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PIEU KIEN CAN VA PU THEO DAY CHO NGHIEM CUA BAI TOAN TOI UU
VOI RANG BUQC NHUNG

e Nguyén Kim Ngan®, Vé Btic Thinh"”

Tém tit
Trong badi bdo nay, ching téi xdy dung diéu kién can va dii theo déy cho nghiém ciia bdi todn toi
wu voi rang buoc nhung. Cac diéu kién toi wu theo day dat dwoc trong bai bao nay khong can kem

theo mot rang buoc chinh qui.

Tir khéa: day, nghiém cia bdi todn t6i wu, rang budc nhing.

1. Giéi thi¢u

Trong Li thuyét t6i wu, dé dic trung diéu
kién can cho nghiém cta mot bai toan tdi uu
thuong phai kém theo mot diéu kién chinh qui
nao do [3], [4], [5], [9]. Cac diéu kién chinh qui
thuong gip 1a diéu kién chinh qui Slater, ACQ,
BCQ, FMCQ... Nam 1982, Borwein va cong su
[1] da dac trung didu kién t6i wu cho mot 16p bai
toan t6i wu ma khong can diéu kién chinh qui
kém theo. Nam 1997, L. Thibault [10] da xay
dung diéu kién can va du cho nghiém cia mot
16p bai toan tdi wu bang nhan tir Lagrange. Két
qua 1a ton tai didy nhan tir Lagrange ma khong
can rang budc chinh qui. Ciing ciing ¥ tudng nhu
thé, V. Jeyakumar va cong sur [7] xét bai toan

min f(x) sao cho g(x) € —S, (P
trong d6 X la khong gian Banach phan xa, Z 1a
khong gian 10i dia phuong, S 1 nén 16i dong
trong Z ma khong can nd c6 phan trong khéc
rong, f:X — R 1a ham 15i lién tuc va ham
g:X — Z 1a ham S-16i lién tuc. Sau do, cic tac
gia da Xay dung day nhan tr Lagrange cua Bai
toan (P*) ma khong can rang budc chinh qui. Tt
do cac tac gia gioi thiéu mot s6 két qua trong mot
sd truong hop dic biét.

Trong bai viét nay, dua vao tai liéu [7],
chung t6i bude dau xay dung diéu kién can va du
theo ddy cho nghiém cua bai toan t6i uu c6 rang
budc nhing nhu sau.

min £ (x) P)
{xeR"[g(x)=(g/(x),...8,(x) €7},

trong do 1 : R” —)ﬁ,gj ‘R" —)ﬁ,jzl,...,
céc ham 151 chinh thudng, nira lién tuc dudi va

T={yeR" |a/y<b,i=1,.,p}.

saocho xe Q=

m la
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Trong truong hop f:R" - R, g, 'R SR,
j=L...m, f,g; 1a ham i, lién tyc v6i moi

j=1..,
dac biét cua bai toan trong [7].

m. Bai toan (P) s€ la mot truong hop

2. Cac két qua bd tro
Trong bai bao nay, chung téi ki hi¢u
R =R U {400} va quy udc:
Ox+too=30c0x0=0,
+00 +(—00) = +00 —(+00) =
400X (—00) = —00 X (+00) = —00.
Chung t6i viét1a x < y néu x = (X,%y,..5X,),
Y=Y ¥,) ER" khac rong va x, <y,
véi moi i =1,...,n. Cho K 1a mdt non 16i dong
trong R”. Ki hiéu K" ={" cR'|x"x>0,VxcK]}.
Cho f:R" — R. Tdp xdc dinh ciia ham f,
ki hiéu la domf’, dugc dinh nghia boi
domf :={x e R"| f(x) < +o0}.
Phan trén cua &6 thi f, ki hiéu 1a epif,
dugc dinh nghia boi
epif ={(x,r) e R"xR|xe domf,r> f(x)}.
Ham f dugc goi 1a [6i trén R” néu v6i moi
x,y edomf va a €(0,1), tacod
flax+(1-a)y)<af(x)+1-a)f(y).
Ham f duoc goi 1a chinh thwong (twong
Umg, nira lién tuc dwdi) néu f(x)>—o0 voi moi
xeR” va domf #J (tuong ting, epif la dong).
Cho D cR", bao déng, phan trong twong
doi va bao 16i cia D duoc ki hiéu theo thr ty
nhu sau clD, riD va coD. Ham gid o, dugc
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dinh nghia 1a o, (1) :=sup{u,x) va non sinh boi
xeD

