TRUGNG DAI HOC PONG THAP

Tap chi Khoa hoc s6 27 (08-2017)

SU HOQI TU CUA DAY LAP HON HQP
CHO BAI TOAN CAN BANG VA ANH XA THOA MAN DIEU KIEN (¢-E )
TRONG KHONG GIAN BANACH TRON PEU VA LOI PEU

e Truong Cam Tién®), Nguyén Trung Hi€u"

Tém tit

Trong bai bao nay, chung toi gioi thiéu khai niém anh xa thoa man diéu kién (d)—EH) trong

khéng gian Banach tron, dé xudt mét déy Idp hén hop dé tim nghiém chung ciia bdi todn can bang va

diém bt déng cia dnh xa théa man diéu kién (¢-E,), dong thoi thiét ldp sie hoi tu cua day Idp nay

trong khéng gian Banach tron déu va 16i déu. Céc két qua nay la sw mo réng cdc két qud chinh trong
[2] tir khong gian Hilbert sang khong gian Banach tron déu va loi déu. Dong thoi, chung toi ciing

dwa ra vi du minh hoa cho két qua dat duwoc.

Tir khéa: ddy ldp hon hop, bdi todn cin bang, dnh xa théa mén diéu kién (gb-EN), khong gian

Banach tron deu va l6i deu.

1. Giéi thi¢u

Mot s van dé trong toan hoc va nhiing
nganh khoa hoc ki thuat khac dan dén viée giai
bai toan (EP) sau: “Tim diém p € C sao cho
f(p,y) >0 voi moi y € C, trong do C la tip
l6i déng va f:CxC — R la song ham thoa
man f(x,x) =0 véi moi x € C'”. Bai toan (EP)
duoc goi la bai toan can bé“mg va duoc gioi thi¢u
boi Blum va Oettli [3]. Bai toan (EP) dugc xem
nhu 12 bai toan bat ding thic Ky Fan va 1a tong
quat cta nhidu mé hinh toan hoc khac nhu bai
toan t6i wu, bai toan bat dang thic bién phan, bai
toan diém bat dong. Ki thuat cot yéu dé giai bai
toan (EP) la xay dung day 1ap va khao sat sy hoi
cia diy lip ndy dén nghiém cua bai toan hoic
hoi tu dén hinh chiéu cua diém xuét phat 1én tap
nghiém cua bai toan.

Cung voi viée tim nghiém cua bai todn can
bang, van d& tim nghiém chung cua bai toan can
bang va bai toan diém bit dong cua cac anh xa
phi tuyén ciing dwoc nhiéu tic gid quan tam.
Trong huéng nghién ctru nay, mot sd tac gia da
gidi thi¢u nhitng mo rdng cua anh xa khong gian
va xdy dung nhitng ddy lip dé tim nghiém chung
ctia bai toan diém can bang va bai toan diém bat
dong cua nhitng anh xa d6. Nam 2009,
Takahashi va Zembayashi [10] da gidi thi¢u day
lap dé tim nghiém chung cta bai toan cén bang

® Sinh vién, Truong Pai hoc Pong Thép.
) Truong Pai hoc Pdng Thap.

va bai toan tim diém bat dong ctia anh xa twong
d6i khong gidn trong khong gian Banach tron
déu va 16i déu; Qin va cong su [8] da dé xuat mot
diy lap dé tim nghiém chung cua bai toan cin
bang va bai toan tim diém bat dong cua hai anh
xa tya ¢-khong gian trong khong gian Banach
tron déu va 16i déu. Nam 2016, Alizadeh va
Moradlou [2] di dé xuat mot day hdn hop dé tim
nghiém chung cua bai toan can bing va bai toan
tim diém bat dong ctia 4nh xa hdn hop tong quat
trong khong gian Hilbert.

Trong bai bdo nay, ching t61 gidi thid¢u khai
niém anh xa thoa mén diéu kién (¢_Eu) trong

khong gian Banach tron, d& xuat mot day lap hon
hop dé tim nghiém chung cua bai todn can bang
va diém bat dong ctia anh xa thoa man dicu kién
(¢-E,), dong thoi thiét 1ap su hoi tu cua day lap

nay trong khong gian Banach tron déu va 16i déu.
Pong thoi, chung t6i ciing dua ra vi du minh hoa
cho két qua dat dugc.

Truc hét, chung t0i trinh bay mot s6 khai
niém va két qua co ban duoc sir dung trong bai
bdo. Luu ¥ rang trong bai bio nay, ching t6i xét F
la khong gian Banach thyec.

