +by, +cz, +d‘

Va’ +b* + ¢

Trolai Vidu 3:

Hinh 7b

Goi I la trung diém AC, khi d6
HI 1 AC. Chon hé truc toa do Oxyz nhu Hinh
7b, khi d6 ta co:

BA(() a3 ;0].
2
DéE thdy (SAB) di qua diém S va nhén
- —_— 2
= [BS,BA} [—T 0; 4 \/_j lam vecto

phap tuyén co phuong trinh:

3a” a2\/§ a\/g

T — z— =0
4 8 2
122+ 232 - 30 = 0.

Khoang cach tir C dén mit phang (SAB) la

12{—3}2@.0—3% 5

d(C;(SAB))= 122+(2J§)2 =

2.5. Huéng tiép cin 5: Sir dung phuwong
phap vecto
Xét bai toan tinh khoang cach tir diem M

dén mat phang (ABC) tic 1a tinh
d(M,(ABC)) = MH, tacé:
s [ 20
H e (ABC)
H e (ABC)
Chuyén sang ngon ngit vecto ta duoc:
MH.AB =0
MH.AC =0

AH =kAB+IAC

Do do giai bai toan tinh khoang cach tir mot
diém dén mat phang bang phuong phap vecto
nhu sau:

—- = —

- Chon hé¢ vecto {a, b,c} gém ba vecto

khong ddng phang. Tim tich vo hudng giita cac
cap vecto trong hé.

 Biéu didn vecto MH qua hé {a b c}

—2

- Tinh d6 dai MH =N MH .

Sau ddy chung t6i xét vi du sau bang céac
cach tiép can di trinh bay trén:

Vi du 4. [1] (Cdu 6 dé thi tuyén sinh dai
hoc khoi B niam 2014)

Cho lang tru ABC.A'B'C' ¢6 day 1a tam
gidc déu canh a. Hinh chiéu vudng goc cua A’
trén mit phang (ABC) 1a trung diém cia canh
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AB, goc giita dudng thing A'C va mat day bang
60°. Tinh theo a thé tich cua khdi ling tru
ABC.A'B'C" va khoang cach tir B dén mit
phing (A CC'A').

Tinh thé tich ling tru ABC.A'B'C'

Goi M la trung diém AB  thi
AM L (ABC) hay A'M 1a chiéu cao cua ling
tru ABC.A'B'C’. Hinh chiéu cia A'C trén
(ABC ) 1a doan MC nén goc giita duong thang

A'C va mat day 1a goc A'CM = 60°. (Hinh
8a) Trong AA'MC' vudng co:

A'M = MCtanA'CM = %tanGO" — @
Tir d6 ta co:
f 3a3\/§
Viscaso = A M.S, 50 = T

Al c'

Hinh 8a

Tinh khodng cdch tir B dén (A CC'A')
Cdch 1: Roi diém thuc dwong cit mit
Nhan thdy ABN(ACC'A")= A khi d6
ta co:
d(B(Aacca))  py
a(m;(acca)) - MA

- d(B;(A OO'A')) = 2d(M;(A CC’A’)).
Ké MK 1 AC tai K, khido AC 1L A"M.
Suy ra (A']\/U() 1 AC nén (A'MK) 1 (AC’C'A’)
theo giao tuyén A'K.
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Tt M ké MH 1L AK tai H suy ra
MH 1(ACC'A) nén d( My ACC'A)) = MH.
Trong AAMC' vudng tai M co:
KM.AC = MAMC

o g - MAMC a3
AC 4
Xét AA'MK vudng tai M ta co:
11 N 1
HM* KM*> A'M? \/7
o HM - KM.A'M _3a 13'
VEM? + AM* 26
Do d6 khoang cach can tim la:
_3a\/E

d(B;(AOC'A')) = 2d(M;(AOC'A')) ==
Cach 2: Sw dung phwong phap thé tich
hai lin

, 1
Ta co khéi chop 3 g’ Do
(A’MK) 1 (ACC'A') nén A'K 1 AC suyra:
L
S iac =§A K.AC
= %\/A’M2 +KM* AC
P
Mat khac:
1 I A
Viase =Viwac = gd(B;(ACCA ))'SAA’AC
= d(B;(A cea')) = Vonse _ 3“@.
Saaac 13

