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] PIEU KIEN DU CHO TINH ON PINH NGHIEM )
CUA HE PHUONG TRINH SAI PHAN PHI TUYEN CO CHAM CHIU NHIEU

e L& Trung Hi€éu®, Nguyén Thj Thu Hai""

Tém tit
Trong bai bdo nay, chung téi dwa ra diéu kién du moi cho tinh on dinh mil cua mot lop hé
phuwong trinh sai phan phi tuyén phu thuoc thoi gian, co cham, chiu nhieu. Mot vi du dwoc dua ra

nham minh hoa cho két qua dat dwoc.

Tir khéa: Hé phwong trinh sai phdn; hé phieong trinh chiu nhiéu; bién on dinh; én dinh mii.

1. Mé dau

1.1. Giéi thiéu

Nam 1884, ké tir khi nha todn hoc A. M.
Lyapunov (1857-1918) cong bd nhitng cong
trinh tién phong cua minh: “On the stability of
ellipsoidal figures of equilibrium of a rotating
fluid” (nam 1884, tiéng Nga) va “General
problem of the stability of motion” (nam 1892,
tiéng Nga), li thuyét 6n dinh ctia cac hé dong luc
n6i chung va li thuyét on dinh cua cac hé phuong
trinh sai phan noi riéng da phat trién khong
ngung va dén nay da dat duogc nhiéu thanh tyu.
Do c¢6 nhiéu ung dung phong phu trong cac mé
hinh toan hoc, co hoc, sinh hoc... li thuyét on
dinh cua cac hé phuong trinh sai phan, dac biét la
16p h¢ phuong trinh sai phan c6 cham da duoc
nhiéu sy quan tdm va nghién ctu. Trong nhimg
thap nién gan day, nhiéu bai toan vé cac loai 6n
dinh nghiém khac nhau cua phuong trinh sai
phan c6 cham da dugc dat ra, nghién ctru va phat
trién nhu 6n dinh Lyapunov, 6n dinh tiém can,
6n dinh mii, on dinh hoa, ban kinh 6n dinh, 6n
dinh hitu han, 6n dinh H... ([1], [2], [3], [4], [5],
[6], [7]) Tuy nhién, vi han ché cua cac phuong
phap tiép can thong thuong nén phan 16n cac két
qua dat dugc chu yéu cho cic phuong trinh dung
(time-invariant) va cac diéu kién 6n dinh dat
dugc 1a khong tuong minh, kho kiém ching.
Viéc phat trién cac ki thuat méi dé nghién ctu
tim ra cac diéu kién 6n dinh nghiém cua cac
phuong trinh sai phan c6 cham, dac biét 1a 16p
céac phuong trinh phi tuyén phu thudc thoi gian
téng quat, 12 van d& mé can dugc tiép tuc nghién
ctru sau va hé thong hon ([2]).
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Niam 2013, céc tac gia trong [6] dd cong bd
y tuong va mot phuong phép tiép can khac cho
bai toan on dinh mi cua hé phuong trinh sai
phén phu thudc thoi gian co cham, phi tuyén
tong quat trong khong gian R”. Trong do, nhiéu
diéu kién twong minh cho tinh 6n dinh mii ciia hé
phuong trinh sai phan c6 cham dugc dua ra. Y
tudng va phuong phéap tiép can nay sau do dugc
nhiéu tac gia khai thac. Nam 2015, cic tac gia
trong [5] dd van dung y tuong va phét trién
phuong phap trong [6] két hop vé6i sir dung khai
niém tich Hadamard, tir d6 dua ra nhiéu diéu
kién 6n dinh, diéu kién khong oOn dinh
(instability) cua l6p h¢ phuong trinh sai phan phi
tuyén phu thudc thoi gian c6 cham. Tuy nhién,
cac tac gia trong [5] chua nghién ctru truong hop
phuong trinh sai phan phu thudc thoi gian co
cham chiu nhiéu. Do do, trong bai b4o nay chiing
t6i dat van dé phat trién két qua trong [5] dé
nghién ctru bién 6n dinh ctia mot 16p hé phuong
trinh sai phan phi tuyén phu thudc thoi gian co
cham chiu nhiéu, dic biét véi nhiéu 1a phi tuyén
phu thudc thoi gian. Cac két qua dat dugc la méi
va c¢6 y nghia khoa hoc.