D dugc dinh nghia la coneD:=|JaD. Cho

a>0
f:R" >R 1a ham 15i, chinh thuong, nira lién
tuc dudi. Khi d6 ham lién hop f :R" >R
duoc dinh nghia la
S () =sup {(u,x) — f(x)| x € domyf}.
Cho €20, &-dudi vi phin cia f tai
X e domf, ki hiéu la 0, f(x), dugc dinh nghia
nhu sau
0,f(F)={x" eR" [{(x',x=X) < f(x)~ f(X) +¢
voi moi x € domf'}.
Chang ta goi O-duoi vi phdn cia f tai
x e domf 1a dwoi vi phan cua f tai X € domf.
 Trong [8], cac tac gia da gidi thiéu cac qui
tac tinh cho dudi vi phan nhu sau.
B @& 2.1. Xét f, f:R" =R, i=1..,p
la ham 16i, chinh thuwong, nia lién tuc dudi. Khi
do ta co cac ménh dé sau.

i) Voi moi A>0,xcdomf, ta co
O f)(x) = AOf (x).
ii) Néu ﬂipzl ri(domyf,) =& thi véi moi

x€e ﬂil domf, ta co

p
Ofy + -t £,)0) =D 0f; ().
i=l
Gia st K 1a nén 16i dong khac rong trén
R", khong can phan trong khac rdng va cac ham
chinh  thuong, ntta lién tuc
g :R" >R, i=1,...,m Takihiéu

dudi

8= (gla'-'5gm) va dOIng ::ﬂ domgl..

i=1
Ta néi rang g la K-16i néu véi moi
x,, x, edomg va a €(0,1) taco
glax +(I-a)x)) —ag(x) - (1-a)g(x,) € K.
Trong truong hop K =R”, g =(g,,....g,), &
1a K -18i khi va chi khi g, 1a 1di trén R" véi

moi i=1,...,m.

B6 dé sau gi6i thiéu mot két qua quan trong
ctia ham lién hop. Két qua nay duoc trinh bay &
([6], trang 4).

B6 dé 2.2. Xét ham 16i, chinh thirong, nira
lién tuc dudi f-R" >R. Khidé ™ =f.

Tiép theo, ching t6i trinh bay mot sb két
qua bd trg. Cac két qua nay duoc trinh bay trong
tai liéu [7] v6i gia thiét 13 lién tuc va ham S-16i.
B6 d¢ sau 1a sy mo rong cua [7] trong truong
hop ham 16i, chinh thudng, nira lién tuc dudi.

B6 dé 2.3 Xét g :R" > R,i=1,....,m la
ham 16i, chinh thwong, nmira lién tuc dwdi va
g=(g,....g,) voi domg=d. Khi do

g \(R) =D khiva chi khi
0,-1) ¢ cl( | epi(1g)").

AeR”
Chimg minh. Xét A€ R” va x" € R". Vi
g(x)>—00 véi moi xeR" va —A\g(x)>0

véimoi x € A:=g "(R"), taco

(g)' () =sup (3", x) ~ O

> sup| (', x)~ (Ag)()]
> sup <x*,x>} =0 ,(x")

trong d6 o, 1a ham gia cua tap 4. Vi ham gia la
nura lién tuc dudi, ta c6 epio, 1a dong. Do do
cl( | J epi(Ag)") C epio,.

AeR”
Néu A=@ thi (0,1)€epio,. Khi d6
0,—D ¢ cl( | epi(Ag)).
AeR”
Nguoc lai, néu (0,—1) & cl( | epi(Ag)")

AeR”
thi theo Dinh li tdch Hahn-Banch, tdn tai
(x,a) e R"xR i i
(u,v) € cl(| ] epi(Ag)), tacod

AR

<(x,a), (0,— 1)> <0, <(x, ), (u,v)> > 0.

sao cho vOi moi
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Do @ a>0 va <u,x>+av20 vl moi

(u,v) €cl(| J epi(Ag)"), Pat ¥=——,tacod
(6%

AeRY

<u,)?>—v§ 0 v&i moi

(u,v) € cl( U epi(Ag)").