Pinh nghia 1.1 ([1]). Cho E la khong gian
Banach. Khi do,

(1) Khong gian E duoc goi 1a 16i chat néu
S={zecE:|lz||=1} 1a 15i chat, nghia la
|z +y|| <2 véimoi z,y €S ma z = y.

67



TRUGNG DAI HOC PONG THAP

Tap chi Khoa hoc s6 27 (08-2017)

(2) Khong gian E duoc goi la 16i déu néu
voi >0, ton tai 6>0 sao cho
llz+yl|<20—-6) vo6i moi z,y€E,
|z <1, [lyll <1 va ||z —y]|=e. ,
. (3) Khong gian E dugc goi la tron néu
ton tai

t _

L+ tyl ol wn

t—0 t

(4) Khéng gian E dugc goi la fron déu néu
gidi han (1.1) 12 gigi han déu vai z,y € S.

véimoi z,y € S.

Tir dinh nghia trén, ching ta thiy riang néu
E 13 khong gian Banach 16i déu thi E 1a khong
gian Banach 15i chit va phan xa; néu E 1a khong
gian Banach tron déu thi E 1a khong gian
Banach tron va phan xa.

Cho E 14 khong gian Banach v&i chudn

||.|| va E* khong gian lién hop cta E. Ki hiéu
<x, f > 1a gia tri cta anh xa tuyén tinh f € E” tai

z € E. Anh xa d6i ngdu chudn ticJ : £ — 2
duoc dinh nghia boi

Jr={f € E :(z,f) |z || |} v6i moi z€E.

B6 dé 1.2 ([1]). Cho E la khéng gian
Banach. Khi do,

(1) Néu E la khéng gian Banach tron thi
J la anh xa don tri, lién tuc yéu* theo chuan va
|| Jul| = ||u|| voimoi u € E.

(2) Néu E la khéng gian Banach 16i chdt,

phan xa thi J 1 la anh xa lién tuc yéu* theo chudn.

(3) Néu E la khéng gian Banach tron, 16i
chat, phan xg thi J la song dnh va
[|J " || = ||ul| véimoi u € E*.

(4) Néu E la khéng gian Banach tron déu
thi J la dnh xa lién tuc déu trén moi tap con bi
chan cua E.

(5) Khéng gian Banach E la tron déu néu

va chi néu E* la khong gian Banach 16i déu.

(6) Néu E la khéng gian Hilbert thi J la
dnh xa dong nhat

Gia str rang C' 1a mét tap con khac rdng
cia khong gian Banach tron E. Xét phién
ham Lyapunov ¢ : Ex E — [0,00) dugc dinh
nghia boi
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d(w,y) =z |F =2z, Jy)+ ||y | v6i moi
z,y € E. (1.2)

Nhan xét 1.3 ([1]). Tuwr dinh nghia cua ham
$6 ¢, ta dwoc

(1) Néu E la khéong gian Hilbert thi (1.2)
tré thanh ¢(z,y) =|| x — y ||} véi moi x,y € E.

(2) Véimoi z,y € E va X €[0,1], ta cé

ULzl =yl <day) <zl +lyl)F, (1.3)
va Hz,J " (My+1—NJ2) <\, y) +1—Niz,2). (1.4)

(3) Cho E la khéng gian Banach tron, 16i
chat va phan xa. Khi do, ¢(x,y) =0 khi va chi
khi x = y vdi moi x,y € F.

Bo6 dé 1.4 ([7], Pgopogition 2). Cho E la
khong gian Banach [6i déu, tron va hai day
{z} {y} rong E. Khi dé, néu lmd(z y)=0 va

{z } hodac {y } bi chan thi ]Jm||:L' —y || =0.

B6 dé 1.5 ([4], Remark 2.2). Cho FE la
khéng gian Banach 16i déu, tron va hai day

{z }{y, } trong E sao cho {z } va {y } bi
chan. Khi do,
]JIIIQZ{.’I%L,Z/H):O@]JIHH.’I%L
Nam 1996, Alber [1] da gidi thiéu mdt mo
rong cua khai niém phép chiéu P, trong

_ynH :0{:}7]3_3)10”]:17“ _JyuH =0.

khong gian Hilbert va duoc goi 1a phép chiéu
suy rong [,

Tiép theo, ching t6i trinh bay mot s6 tinh
chit ctia phép chiéu suy rong trong khong
gian Banach.

