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KHAM PHA KIEN THUC MOI
_ TRONG DAY HQC HINH HQC KHONG GIAN
NHO KHAI THAC MOI LIEN HE VOI HINH HQC PHANG

e Dao Tam®, Luong Van Bén"

Tém tit
Bai bao trinh bay cach khai thac méi lién hé giita hinh hoc phang va hinh hoc khong gian, dac
biét la méi lién hé nhan qud, nham luyén tdp cho hoc sinh cach huy dong klen thire dé giai quyét vin
dae trong cdc tinh huong tri thiee moi [4]. Tw twong nghlen civu trén ciia bai viét dwoc cu thé héa trong
day hoc hinh hoc khéng gian & truong trung hoc phé théng. Tir d6 giup hoc sinh khdc phuc mét s6
khé khén va chwéng ngai trong hoat dong tim toi cach phdt hién gidi quyét cac vin dé toan hoc [5].
Tir khéa: Kham phd, tri thike, hinh hoc phang, hinh hoc khéng gian, méi lién hé nhén qua.

1. Pit vin dé

Khi day hoc hinh hoc khong gian, hoc sinh
thuong gap nhimg kho khan cha yéu nhu:

- Kho khan trong viéc két ndi kién thirc
duogc hoc trong hinh hoc phing véi kién thirc cia
hinh hoc khong gian duoc nghién ctru thong qua
sir dung cac hinh biéu dién. Khé khan trén thé
hién hoc sinh con ngd nhan cac quan hé khong
gian thanh cdc quan hé trong hinh hoc phang.
Kho khan nay gay nén do tri tudng tugng khong
gian cta hoc sinh con yéu [3].

- Kho khan trong viéc hinh dung cac hinh
khong gian qua cac hinh biéu dién. Tir d6 dan t6i
hoc sinh thudng mic sai 1am do bi chi phdi bai
truc quan cac quan h¢ khong gian triru tugng [3].

Bai bao nay trinh bay mot sé phuong thirc
gin két hinh hoc phiang vé&i hinh hoc khong
gian, giap hoc sinh nang cao kha nang phat hién
giai quyét c6 hiéu qua cac van dé hinh hoc
khong gian.

2. N¢i dung nghién ctru

Tir viéc nghién ciru mbi lién hé hinh hoc
phang va hinh hoc khong gian thong qua khao
sat cac tinh chat gitlra cac cap dbi twong: dudng
thang va mat phang; tam giac va t dién; hinh
binh hanh va hinh h¢p; duong tron va mat cau
cho phep ching ta két luan cac cap dbi tuong
trén c6 nhiéu tinh chit tuong tu, diéu nay co
duogc 13 do cac cap dbi twong néi trén 1a truong
hop riéng cta m - phang, m - don hinh, m - cau
trong khong gian Afin va khong gian Euclid.
Trong bai bao nay chung t6i khai thac céc tinh
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chat cua bai toan khong gian thong qua str dung
cic bai toan phang dugc cu thé héa qua cac
phuong thtrc sau.

2.1. Phuwong thie 1: Khai thac cac bo
phan phflng cia hinh khéng gian then chét
lién quan trong bai toin nhim chuyén bai
toan hinh hoc khong gian vé mét s6 bai toan
hinh hoc phing quen thudc

Khi chirng minh m¢t bai todn hinh hoc
khong gian ching ta can vé& hinh lam diém tya
truc quan cho viéc nhan dinh va tim 161 giai cho
bai toan. Tuy nhién, mét bai toan hinh hoc khong
gian ¢6 thé c¢6 nhiéu hinh v& phirc tap giy kho
khan trong viéc tim toi 101 giai [2]. Do do, ta co
thé tach cac bo phén phang cua hinh khong gian
trong bai toan nham chuyen bai toan khong gian
vé t0 hop céc bai toan phang quen thudc. Co thé
minh hoa diéu néi trén qua céac vi du sau.

Vi du 1: Cho hinh chép tr gidc déu
S.ABCD canh day bang a, dwong cao
SH = h. Hay xdc dinh tdm va ban kinh hinh cau
ngoai tié}) hinh chop S.ABCD ([1]).