Cach 3: St dung phwong phdp toa do
trong khong gian

Chon h¢ truc toa d0 Oxyz nhu Hinh 8b.
Ta co:

M= O(O;O;O);A'[O;O;g—a];
2

A[_—G;O;OJ;B(E;O;OJ;C’[O;ﬂ;()].
2 2 2
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3
4 C'
Al

B’

Hinh 8b
D@ thdy mit phang (A cc 'A’) di qua diém

A vanhan

— - . 2 2 2
n:[AA',AC’}: _3a \/§;3a ;a\/g
4 4 4
1am vecto phap tuyén c6 phuong trinh:

3a2\/§( aj 3a’ aQ\/g
- x +— z=

— +
4 4 i 4
& =62+ 23y + 22— 3a = 0.
Khoang cach tr B dén mit phang
(Acca)ia

—6[_2&] +243.042.0-3a

ooy =) 2
_ 3a\/B
13

Cach 4: Str dung phwong phap vecto

Goi H 1a hinh chiéu vudng goc cua diém

B ln (ACCA). Chon h¢

{_,_,_.

AB,AC,A'M}. Pt

d(B;(accar)) =

vecto

- —

AB—aAO—b

A'M = c. Taco:
2

ab =dcos6 :%, ca=he=0 (doA'M L(ABC))

—_

a

—

=1|b

—

va = aq,|C

3a
== ™).
2
Ta co:
AH = kAA' + lAC
= BH BA+k(AM+MA N+I1AC

—_— k — — -
:BHz(Q—lJaJrlb—kc.
BHAC =0
BH.AA =0

JeEe
Hg_ljgﬂz_k;m;_;]:o

Str dung (*) tir 6 ta dugc hé

Do BH 1 (ACC’A’) o

2
k=—
k+4l =2
=N 13
10k +1=2 1—6
13

3a\/_

Nhdn xét: Qua cac vi du minh hoa tren cho
ta thay bai toan tinh khoang cach tir mot diém
den mat phang dwoc nhin nhan véi nhiéu huéng
tiép can khac nhau: van dung quy trinh da biét
v6i sy hd trg cua ki thuat roi diém, tinh khoang
cach théng qua thé tich va sir dung phuong phap
vecto, toa do trong khong gian. M&i huéng tiép
can déu c6 nhitng wu diém riéng, vi vay trong
tung bai toan cu thé cac HS co thé lua chon
hudng tiép can phu hop dé giai quyét bai toan
nay mdt cach hiéu qua hon.

3. Két luan

Bai viét dd hé théng héa mot sb phuong
phap tim khoang cach tir mot diém dén mat
phang bang nhiéu hudng tiép can khac nhau, qua
tung vi du cac phuong phép cling da lam sang ro
duoc vu diém cua né. Hi vong véi nhiéu goc do
dugc xem xét trén dang todn nay s€ giap HS co
thé chon ra cach giai phu hop véi trinh do, ning
lyc ctia minh. Cha y rang mudn phét trién tu duy
hinh hoc & HS mot cach hi€u qua thi viéc giai
mot bai toan hinh hoc khong gian bang phuong
phéap thuan tay nén dwoc wu tién trén hét, cac
huéng tiép can khac nhu phuong phap toa do,
vecto chil yéu trén cac thao tac phan tich, ta xem
nhu 1a mdt cong cu dé hd tro, kiém tra lai két qua
bai toan./.

[E—
Vay BH——%(Ga 3b+c):>BH \BH
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ON THE PROBLEM OF CALCULATING THE DISTANCE FROM A POINT
TO A PLANE IN SPACE GEOMETRY

Summary

In this article, we systematize different problem-solving approaches to calculating distances from
one point to a space plane: point-deduction technique, twice-volume method, vector method and
coordinate one, together with specific examples provided for each case to offer students with different
perspectives on methods to solve this type of math problems.

Keywords: Distance from one point to a plane, problem solving methods, space geometry.
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