Bo dé 1.6 ([7], Proposition 3). Cho E la
khong gian Banach, [6i chat, tron va phan xq,
C' la tdp con khac rong, loi va dong trong E va
z € E. Khi dé, ton tai duy nhdt z, € C' sao cho
Pz, 7) = inf{d(z,2) : z € C}. Anh xa
[1,: E—C duwgc dinh nghia boi 1], x=x, la mjt
phép c{zié'b‘t wr FE lén C.

Bo dé 1.7 ([7], Proposition 4, Proposition 5).
Cho E la khong gian Banach l6i chat, tron va

phan xa, C la tdp con 16i dong khdc rong trong
E, x € E. Khi do,

trong khong gian Banach.
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(1) x, =11, « khiva chi khi <xn_y’Jx_an> >0
véi moi y € C.

(2) o(y,11, z) + o1, z,2) < d(y,x) voi moi
yeC.

B dé sau dua ra mot bét‘delm‘g thirc quan
trong trong khong gian Banach 161 déu.

Bo dé 1.8 ([11], Theorem 2). Cho E la
khong gian Banach, 16i déu va r > 0. Khi do,
ton tai g:[0,2r] — [0,00) la ham s6 lién tuc, ting
chat va 16i sao cho g(0) =0 va
1Az + (1= NylP < Alalf + @ = Ml =M1 = Ng(llz —yl])
véi moi A €[0,1] va z,ye B={z€ E:||4| <r}.

Tiép theo, chung toi trinh bay mot mo rong
cua anh xa khong gian la anh xa thoa man diéu
kién (EH).

Dinh nghia 1.9 ([5], Definition 2). Cho E
la khong gian Banach, C' 1a tdp con khac rong
trong £ vaanhxa T : C — C. Khido6, T duoc
goi 13 anh xa théa man diéu kién (Eu) néu ton
tai 1 >1 sao cho |[z—Tyl[<pullz—Tr|[+|z—yl|
véimoi x,y € C.

Ki hi¢u F(T) 1a tap hop diém bat dong clia
T nghia la F(T)={p € C:Tp= p}. Tiép theo,
chung t6i trinh bay mét sb anh xa phi tuyén trong
khong gian Banach tron.

Dinh nghia 1.10 ([9]). Cho E 1a khong
gian Banach, tron, C' 1a tip con khac rong trong
khéng gian Banach F va anh xa T : C' — C.
Khi do

(1) T duogce goi la anh xa ¢- khong gian néu
&(Tx, Ty) < ¢(x,y) véimoi z,y € C.

(2) T' dugc goi la anh xa twa ¢- khong gian
néu ¢(p,Ty) < ¢(p,y) voi moi yeC va peFT).

Bo dé 1.11 ([8], Lemma 2.4). Cho E la
khong gian Banach loi chat, tron, phan xq, C' la
tdgp con loi dong khac rong trong E va
T :C — C la anh xa twa ¢- khong gian. Khi do,
F(T) Ia tap con l6i déng trong C.

Bay gio, ki hiéu EP(f)={peC: f(p,y) >0
véimoi y € C} 1a tap nghiém cua bai toan (EP).
Pé giai bai toan (EP), cac tac gia da xét nhing
gia thiét sau cho song ham f: C'xC — R.

(A1) f(u,u) =0 véimoi u € C.

(A2) f don diéu, nghia 1a f(u,v)+ f(v,u) <0
vaimoi u,v € C.

(A3) lhrgl sup f(tw + (1 — t)u,v) < f(u,v) voi

moi u,v,w € C.

(44) Véi mdi u € Cyv— f(u,v) 1a ham 16i
va nua lién tuc dudi.

Bo deé 1.12. Cho E la khong gian Banach
1011' chat, tron déu, C la tdp con loi dong khdc
rong trong E, f:CxC — R la anh xa thoa
man (A1) — (44), r > 0 va u € C. Khi do,

(1) [3] Ton tai weC sao
f(w,y) +1<y —w,Jw — Ju> >0 voimoi y € C.

T

(2) [8, 10] Xét anh xa K _: B — C duoc

dinh nghia boi

1
K ={weC": fluy) +;<y—wa—JU> >0y eCh.
Khi do
(a) K la danh xa don tri.

cho

(b) KT la anh xa khong gian vitng, nghia la,

v&i moi u,v € F, ta co
(Ku—KuJKu—JKv) <(Ku—KuvJu—h).

(c) F(K,) = EP(f).

(d) K la anh xa twa ¢- khong gian.