m
=+

Vi véy, voi moi A€ R”, uedom()\g)’, ta co
<u,)?>— (Ag) <0. Vi \g la nua lién tuc dudi,
ap dung B6 dé 2.2 ta co

(AQ)(E®) =(Ag)" (¥) = sup (1, ¥) —(\g) ()| <0

ueRrk”

nghia 1a g(Xx)€R” néntac6 X€ A va do do
A=D. O

. Chung minh Bo6 @€ 2.3 tuong ty nhu ,[7, Bo
de 3.2]. Tuy nhién & day ching to6i gia thiét ham
dang x¢ét la trén 16p ham ntra lién tuc dudi thay vi
lién tuc nhu trong [7]. Bang cach nhu vay, bo dé
sau cling duoc ching minh hoan toan twong tu
nhu [8, Bo dé 6.1].

Bo dé 2.4. Cho K la nén 16i trén R" va
g:R” —>R" la ham chinh thwong, K -16i, nira
lién tuc duoi. Khi do

A= | epi(Ag)’
Aek*
la mot non [oi.

Chimg minh. Cho (x',7)€ 4. Khi d6 ton
tai A€ K™ sao cho r>(\g) (x). Voéi moi
a>0,tacod

(A\g) (ax") =sup Kax*, x> — a)\g(x)]

xeR”

=a sup Kx*, x> — )\g(x)}

xeR”
=a(\g) (x) <ar.

Do d6, ta c6 a(x,r)€epi(\g) C 4.
Nghiala A4 1a mdt non.

Xét (x,,%),(x,,n,) € A. Khi d6 ton tai
N €K'\ €K' sao cho

(x/,1) €epilhg) va (x;,7) € epi(h,g) .

Véi moi v €(0,1) taco A=\ +(1—)\ €K’
va
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) O3 +(1=7)) =sup| {3 +(1-7)5) ~Ag()]
=sup| {313~ A+ x) 1 =)0
<sup ()~ A0 sup (1))~ =D
AL )+ ()
<y +H1=n
nghfa 12 7(x;, 1) +(1—7)(x;, 1) €epi(Ag) C 4
Do d6, 4 1a mot tap 16i. Vi vay, bd dé da duogc
ching minh. O
) Cudi cung, chﬁng to1 giQi thiéu lai mot so
két qua cua giai tich 161. Cac két qua nay dugc sur
dung dé ching minh két qua chinh cua ching t6i.
Doc gia co thé tham }(héo [2], [7] cho su gidi
thiu chi ti€t cua cac két qua.

Bo dé 2.5 ([7], Ménh dé 2.1). Cho X la
khéng gian Banach, f:X — R la ham 1oi,
chinh thwong, nita lién tuc dwdi va X € dom f.
Khi do ta co
epif = J{e+(nX)— f() VeI ST}

e>0

Ménh dé 2.6 ([2], Pinh 1i Brondsted
Rockafellar). Cho X la khong gian Banach,
f:X =R la ham 16, chinh thuong, mira lién
tuc dudi. Khi dé, véi moi sé6 thuc >0,
x €0_f(X) ton tai x. € X,x. €9f(x.) sao cho

x — X < Ve il =2 <V,
F@)— f@—{xx ~x)| <22

3. Diéu Kién toi wu theo diy cho bai toin
t6i uu

Trong muc nay, chung ti s& xay dung diéu
kién can va du theo day cho nghiém cua bai toan
(P). Céc diéu kién t6i wu nay c6 dugc ma khong
can kém theo cac diéu kién chinh qui nhu cac
diéu kién chinh qui Slater, ACQ, BCQ, MFCQ.

Pinh li 3.1. Xér bai toan (P). Cho
g=(g,....,g,) va xeg (). Khi d6 x la

nghiém téi wu cua bai toan (P) khi va chi khi ton
tai u €df(x), x, >%, A =(1,...,A2")eR? va

p i * *
w, €00 Ai(a g(x,))) sao cho u +w, —0 va

i=1

p .
> 2i(a’ g(X)~b) =0 khi n—> 0.
i=1
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Chirng minh. bit g, (x) = al.T g(x)—b,
Vi=1,..., p. Khi d6 X € g '(7) khi va chi khi
X € g '(R”). Bai toan (P) trd thanh

min f(x) sao cho g(x) <0.