1.2. Ki hi¢u va quy wéc

Goi Z,R,C 1an lwot la vanh cac sb
nguyén, truong cac sd thuc va truong cac sb
phirc. Goi R”1a khong gian vécto thuc n chidu
va Z, 1a tap hop tit ca cac s6 nguyén khong am.
Véi mdi ke€Z,, takihiéu k ={1,2,.., k} va
ky={0, 1,2,..k}. V6i k, k,eZ, (k<k,),
ki hi¢u Z[k] o] 1a tap hop cac s6 nguyén thudc
doan [k,,k,]. Véi hai s6 nguyén duong /, g, ki

A Ix Ix A N A r A
hiéu R™, R lan luot la tap hop cac ma tran
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thuc va tap hop cac ma tran thyc khong am cd

Ixgq. Vi hai ma tran thuc
A= (aij), B= (bij) eR™, ta qui udc bat dang
thic gilta A= (aij), B= (bij) nhu  sau:
A2 (S, >>, <<) B tuong duong voi

a; 2 (<, >, <) b

ij?

voi moi iel,jeq. Cach
hiéu twong tuy khi so sanh hai vécto. Véi
A:(aij)eRlxq va x=(x,%,....,x,)€R", ki
hi€u i tuyét déi cua ma trin va vécto boi
|A|:(‘aij‘)eRlxq va |x|=(|x1|,|x2|,...,xn|)e]R".

Chuan cua ma trdn 4 = (aij) e R™ duoc hiéu la

chuan toan tir (operator norm) va dugc xac dinh

boi ||A|| = maxM:max”Ax”. Cho AeR™,

=0 |lx| =
néu [4|<B thi |4|<]|B|| (6]). Ki

hiéu 0 1a vécto khéng, dong thoi ciing 1a ma tran

BeRY",
khéng trong R?, R™ (1,4 =1,2,...), tuong tng.
Ki hi¢u 7,13 ma trgn don vi trong R™". Véi
A=(a;)eR"™", ban kinh phé (spectral radius)
cua A duoc xac dinh

p(A)=max{|A|: 2eC, det(Al,—A)=0}.

bai

Véi x=(x,%,,..%,) eR", aeR, takihiéu
T
x* =(xf‘,x§‘,...,x,’f) e R". Ki hiéu “o” 1a tich
Hadamard vécto. Cu  thé,
T T "
xz(xl,xz,...,xn) , Y :(yl,yz,...,yn) eR”, ta
6 xoy=(Xp, %5, o X, 7,) €R". Mot

chuan |||| trén R" duoc goi 1a don diéu néu

cia cac vOi

|x|£|y| kéo theo ||x||£||y|| Moi chuan p trén

» 1/p
R" ( ) U< p<ow) va

o, = (b "+l .

X

[, = max |x| 12 don di¢u (6D

Sau ddy 1a mot s tinh chat quan trong cta
cac ma tran khong adm duoc st dung thuong
xuyén trong bai bao nay.

Bo dé 1.1 ([6]). Cho ma trdn AR Khi do,
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(1) p(A) la mét gida tri riéng cia A va ton
tai mot vécto khong am x e R, x # 6 sao cho
Ax=p(4)x.

(ii) (1, —A) " ton tai va khong am khi va
chi khi t> p(A).

B6 dé 1.2 ([6]). Cho ma tran AeR”". Cdc
ménh dé sau la twong dwrong

(i) p(4)<1;

(i) IpeR", p>>60: Ap << p;

(iii) (7, - 4) " > 6.

2. On dinh mii ciia h¢ phuong trinh sai
phan phi tuyén )

Xét hé phuong trinh sai phan phi tuyén phu
thudc thot gian c6 cham
x(k+1)=F(k,)o(k),x(k-rl(k)),x(k-rz(k)),...,x(k-z;(k))), keZ, (1)
trong do, r 1a s6 nguyén duong cho trudc;
F():Z, xR - R" 1a ham cho trudc sao cho
F(k,6...,0)=6, v6i moi keZ, (tirc1a v=6 1a mot
diém can bang cua (1)); t,():Z,>ZL,,
0<z,(k)<t VkeZ, jer,