) ¢(q, K u)+ (K u,u) < Plg,u) voi moi
qe F(K ).

() EP(f)la tap 16i va dong.

2. Cic két qua chinh

Trude hét, tuwong ty véi khai niém anh xa
théa man diéu kién (E,) trong [5, Definition 2],
ching t6i gidi thi¢u dinh nghia anh xa théa man
diéu kién ((b—EN) trong khoéng gian Banach tron.

Pong thoi, ching toi ciing thiét 1ap mot s tinh
chat cua tap diém bat dong F(T') véi T la anh

xa thoa man diéu kién (¢—EH) trong khong gian

Banach tron.
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Pinh nghia 2.1. Cho F la khong gian
Banach, tron, C' 1a tip con khac rong trong F,

¢ 1a phién ham Lyapunov va anh xa T': C — C.
Khi d6, T dugc goi 1a anh xa théa man diéu kién
(¢-E)) p>1

V(2. Ty) < pf(w, Tx) + Jéla.y) v6i moi
x,y € C.

Nhan xét 2.2. Khi E la khong gian Hilbert
thi ¢(z,y) = ||z — ylf
dé, anh xa théa man diéu kién (¢-E,) tro thanh

néu ton tai sao cho

voi moi z,y € E. Khi

dnh xa théa mén diéu kién (E,).

Ménh dé 2.3. Cho E la khéng gian Banach
tron, 16 chat, phan xa, C la tdp con khdc rong
trong E va T:C — C la dnh xa théa man

diéu kién (¢-E,) trong C sao cho F(T) = @.
Khi do, T la anh xa twa ¢- khong gian trong C.
Chirng minh. Vé6i p € F(T) va z € C, vi

T 1a 4nh xa thoa mén diéu kién (¢-F ) nén

VATY) <pn/d(p.TH) +olna) =4/ elpp) +elna).
Theo Nhén xét 1.3, ta ¢c6 ¢(p,p) = 0. Do
do, o(p,Tx) < ¢(p,x) p € F(T) va
z € C. Didu ndy co nghia T 13 anh xa twa
¢-khong gian. O
Béng cach sir dung B6 dé 1.11 va Ménh dé
2.3, ta nhan duoc tinh chat 161 dong cua tap diém
bat dong cua anh xa thoa mén diéu kién ((b—EN)

véi

nhu sau.

Ménh dé 2.4. Cho E la khéng gian Banach
I6i chat, trom, phan xa, Cla tdp con 16 dong
khéc rong trong E va T:C — C la dnh xa
théa man diéu kién (¢-E). Khi ds, F(T) la

tap con 16i déng trong C.

Ménh dé 2.5. Cho E la khéng gian Banach
l6i déu, tron, C la tdp con l6i dong khdc rong
trong E va T : C — C la dnh xa théa man diéu
kién (¢-E,) va day {z } trong C sao cho

lim ¢(z ,2) =0 va lim ¢(x ,Tx )= 0. Khi

n—oo n—oo

do, x € F(T).
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Chirng minh. Do 7 thoa mén diéu kién
(¢-E,) trong C' nén

Jole, Ta) < pyoe, . Ta) + oz,

Két hop v6i gia thiét lim cj)(:cn,x) =0 va

n—oo

lim ¢(z ,Tz ) =0, tasuyra
lim ¢(z ,Tz) = 0.

n—o0

Vi lim qb(x , ) =0 va hmqb(x ,Tx)=0

nén theo B6 de 1.4 va tinh duy nhét cua gi6i han
ta dugc x = Tz. Do dd, z € F(T). O

Tiép theo, bang cach twong tu diy lip hon
hop trong [2, Theorem 3.1], ching t6i dé xuat
ddy lap hdn hop dé tim nghiém chung cua bai
toan can bang va bai toan diém bat dong ciia anh
xa thoa man dieu kién (¢-E ) va thiét 1ap su hoi

tu cua déy lp trong khong gian Banach tron déu
va 16i déu.

Pinh li 2.6. Cho FE la khong gian Banach
l6i déu va tron déu, C'la mét tdp con 16i dong
khéc rong trong E, f:CxC — R la song
(A4) va
T:C—C la anh xa théa man diéu kién

(¢-E,) sao cho F = F(T)N EP(f) = @. Xét

ham théa man cac gia thiét (A1) —

day {z, } trong C xdc dinh boi
5 €l G =C 5 =1l g
u =J (o Ju +(1—a SJTZL’n)
y =K J 8. +(1—8)JT)
w, f1(7 Ju, +(1— )Ty
Gy =12€GC, 1 adlzy ) +(1—a Wlzw) <dzz )}
Lot :Hq_] %

trong do K . la anh xa xac dinh nhu trong B6 dé

112, 0<a,B,y, <1 sao cho lim o =1,

n—oo

hmmfy( 7,)>0, 7 €g,00) véi €>0 va
(0,1) vdi moi n € N*. Khi do, day

HF T,

a, €la,b]C
{z, } hoi tu manh dén p =
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Chirng minh. Ta chung minh theo 6 budc sau.