Ta ching minh X 1a nghiém cua bai toan
(P) khi va chi khi ton tai u” € 0f(X) sao cho

(—u",=(u", %) e cl(|J epi(22)). (1)

AeR?

That véy, néu (1) théa man thi khi d6 ton tai

{u,} CR?, {u,} CR", {r,} CR sao cho

w, ——u', 1, ——(u',X), (11,8) () <7,
voimoi n € N.

Khi d6, véimoi x € g '(R”) ta co

<u:,x> <r+pmg<r,.

Cho n—oo ta co —<u*,x> < —<u*,f>.
Diéu nay tuong duong véi
—<u*,x> —|—<u*,)_c> <0, véimoi xe g '(R))=0.
Do d6 ta co —<u*,x—)?> <0, —u" € N(x,Q).
Suy ra 0 € 9 (x) + N(x,2).
Vay X la nghiém toi vu cua bai toan (P).

Nguoc lai, gia st X la nghiém cua bai toan
(P). Khi d6 ton tai u” € 8f (X) sao cho

<u*,x> > <u*,)?>, vdi moi x € g_l(ﬁf).
Ta can ching minh (1) ding bang phan ching.
Gia su nguoc lai

(—u',=(u" X)) e cl( U epi22)).
AeR?
Vi g7 '(R?) = @ nén theo B6 dé 2.3 ta co
(0,-D ¢ cl( | epi(28)") véi VAER?.
AeR?
Chung ta khang dinh ring
BNel( | J epi(Ag)) =2,
AeR”

trong d6 B={(-u {1/ ¥))-H1-X0—DER xR 5€[1]}
1a doan thang ndi hai diém (— <u*,x>,—<u*,f>)
va (0,—1). bé thay duogc di€u nay ta gia su
nguoc lai rang

BNel( | ] epi(Ag)") = 2,
AeR”
Khi d6 ton tai 6 €[0,1] sao cho
6w~ TN +1-6)0.~D el | epi(Ag))
AER?

nghia la

(—5u*,—5<u*,f>— (1-8)) eel( | epi(rg)").

AeR”
Mit khéc, vi 0€ R, epi(0g) = {0} xR, nén
{0} xR, Cel( | epi(Ag)"). TrB6 dé 2.4 ta co
AeRA
(—bu', =8 (u’, %)) = (—6u’, 6 (", %) — (1= 8)) +(0,1-6) € l( U epi(Ag)).
Do dé
* * 1 * L J— . ~\ ¥
(—u ,—<u ,x>):g(—6u ,—6<u ,x>)€cl( U epi(Ag) ).
AeR?,
Pay 1a mot sy mau thuan. Vay kh?mg dinh trén
la dung. .
Ap dung Dinh li tich Hahn-Banch, ton tai

(x,0) e R" xR, (x,0) = (0,0) sao cho

[6(—u*,—<u*,7c>) +(1—8)0, —1)} (x,3) <0, voi
moi ¢ €[0,1]
va (v,x)+78>0, véi moi (v,7) €d( | epi(Ag)).

MeR?,

Cho 6=0 ta co6 >0 va cho 6=1 ta ¢co
<u*,x>+<u*,)_c>ﬁ>0. Do d6

<u*,_?x> <<u*,)?>.
Mat khac

—%{v,)c) —5<0,Y(m8) ecl( | epi(A@)).
AeR%.

Suy ra
_%<v, x)= (M) (v) 0,v € dom(A2)".

Do d6 véimoi A =(4',...,A") e Rf ta co

A =0g) (=)=

; = s (L (nx) -0 M) <0.

vedom(\g) 15

Suy ra —?x € g '(R”), diéu ndy méu thudn véi

<u—%>§<uf> Do d6 (1) dang.
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Ap dung B6 d& 2.5 ta ¢ (1) twong duong
voi
('~ X)) e d(|J tme+(wx)-(1)x) | wed,(2a)®). (2)

Do do, ton tai day 4, =(1),...,A7)eR”,
g, eR, vav, €0, 4,8(x) sao cho
(—u',=(u", X)) = lim(v), &, +(v,.X) - 41 &,(x,)).
Diéu nay c6 nghia 1a
u+v, >0, u €df(x), v, e 0, 4,8(x),
(u" +v,.%)+&, - 4,(a g(x)-b) > 0. (3)
Suy ra
p .
&, =2 Aa g(x)=b) —>0. (4)

i=1

Vi xeg(R”) nén A;(a/g(x)-b)<0

v6imoi i = 1,..., p. Két hop vdi (4) ta co
g, >0 va A (a g(x)-b)—0.