Trude khi gidi bai toan nay, hoc sinh can
lvu y dinh nghia hinh chép déu dugc dé cap
trong sach giao khoa Hinh hoc 11 (co ban) nhu
sau: “Mot hinh chop duoc goi 1a hinh chop déu
néu no co6 day la mot da giac déu va co chan
dudng cao trung voi tam cua da giac day”.

Cu thé trong bai toan nay 1a hinh chop tir
gidc déu ¢ day 1a mot hinh vudng va duong cao
SH vubdng goc voi mat day (ABCD) va H
trung voi tdm cuda hinh vuéong ABCD nén ta co
hai nhén dinh sau: Thir nhdt, truc SH chira tat
ca cac diém cach déu cac diém 4,B,C,D nén
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tdm O cuoa mdt ciu ngoai tiép hinh chop
S.ABCD nam trén SH. Thir hai, ta chi can tim
diém O ndm trén SH cach déu hai diem S, 4
va O chinh 1a giao diém cia SH va mit phang
trung tryc cua doan théng SA . Tt hai nhan dinh
trén ta c6 hinh biéu dién sau (Hinh 1).

s
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h
4
4 Hal2 c

Hinh 2

Hinh 1

Trong truong hop nay néu dung hinh biéu
dién ctia hinh khong gian dé tim 151 giai cho bai
toan thi ching ta khong thé gitp hoc sinh tiép
can duogc 101 giai mot cach nhanh chong. Vi thé,
ta nén tach cac bo phan phang then chdt lién
quan dén viéc tim tim O, d6 chinh 1 m3t phang
(SA C ) nham chuyén bai toan khong gian vé bai
toan phang quen thudc (Hinh 2).

Nhu véy, ta da chuyén bai toan trén tir viée
tim tAm ctia mat cau ngoai tiép hinh chép tir giac
déu S.ABCD sang tim tdm cua dudng tron ngoai
tiép tam gidc S4C (Tam gidc SAC cantai S).

Theo dinh nghia hinh chép déu: 4BCD la
hinh vudng.

Goi H 1a tdm cua hinh vuong ABCD . Suy
ra SH L (ABCD).

Tir d6 suy ra moi diém trén SH cach déu 4
dinh 4,B,C,D.

Nhu vay, tdm cua hinh ciu s& nim trén
duong thang SH sao cho khoang cach tir diém
d6 dén diém S bang khoang cach tir diém do
dén diém A (hoic B,C,D).

* Xeét ASAC

Puong trung tryc cua doan thang S4 di qua
trung diém I cia S4 cat SH tai O.

Khi d6 OS = OA.

Theo 1i luan trén thi O4 = OB = OC = OD.

Suy ra O 1a tdm cia hinh cau ngoai tiép
hinh chop S.4ABCD.

Ta da xac dinh dugc tim ctia hinh cau ngoai
tiép hinh chop S.4BCD. Viéc con lai trong bai
toan 1a tinh ban kinh ctia hinh cau nay.

* Xét tam giac SAH vudng 6 H, taco

m/’

SH = h (Gia thiét); AH =

SA=~SH? + AH? = +—

* Xét hai tam giac ASIO va ASHA, ta co

ISO 1a goc chung; SIO = SHA =90".
Suy ra ASIO va ASHAdodng dang, hay
S _50

SH S4°
2
Suy ra SO:wz 54 .
SH  2SH
2
h2+i 2 2
Viy R=SO=L 2 _2h+a
2 h 4h

* Ta co thé tinh bdn kinh ciia hinh cdu
ngogi tiép tir dién S.ABCD theo cich sau.

Tam glac SAC 1a tam glac c6 ba dinh nam
trén hinh cau va chtra tim hinh ciu thi ta néi rang

mit phang (SA C ) cat hinh cau theo duong tron
16n chinh 14 dudng tron ngoai tiép tam giac SAC.

__abc _sascAc _sa2 " Ty

R, : Béan kinh duong tron ngoai tiép tam
giac SAC.

R, : Ban kinh hinh cau ngoai tiép hinh
chop S.ABCD.

Vidu 2: Cho hinh hgp ABCD.A'B'C'D".

a) Tim giao diém G cua dwong thing AC'
va mdt phang (BDA )

b) Chitng minh rang G la trong tam ciia tam
gidc BDA'.

A 1 C

Hinh 4
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a) Tim giao diém G ciia dwong thing
AC" va mdt phang (BDA'")

Chon mit phing (ACC 'A') chtra duong
thang AC"' (Hinh 3).