Bude 1. Chirng minh phép chiéu I, =,
xdc dinh.

Bang cach stir dung Bo dé 1.12, ta co6 EP(f)
1 tap 16i dong. Theo Ménh dé 2.4, ta co F(T) 1a
tap 16i déong. Do d6, EP(f) N F(T) la tap 10i
dong. Ké  hop  voi  gia  thiét
F=FT)NEP(f)= @, ta coO F la tap 16i
dong khac rong trong C. Vi vay, theo BS dé 1.6,
ta co phép chiéu [] » T, xac dinh.

Budrc 2. Chimg minh day {x } xdc dinh.

Theo B d& 1.6, d¢ ching minh day {z }
xéac dinh, ta cAn ching minh C latap 16i dong
khéc rong véi moi n € N*. That vay,
G =te€C aday)Hl-a Maw) <dsz )}
=(eC Yok, —ah,~1-a)hy) <, I~ 1, IF )1 I}

Tu dinh nghia ctia C , tasuy ra C la tép
16i dong voi moi n € N*,

Tiép theo, ta ching minh F C C voi moi
neN. Véi n=l ta c6 FCRT)CC=C,. Gia
sit rang F C C véi ne N". Ta ching minh
FcC, . Thatvly,véiu€F taco ueC,.
Theo Ménh d¢€ 2.3, ta c6 T' cling la anh xa tua
¢- khong gian. Do do, tir (1.4) ta cod
o(u, un) = ¢(u, J_l(oszxn +(1- a, )JTacn))

<a d(u,z,)+1-a )p(u,Tz )
<o d(uz,)+[1-a,)Pu,z,)
= ¢(u, ). (2.1)
Do K la énh xa tya ¢-khong gian, 7' 1a anh
xa anh nxa tua ¢- khong gian va (2.1), ta dugc
Hu,v,)=¢(u, K _J (B, Jo, +(1—05,)JTu,))
< w5, + (1= 6,)0Tw, )
< B,du,z,)+ 1 —5,)d(u, Tu,)
<B,9(wz,)+ 1= 5, )(u,u,)
<B,¢wz,)+ 1= 5, )u,z,)

=d(u,z ). (2.2)

Khi do, tr (2.1) va (2.2), ta co
$(u,w,) = d(u, ] (v, Ju, + (1 —7,)JTv,))
<7,0(uu,) + (1 —7,)du,Tv,)
<7,0(uu,) + (1 —7,)d(u,v,)
< 7,00 2,) + (1 —7,)b(uz,)
= ¢(u, In). (2.3)
Nhan hai vé cua (2.2) voi a,, nhan hai vé cua
(2.3) v6i 1 —a va cong hai vé clia hai bat ddng
thirc vira nhan duoc, ta co
a,dwy,)+1—a)dvw,)<aduz,)+1-a )dunz,)=Kuz,).
Diéu ndy c6 nghia la u € C,.,-Dodo, FcC |
V(:Yi moi n € N. T}‘I nhitng chimg mi~nh trén va
ket hop véi gia thiet F' 1a tap khac rong, ta suy

ra C' véimoi n € N” la tap 16i dong khac rdng.
Str dung B dé 1.6, ta c6 phép chiéu T = HC,, x,
la xac dinh. Do do, day {z_} xac dinh.