Goi S la tap hop tat ca cic ham
o(): Z[%O] —>R". Vi mdi ¢@eS, ta dit
||(p|| = max{”go(j)”:j eZ[_T’O]}. Véi mdi ham
diéu kién dau @€ S, (1) c6 duy nhat nghiém, ki
hi¢u boi x(-,¢), théa man diéu kién ([6])

x(j)=§0(j)a jEZ[#’O]. (2)

Dinh nghia 2.1 ([5]). Nghiém khong cua (1)
duoc goi la on dinh mﬁ tgdn cuc (globally
exponentially stable) néu ton tai K >0 va
B €[0,1) sao cho

VkeZ,, VpesS: Hx(k,(p)u <Kp* ||(p||

Khi nghiém khong cia (1) 1a 6n dinh mil
toan cuc, tanodi (1) la on dinh mil toan cuc.

Nam 2015, cac tac gia trong tai li¢u [5] da
dua ra diéu kién 6n dinh mil toan cuc cua (1)
nhu sau:

Pinh li 2.2 ([5, Theorem 5]). Gid st ton tai
m+1 cac ham ma trgn khong dm
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Z _) ]Rnxn

+ >

A,() iem, va (m+l)(r+1) cac

ham thuc v6 huong khong dam ay.(k),
sao cho Zal.j(k):l,

Jery

iem,, jer,, keZ,

ViemO,VkeZ va

(6] <

Néu ton tal /16(0,1), peR,, p>>80 sao cho

(24(/«)

iem,

‘ kuoul, LU ! )} Vu, eR, j er,, Vk€ZL,.

—/Unjpﬁﬁ, VkeZ,, (3)

thi (1) la én dinh mii toan cuc.
Hé qua 2.3. Gia s ton tai m+1 cdc ma
trdn khong am A eRY", iem, va (m+1)(r+)

cdc ham thyc vé hudng khong dm «; (k),
sao cho Z%(k):l,

Jery

iemy,jer,, kel,

Viem,, VkeZ, va
kit | < 3| o

iem,

‘a(k)} Vu, eR’', jer,, VkeZ,. 4)

Néu p[z A,-]d thi (1) la on dinh mii toan cuc.

iem,

Chitng minh. Ap dung B6 dé& 12, vi

ZAI. >0 va p(z AI.J<1 nén ton tai vécto
iem, iem,

peR", p>>0 sao cho [Z Ai]p << p. Tu do,

iem,

ton tai A€ (0,1) sao cho (ZAijpS/lp, hay

iem,

(Z A - /Unj p < 6. Khi d6, tit ca cic gia thiét
cua Pinh li 2.2 dugc thdéa man, vay (1) la on dinh
mii toan cuc. i

Sau ddy, ching ti ap dung H¢ qua 2.3 d¢
nghién ciru bai toan on dinh cua h¢ phuong trinh
sai phan phu thugc thoi gian chiu nhicu. )

Xét h¢ phuong trinh sai phan (1). Gia thiét
rang Z%‘ (k) =1, Viem,, Vke€Z,, (4) théa man

Jery

va p(ZAi] <1, khi d6 theo Hé qua 2.3 thi (1)

iem,

1a 6n dinh mil toan cuc. Xét h¢ phuong trinh sai

phan chiu nhieu phi tuyén cé dang sau

xtk+1) =F(k,x(k),x(k=7,(k)),....x(k—7,(k)))
+G{kx(k),x(k=h(K)).....x(k—h (K))), k€,

trong d6 G(-): Z, xR""

sao cho G(k, 6’,...,6’) =0, v6i moi keZ, va

h(): Z, >Z,., 0<h (k)<h VkeZ,jer,,

v6i h>0. Ngoai ra, trong sudt muc nay ta gia
thiét rang

‘G(k,uﬂ,tq,..., )

)

—R” 1a ham nhiéu

ZD‘.AAE‘[ /””“’)} Vu, R, VkeZ,, (6)

Jeso

trong 46 D, e R™, E, e R%", i
tran da biét; A, e R,
chua xdc dinh (unknown) c6 chtra cac tham sb;
B;,():Z, >R, i€y, jes, la cic ham thuc

€y, la cac ma

€, la nhiing ma tran

xac dinh.