Dé thay giao tuyén ctiia hai mit phing
(BDA') va (ACC'A") 1a duong thang A'T (véi
I 1a tdm cua hinh binh hanh ABCD).

Trong mat phang (ACC'A'), goi G la
giao diém ctia AC' va A'I .

Suy ra G la giao diém cua duong thang
AC"' va mit phang (BDA').

b) Chirng minh ring G la trong tém ciia
tam giac BDA' 7

Ta c6 duong thang A4'l la duong trung
tuyén cua tam gidc BDA'. Nhu vay dé chung
minh G 14 trong tAm cia tam giac BDA' ta can

. 1 .
ching minh G/ =EGA'. Chung ta c6 thé tach
cac by phan phéng ra khéi hinh hop dé viéc
ching minh dugc dé dang hon (Hinh 4).

Xét hai tam gidc dong dang AGI va

A'GC", tacd ﬂzﬂ:l.
GA' C'A" 2
Suy ra G 1a trong tam cua tam giac
BDA'. [ |

2.2. Phwong thire 2: Tim toi 161 gidi bai
toan hinh hoc khong gian thong qua khai thac
cac bai toan hinh hoc phiang nho sir dung
phép tuwong tw

Cac bai toan ¢ truong phd thong 1a mot
phuong tién rit c¢6 hiéu qua khong nhirng gitp
hoc sinh ndm viing tri thic, phat trién tu duy
ma con hinh thanh ki nang, ki xdo va ing dung
toan hoc vao thuc tién [2]. Hoat dong giai bai
tap toan hoc 1a diéu kién dé thyc hién tbt cac
muc dich day hoc toan ¢ truong phd thong. Vi
vay, to chirc ¢6 hiéu qua cac hoat dong hudng
dan hoc sinh tim toi 10i giai cho cac bai tap
toan co6 vai tro quyét dinh ddi voi chit luong
day hoc toan.

Do dac thu ctia phan mén hinh hoc khong
gian c6 tinh triru tugng va khai quat cao nén hé
thong bai tap hinh hoc khong gian rat da dang
va phong phu, viéc tiép can va van dung ly
thuyét vao bai tap dbi voi hoc sinh con gip
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nhiéu kho khin. Pé gitip hoc sinh dinh hudng
va giai tot cac bai tap hinh hoc khong gian, mot
trong nhitng phuong thuc giang day do6 la véan
dung twong tu hoa trong viéc giai mot sd bai
tap. Dé 1am 16 ndi dung y tudng vira néu ta xét
vi du sau:

Vidu 3: Cho tir dien ABCD voi G la trong

tam. Chitng minh rang GA+GB+GC+GD =0 .

Kién thire dich (Gidi thiéu kién thirc can day)

Yéu cau bai toan twong ty voi tinh chat
GA+GB+GC=0 vé6i G 1a trong tam cua tam
giac ABC.

Kién thirc nguon (Nhdn biét cdc kién thirc
quan trong dung lam tuong tu)

Cho tam giac ABC co6 trong tdim G chung
minh GA+GB+GC =0.

Gidi bai todn hinh hoc phing

Goi M,N lan luot la trung diém cta BC
va AC (Hinh 5).

A

M
Hinh 5

Vi G la trong tam cua tam gidc ABC nén

1

GM =—GA.
2

Mit khic GM va GA nguoc hudng nén
G—Mz—%@ hay GA=-2GM.

Voi M
GB+GC =2GM nén

GA+GB+GC =-2GM +2GM =0.

Vay GA+GB+GC =0. ]

la trung diém cia BC ta cb
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Sy twong tng gitra kién thirc ngudn va kién
thuce dich

Kién thirc dich
(Trong khong gian)

Kién thirc nguon
(Trong mat phang)

Tam giac ABC Tk dién ABCD

G la trong tdm cua
tam giac

G la trong tam cua tir dién

_— _— _ —_ —

GA+GB+GC+GD =0

GA+GB+GC =0

Gidi bai toan hinh hoc khong gian

Goi E 1a trung diém cia CD va G,,G, lan
luot 1a trong tam cua tam gidc BCD va ADC
(Hinh 6).