Buéce 3. Chitng minh {¢(x, ,x,)} hdi tu va

lim o(x ) =0 véimoi n € N .
n—>oo¢( n+1’ n) :

Véimoi n € N', vi 2 =1II, z, nén theo
B6 dé 1.6 ta c6
d(z,,z,) < P(2,2,) voimoi z € C . (2.4)
Khi d6, véi u € F tacoé u € C . Két hop véi
(2.4), ta c6 ¢z ,z,) < P(u,z,). Didu nay co
nghia 1a {é(z ,7,)} bi chan. Mat khic, vi
C,.,CC véimoin € N* nén
anrl = HC L "EO = Cn+1 C Cn
Do d6, tod (2.4) va (2.5), ta duoc
o(z,,7,) < Pz, ,,,2,) hay {¢(z 7))} la day
don di¢u tang. Két hop véi tinh bi chan cua
{¢(z,,2,)} ta suy ra ton tai giéi han cua
{o(z,,2,)}. Dit
7}1&)10 oz, ,7,) =T (2.6)
Mit khéc, vi » =1, =, nén theo Bo dé 1.8, ta ¢6

olu,z,) + ¢z, ) < P(u,z,) voimoi uwe C . (2.7)

2.5)
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Két hop (2.7) véi (2.5), ta dugc
0<iz,,2,) <P, %) —H,,7). (2.8)
Cho n — oo trong (2.8) va su dung (2.6),
suy ra lim ¢(z ,,,2,) = 0. (2.9)
Két hop (2.9) v6i Bd d& 1.4, ta duoc

7}1_’11010||xn+1 —z |[=0. (2.10)

Budéc 4. Chimg minh day {x } héi tu dén
pedC.

Véi moi m>n tacé C CC . Do do
T = Hcm z,€C CC . Két hop dicu nay

voi (2.8), ta dugce
0<¢(z,,3,) <oz, 2) = oz, 7). 2.11)
Khi do, tor (2.6) va (2.11), ta suy ra
lim ¢(z ,z )=0. Theo B6 d¢ 1.4, ta duoc

m,n— 00

lim ||z —=z |[=0. Do do, {z } la day
Cauchy trong C. Mat khac, vi C' 1a tap dong
trong E nén C c6 tinh day du. Khi do, ton tai
p € C sao cho

lim z = p. (2.12)

Budce 5. Chirng minh p € F = F(T) N EP(f).
Trudc hét, ta ching minh p € F(T). Vi

T ., = ]_[C"+1 T, € C’n+1 nén
angb(xn—s—l’ vn) + (]' - a'n)qb(xn—&-l’ wn) S ¢(‘Tn+l’ xn)'
Két hop didu nay véi (29) wva

a €[ab] C(01), ta dugc
lim 4z, ,v)=0va lim¢z ,w)=0. (2.13)

nt+l’ "

Két hop (2.13) va B6 dé 1.4, ta duoc
lim|z , —v|[=0va limlz , —u|=0 (2.14)

Mé ||xn - vn” S ||xn+1 - xn || + || xn-&-l
Két hop diéu nay véi (2.10), (2.14) va B6 dé 1.5,
ta cod

_,Un||'

lim |z, —v [[=0va lim||J5, —Jy [=0. (2.15)

T (2.12), (2.15) va B6 d& 1.5, ta co
lim ||v, —p|[=0 va lim ¢(v ,p) = 0. (2.16)

Tuong tu, ta dugc
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lim ||z

Mit khac, voi w € F, sir dung B6 dé 1.8 va
lap luan tuong tu nhu trong ching minh (2.3),
taco

o w,) = dw " (7, Ju, +(1=7,)ITv,))
=l|u ||2 72<u,’yn(]u” +(177”)JT11">+ | Ju +(17'y” )JTvn Hz

—w|[=0va lim|[Jp —Juw||=0. (2.17)

n"n

<|ulP —2(w9,Ju, +1 =, )Ty, )+, | Ju,|f

+ 1=y ) 1T, P =, (1=, )(|| Ju, —J T, |])
<Huwz,) =, (L=, )9l Ju, —=JTu, []).

Do do
3, (=79l Ju, —JTv, ||) < $u,z,) — duw, ). (2.18)
Ta lai co
| ) g, =R{w i, )+ 2, F ||, |F
<9f(w i, — )+, 11 =l w, (]2, 1+, )

<Yulll|h, =, ||+ =, —w, [ (I [[+[] w, 1I)
Két hop bat dang thuc trén voi (2.17), ta
duoc ]im | (ﬁ(u7 xn) — ¢(u, wn)‘ = 0. Ket h()p dieu

nay v6i (2.18) va liminf~y (1—+ ) >0, ta dugc
lim g(|| Ju, —JTv ||)= 0. Khi d6, theo tinh chét
cta ham s6 g, ta suy ra lim || Ju, —JTv || =0.

Str dung B6 dé 1.5, ta duoc

lim [|u, —Tv ||= 0. (2.19)
n—od
Mat khac, ta co Ju =o Jr +(1—a )JTx .