Bai toan dat ra o day la tim mot s6 thuc
dwong v, dwoc goi la bién on dinh (stability
bound) cua (5), sao cho hé phuwong trinh sai
phan chiu nhiéu (5) van duy tri tinh 6n dinh mii
toan cuc mot khi do lon cua (AO,AI,...,AV) be
hon y.

Dinh i sau ddy cho ching ta mot bién 6n
dinh twong minh ctia hé chiu nhiéu (5).

Pinh li 2.4. Gid si: tdt cd cdc diéu kién sau
day duwoc thoa man:

(i) D o, (k)=1, Viem, Vkel,;

JELy

Zﬂ[j(k):l, Viey,, VkeZ,;

J€Sy

(ii) (4) théa man va p[z AI.J <1;

iemy

= -1
(iif) I(s0 A)ZA[m £ (1-ga) 0 J 0

Khi do, h¢ phwong trinh chiu nhiéu (5) van duy
tri tinh on dinh mii toan cuc.
Churng minh. Tt (4) va (6) ta co
‘F(k,uo,ul,...,ur)+G(k,u'0,u',,...,

1
u')
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VIR

Leny,

JESO

a; (k) B (k)
ponel et}

voli moi vOol moi

keZ,. Ap dung Hé qua 2.3, dé chiing minh (5)

la 6n dinh mi toan cuc ta chi can ching minh

U[,M'j ERnaiEij €§07

p[ZAI + ZDiAiEI.J <1l. Dung phuong phap

ieny i€y,
phan chung, gia st nguoc lai ring
p[z A4+ ZDI'A:'EI'J >1, ta can chira

i€my i€evy

2.[[a]| 2| max

i,jev,
iev,

E, [1 —ZA] D,

remy

Dét tO:p[ZAi+ZDiAiE;]ZI, M = Ai’

iemy icy remy

khi do p(M)<1.
(1,-M)"
Mit khac, do ZA, +ZDAE1 >0 nén theo

iem, i€y,

Theo Bb6 d& 1.1 (ii),
va (1,0, -M )_1 ton tai va khong am.

Bo @& 1.1 (i) ton tai xeR”, x # @ sao cho

[z 4 +ZDiAiEi}x=t0x,

hay
> DAEx=(t,],—M)x. (8)
Nhan hai vé cua (8) v6i (¢,I, -M )" tir bén
trai, ta co
(tod,-M) ZD,AiE,x =X. ©)
Goi j, la chi sb
E. xH Khi do, tr (9) suy ra

sao cho

HE xH max

HEjﬂxH > (]) mZtuc la HEjoxH #0). Nhéan hai vé cua
(9) voi E . tr bén trai, ta co
E, (t,I,-M)" > DAEXx=E, x.

i€y,
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Lay chuan hai vé ctia dang thirc trén va ap dung
tinh chit chuan cua tich hai ma tran (hoac hai
vécto, hodc ma tran va vécto) khong vuot qua
tich ctia cac chudn cua hai ma tran (hodc hai
vécto, hodc ma tran va vécto, tuwong ung) do
(2], taco

>

1€y

(12, =) " DI J|Ex] =] 2,

]0

Diéu nay suy ra

max| £, (ZIIA IIJHE x| 2[&, -
Vi max | E, (1,-M) D[H #0 nén
SIa > (max|E, (1,-2) b)) . 10)

lEV

Mat khac, ta c6

(£,~M)" (40, =M)" =(t,~1)(1,~M)" (1,1, ~M)" >
do d6 (I,-M) "' >(t,d,-M)". Suy ra
E,(I,-M) D,2E, (t,J,-M) D, Khi do,

(1, —M)"Dl.Hz”Ej(toln -M)' D],
Tir (10), (11) suy ra

2.[[A]| 2| max

i €V
lEV j

E[I_ZAJ i

lEmO

Diéu nay méu thuin véi (7). Do do, ta co

p(ZAi+ZDI.AiEl.J<1. Suy ra diéu phai

chirng minh. U
Chung t6i dua ra mot vi du dé minh hoa cho
H¢ qua 2.3 va Binh li 2.4.
Vi du 2.5. Xét hé phuong trinh sai phan phi
tuyén c6 chdm trong R* duoc cho boi

x(k+1) = F(kx(k),x(k—7,(k))), keZ,, (12)
trong do, T, () Z, — 7, la ham bi chan va
LR T S B B I
2707 TR T e
F(k’x"’x')':l I T NS O B
gxmzxnz B R T _é)fo14)ﬁ14 +g>qn“xlz4