Vi viy, ton tai diy A, eR’, g —0,
u €of(x),v, € 0, 4,8(x) sao cho

u" +v: -0, Zp:/lli(afg(f)—bi) — 0.

i=1

Ap dung Ménh dé 2.6, v6i moi neN, ta co
x, eR" va w €0(4,&)(x,) sao cho

Ix, =% < &, . hw, =) ll< e,
|[(A,8)(x,)—(4,0)®) - (w).x, — %) |< 28,
Vi g >0y »-u edf(x) va iﬂi(afg(f)—bi)—)(),
ta co )
x, =X, u +w, —>0va

3 A (@ g(F)~h) >0,
Hon nira, ta c;)l
j eag,,ﬂhg(fc)=a(iﬂ;<qu(x>—a))=a<i o)
Suy ra ton tai l_u* edf(x), Ae ]1_{27, X, > X,

n-i

p .
w e G(Zﬂ’afg(xn )) thoa man
i=1
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p .
u +w, —0va Y A(a g(x)-b)—0.
i=1
Do d6, diéu kién can di duoc chirng minh.
bé chung minh diéu kién du ta gia st nguoc
lai rang ton tai u" €df(X), AeR’, x, >X,

w' e d(a g(x)—b,) théa man

p .
u +w —>0va Zlé(afg(f)—bi) — 0.
i=1
trén, ta ¢o

Khi d6, véi ¢ nhu

(4,8) w)) =(w,,x, )= 2,&(x,). Vi vay
(W, (wsox, )~ 4,8(x,) € epi(4,8)".
Hon nita, ta ciing ¢c6 x, > X,w, +u, —0 va

A,8(x,) — 0. Do do, ta co

(whx,) - (4,8)(x,) > —(u".x).
Suy ra
0wy, Wy, ) = (4, 0)(x,) = (u',=(u",X)),
nghia la
(-u",~(u" %)) e cl(|J epi(4,8)").
AeR?

Str dung (1), ta c6 X 13 nghiém tdi vu cua
bai toan (P). Vay diéu kién du dugc ching minh.

DQ d6 dinh li da dugc chung minh. O

Két thuc bai bao nay, chung t61 gidi thiéu
mét vi du dé khang dinh rang két qua cua ching
t61 la khac biét voi két qua trong [7].

Vi du 3.2. Xét bai toan toi wu co rang

buédc sau
min  f(x)
(P1)
sao cho xeQ:={xeR|g(x) e},
) A, x€[-11]
d = =
trong do f(x) o L 1], gx)=x

vaTi={xecR|3x<2}.

Vi f:R” — R khéng lién tuc nén két qua trong
tai liéu [7] khong t‘hé ap dung cho Bai toan (P1).
Tuy nhién, cac di€u kién trong Dinh 1i 3.1 duogc

1
nta lay x, =——0,
n

)\n:l—>0+. Khi 46  9f(0)=[-11],
n

thoa man. Hon
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0g(x,) =1, véli  moi neN. Chon Theo Pinh li 3.1 thi ta cd X =0 1a nghiém tdi uu

* * . . ua Bai toan (P1).

=0€9f(0 =1€9 o ciabal , . ,

" o < ]T( ) €0g(x,), v6i moi n Kiém tra truc ti€p ta thay x =0 la nghiém
Khi d6 ta c6 \ s i wu duy nht cua Bai toan (P1).
u +A3v, ==—0, \ (d g(x,)—b)==—=—0.

n non
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SEQUENTIALLY NECESSARY AND SUFFICIENT CONDITIONS FOR SOLUTIONS
OF OPTIMIZATION PROBLEMS WITH INCLUSION CONSTRAINTS

Summary

In this paper, we provide sequentially necessary and sufficient conditions for optimal solutions
of optimization problems with inclusion constraints. The sequentially optimal conditions obtained are
without any constraints.

Keywords: Sequence; solutions of optimization problem; inclusion constraints.
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