Suy ra ||Ju —Jz ||[=(1—«a,)l|lz, —Tx |l

Do lima =1 va {z } bi chin nén
n—oo
lim || Ju, — Jz || = 0. St dung B d¢ 1.5, ta dugc

lim [|u, — 2 |[=0. (2.20)
Tir (2.12), (2.20) va B6 dé 1.5, ta dugc
lim |Ju, —p|[=0 va lim ¢(p,u ) =0. (2.21)
Ta lai co
v, =Tv [ <[lv, =z, [[+]| =z, —u ||+l u, —T0,[|.
Két hop diéu nay véi (2.15), (2.19) , (2.20) va B6

@€ 15 ta c6 lim|lv —Tu|[=0 va
lim ¢(v,,Tv ) = 0. (2.22)

Két hop (2.16), (2.22) va Ménh & 2.4, ta
duoc p € F(T).
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Tiép theo, chung ta chimg minh p € EP(f).

Véi p € F(T), tacod ¢(p,Tu ) < ¢(p,u, ). Két
hop diéu nay vai (2.21), ta duge

lin (T, p) =0 va lim || Ty, —pf| =0.  (2.23)

Ta cing c6 ||y, =T || <[lv, —p ||+ p—Tu,|I-
Két hop diéu nay véi (2.23), (2.16) va sir dung
B dé 1.5, taco

lim|y —Tu||=0va lim||Jy —JTu||=0. (2.24)

Mt khac, v6i n € N7, tir dinh nghia cia K va

v =K J'BJr +(1—-8)JTu), ta cb

fv,1) 41 (y—v,.Ju, Bz, —(1—B)JTu,) >0
T

v6imoi y € E. Tur gia thiét (A2), ta suy ra

=808, ~25) =)0, ~TT) >, > i)

Vn(')'i moi y € C.
Két hop didu nay voi didu kién (A4), (2.15),
(2.16) va (2.24), ta dugc f(y,p) <0 véi moi
yeC. bat y =ty+1—1t)p véi te(0,1],
yeC Khi d6, y, € C va f(y,,p) <0. Tu gia
thiét (A1) va (A4) ta dugc

0= f(y,,) <tf(y,y) + A=y, p) <tf(y,y)-
Ta chia cac v€ cua bat dang thuc cho %, ta co
f(y,,y) >0 véi moi y € E. Cho t |0 va st
dung gia thiét (43), ta dwoc f(p,y) >0 véi
moi y € E va do d6 p € EP(f). Két hop véi
p € F(T), tadugc p € F.

Budc 6. Chitng minh p =11, .

Viz &= I, @, nén s dung B6 dé 1.7,

n+

ta co <xn+1 —y,Jz, —Jl‘n+1>20 véi moi
yelC, .. Véimoi wueF, vi FCC | nén

uCC Do do,

n+1°

; (2.25)

- an+1> > 0.

<xn+1 -4 J

Cho n — o0 trong (2.25), ta duoc
<p — u,Jz, —Jp> >0 voi moi u € F. Theo
B6 dé 1.7,taco p =11 z,. O

Luu y rang khi E 13 khong gian Hilbert thi
d(z,y) = ||z —y|[ voi moi z,y € E va J la
anh xa dong nhét. Do d6, tir Pinh 1i 2.6, ta nhan
dugc két qua sau.

H¢ qua 2.7. Cho E la khong gian Hilbert
thue, C la mot tdp con l6i dong khdc rong trong
E, f:CxC — R la song ham théa man cdc
gia thiét (A1) —(A4) va T :C — Cla danh xa
théa (E#)
F = F(T)NEP(f) = 2. Xét day {z } trong
C xac dinh boi
5 €E G=C 5=,

u, =g, +Hl—o )T,

y, =K Gz, H1-6)1)

0, =, +1-)

G, ={2€C :a ||y, —2If Hl—a)||w, —df <||lz,—z|F }
Lon :PCM%’

trong do K la anh xq xdc dinh nhu trong Bo6 dé

man  dieu kién sao cho

112, 0<a 6,7, <1 sao cho lim a =1,

n—oo

liminfy (1—~ )>0, r €[g,00) véi € >0 va

a € [a,b] C(0,1) voimoi n € N*. Khi do, day
{z } hoi tu manh dén p = P.x,.

Cubi cung, chung t6i xay dung vi du minh
hoa cho su hoi tu (}éy lgfl’p cho bai toan cén bang
va bai toan tim di€ém bat dong cuia anh xa thda
man diéu kién ((b-EM).