;. T 2 .
keZ,, voi x, =(xl.l,xi2) eR", i=0,1.
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Khi d6, ta co
o) <A o)l ol o ol
v6i moi keZ,,x,,x, € R’. Trong d6 cic ma
tran A, 4, A, duoc xac dinh bai

1 1 1 1
i *% i
= ,A = LA, =
5 10 SRR I T T e O
8 4 2 8 6
bat M =A4 + 4, + A4, tacod
1 1
1
p(M)=p 2 4 =7+\/—9<1. Khi d6 theo
L2l
2 3

H¢ qud 2.3 thi (12) 1a 6n dinh mil toan cyc.
_ Tiép theo, xét hé phuong trinh sai phan chiu
nhicu nhu sau

(k1) = F (ko x(k), x( =, ()

+ Gk x(k), x(k = (k) x(k—h, (K))), (13)
trong do, keZ,, h,():Z, —Z 1a ham bi

chan va G duoc xac dinh boi

3 3 LR 3 i 122
(Eﬁjod)ya‘,yﬁyé *(Eﬁﬁdjy&y&yé TR

1 2 2

'[%e'*'slof]y(fzylszyzsz
G(k, 0115 2) =
- 1 3 3 LN 1 1 11 %
5’7}'51Y1x1y231_(@a*'mbjy{;zylxz)’;z+[§C+Edjy611y14|)’i1

1 1 .
'(EC +Ed)ygzy|42yfz

trongd6 k€Z,, y, =(y,.»,) €R%, i=0,1,2 va

a, b, c, d, e, f 1a cac tham sb thyc.
Khi d6, ta co

1 1 1 1 1 1
G(k,yo,yl,y»szm(yosoylsoyzsj+m(yowoyzz]

+QAzEz[yo§°xioyﬁ],VkeZ+,Vyo,yl,yzeRZ.
Trong do

0 0 i
Dy=| 1| ay=(lal o). £ L

10 g B

D, =

S W | —

1

2 10
A :(|C| |d)’ El:: 1 1
4 10

23

5 2
(el ). B S 2]
0 N

10

Ap dung Dinh li 2.4, ta c6 (13) van duy tri
tinh 6n dinh mii toan cuc néu

4]+, 42 <

Ta co

RS
=~
|
=
i)
I

1
£ (1-m)"nf

(14)

i,j€{0,1,2}
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4.05 Vay néu cac tham sO a, b, c d e f thoa man (15)
E, (]2 —M)_l D, =| 357 |, thi (lg) I‘?é'ri (lillllgl;m tinh 6n dinh mi toan cuc.
50 V.(')’i y tLr(fY.ng va cach tiép can khac, chung t6i
1 da dua ra mét vai diéu kién tuong minh méi cho
E, ( I,- M)*l D, =| 42 |. tinh on dinh nghiém ctia h¢ phuong trinh sai phan

phi tuyén phu thugc thoi gian ¢6 cham, chiu nhiéu
25 phi tuyén. Cac két qua thu duge 1a méi va co ¥
Gia st R* duoc trang bi chuan p=2. Khi nghia khoa hoc, gép phan lam phong phu thém

d6, (14) tré thanh tiéu chuan 6n dinh nghiém cua 16p hé phuong

— — — 1 trinh sai phan co chém, phu th}l(f)c ‘gh(‘)’i gian.
ol 17 e v dP e+ 17 < e Hudng phat trién cla vén d& nghién ctru 1a
(4.05)° +(50j khai thac, phat trién ki thuat da co trong bai bao

dé nghién ctru tinh chét twong tu di voi 16p hé
_ 1 . (15) phuong trinh sai phan ngau nhién c6 cham, hé
V67.3821 phuong trinh sai phan c6 cham véi bién lién tyc.
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SUFFICIENT CONDITIONS FOR SOLUTION STABILITY OF NONLINEAR TIME-
VARYING PERTURBED DIFFERENCE SYSTEMS WITH DELAYS

Summary
In this paper, we generate new sufficient conditions for exponential stability of nonlinear
perturbed time-varying difference systems with delays. An example is provided to illustrate the
obtained results.
Keywords: Difference systems; perturbed systems; stability bound; exponential stability.
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