Vi du 2.8. Cho E=R la khong gian
Banach véi chuan ||ul|=|u| véi moi u € E.
Khi d6, anh xa J = I va phién ham Lyapunov
P(u,v) = (u —v)* v6i moi u,v € E. Xét bai
toan (EP) sau:

Tim p € C sao cho f(p,y) >0 vbi moi
y € C, trong d6, C =[—1,1] va song ham
f:CxC—R duge xéac dinh f(z,y) = 22" 4+ 2y + 9/
v6i moi z,y € C. Khi d6, d& dang kiém tra f
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thoa mén céc gia thiét (A1) — (A4). Tiép theo, ta
xac dinh cong thirc cua H = dugc dinh nghia nhu
trong B6 d& 1.12. Véimoi y € C va > 0, ta co
f(&zJ)Jh:l<y74zfz> >0en) Hiztz—ay—27 +az—7 >0 (220)
T
Ta thiy
o(y) =1y +(rz + 2 —2)y —2r2" + a2 — 2
12 mot ham sd bac hai theo bién Y.
Do d6 (2.26) tré thanh ¢(y) > 0 véi moi
y € C. Piéu niy tuong dwong voi tam thirc bac
hai A <0 hay ((1+3r)z—2)* <0. Vi vay

vOl moi

2z = . Suyra H(z)=
3r+1 Y ’() 3r+1

zeC. Theo Bd d& 1.12, ta c¢b
F(H )= EP(f)={0}. Bay gio xét anh xa

T:C — C xé4c dinh boi Tx =

vO1 moi
T+ 2
z € C. Khi @6, T 1a anh xa thoa man diéu kién
((b—Eu) voi g > 1. That vay, ta xét hai truong
hop sau.
Truong hop 1. V61 x = 0 va véi moi
yeC, tacod

\Vo(z, Ty)=|0 — Ty |

Y

¥
y+2
<yl

= ¢(]}, y)

= i@(z, Tx) +\Jo(w,y).
Truong hop 2. V61 x = 0 ta cod

Y
V2 1Y) =z |<|y
y+2
bat f(a:):x—i—l—l voi x€C. Ta cd
T+ 2

max | f(z)) = f(=1) =2, min| f(z) = f(0) = 0.

zeC

2 +1| 4| z—y|
+2 yl-

ce(C sao cho
= (. Do d6, tén tai

Suy ra, ton tai

o) = min | )]

T

i > 1 sao cho

2
v <1
y= 5 ISl

=2
<pulfle)
2
<pl|lr———+1
T+ 2

= o (z, Tx).
T hai trudng hop trén, ta suy ra ton tai

p>1 sao cho \oaTy) <puola ) +ez).

Diéu nay c6 nghia 1a 7' 1a anh xa théa man diéu

kién ((b—EM) voi p>1. Ta cling co

n

F(T)={-1;0}. Chon o« = , =e ",
()= {10} =,

o= n+l , :1, r =1 véimoi n € N".

"o 2n43 " 27

Khi d6, diy {z } trong Dinh li 2.6 duoc
xac dinh boi
1, €E, C =C, 1, =F,x,

u = n T + L ,
"oon+1l " (n+1)@2+1)
1 u
v ==—(e"z +(1—e" ),
=T e
n+1 (n+2)x,
w = U )
o243 " (2n+3)2+1,)

Cra=t2€C iy, —2F +w, —f <3z -2 },

T = Pcmxo = argmin{| z — z, |}.

n
zeC
nt1

Nhur véy, theo Dinh 1i 2.6, ta dugc {z } héi
tudén Pz, = 0.
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CONVERGENCE OF HYBRID ITERATION FOR
EQUILIBRIUM PROBLEMS AND MAPPINGS SATISFYING CONDITION (gb—EH)
IN UNIFORMLY CONVEX AND UNIFORMLY SMOOTH BANACH SPACES
Summary
In this paper, we introduce the notion of a mapping satisfying condition (¢—EM) in smooth

Banach spaces, and propose a hybrid iteration for finding a common element of the solution set of an
equilibrium problem and the fixed point set of a mapping satisfying condition ((ﬁ—EM), and also

establish the convergence of this iteration in uniformly convex and uniformly smooth Banach spaces.
These results are the generations of the main ones in [2] from Hilbert spaces to uniformly convex and
uniformly smooth Banach spaces. We also provide an illustrated example for the obtained result.

Keywords: hybrid iteration, equilibrium problem, mapping satisfying condition ((b—Eﬂ),
uniformly convex and uniformly smooth Banach spaces.
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