Hinh 6

Khi d6 GB + GC + GD =3GG,.
Ta xét tam giac ABE , ta co

EG, EG, 1
EB EA 3
Suy ra GG, _ GG, zl, hay GA =3GG,.
GA GB 3
Vi GA va FQ nguoc hudng nén
GA = -3GG,.

Tur do6 suy ra
GA+GB+GC+GD =-3GG, +3GG, =0. =

Nhu vay, Vi du 3 dﬁ lam 1o thém vé mdi
lién hé gilta hinh hoc phang va hinh hoc khong
gian. Chl'mg ta c{) thé su dung kién thuc trong
hinh hoc phang dé tim toi 161 gidi va chirng minh
bai toan hinh hoc trong khong gian thong qua
phép tuong tu.

2.3. Phuwong thire 3: Tim toi 1oi giai cho
bai toan hinh hoc khong gian thong qua khai
thac cac bai toan hinh hoc phing nho sir dung
phwong phap trai hinh

Phuong phdp trai hinh 1a mdt trong nhiing
phuong phéap hay trong giai toan hinh hoc khong
gian. Phuong phap nay gitp chung ta tim toi phat
hién hudéng giai cho bai toan hinh hoc khong
gian. Nhiéu bai toan hinh hoc khong gian dugc
giai quyét dé dang bang cach dua vé gii bai toan
hinh hoc phang théng qua hoat dong trai hinh
(hay khai trién hinh). Day 13 hoat dong khai trién
cac yéu to khong gian 1én trén cing mot mat
phang, chuyén bai toan hinh hoc khong gian vé
bai toan hinh hoc phing, gin két bai toan hinh
hoc phing va bai toan hinh hoc khong gian [4].
Cu thé ta xét vi du sau.

Vi du 4: Cho tr dién ABCD co:
AC=AD=BC=BD=1; AB=a, CD=b;
M,N lan lwot la trung diém ciia AB va CD.

Tim trén canh AD mét diém P sao cho
PM + PN dat gia tri nho nhat. Tinh gia tri nho
nht do.

Theo dir kién bai toan ta c¢6 hinh v€ nhu sau
(Hinh 7).

Hinh 7

Theo gia thiét diém P,M,N thudc hai mat
phang (ABD) va (ACD) thi rat kho dé hoc sinh
co thé tim dugc diém P thude duong thing AD
dé PM + PN nhd nhat. Nhu vy, ta c6 thé st
dung phuong phap trai hinh dé trai tam giac
ACD theo truc AD 1én mit phing (A4BD) thi
diém C' twong tmg diém C, N' tuong ung
diem N dé hoc sinh co6 thé khai qthéc va tim toi
161 gidi cho yéu cau bai toan cu thé nhu sau.
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DC=DC'=b, PN=PN".

Yéu cau bai toan s& twong duong tim
P e AD sao cho PM + PN' nh6 nhat. Suy ra P
1a giao diém ctia MN' va AD.

Khi do: (PM +PN') =MN'.

Va bay gio chung ta chi can tinh do dai
doan thang MN'. Ta dé thay:

Tam giac ABD can 6 D va M 1a trung
diém cua AB suyra DM L AB.

Tam giac AC'D can & A va N' 1a trung

2
— MN'= é ﬁ ,/1—[’—,/1——

- o T

4

Vay diém P can tim trén canh AD 14 giao
diém ctia MN' va AD. Khi d6

ab+ (4—

)

(PM+PN) 7

=(PM+PN'), =MN'=

3. Két luan

diém ciia DC' suyra DC' L AN".
Do d6 tor gidc AMDN'' ndi ti€p va co
AM = %; pN'=2.

b* a’
AN'= [1—-—; DM =,[1——.
4 4

Ap dung dinh 1y Ptoleme, ta c6
DN'.AM + DM .AN'
AD

Trén day ching té1 da xét mot vai phuong
thirc va hoat dong khai thac méi lién hé gitra
hinh hoc phing va hinh hoc khong gian nham két
n6i nhitng tri thirc cia hinh hoc phang véi hinh
hoc khong gian ma lau nay trong day hoc toan
con boc 16 nhiéu kho khian véi hoc sinh. Ching
ta co thé mo rong & cac pham vi khac trong mén
toan hay gitip hoc sinh két ndi nhiing tri thirc
toan hoc lai v4i nhau.

MN'=

Tai liéu tham khao
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DISCOVERING NEW KNOWLEDGE IN TEACHING SOLID GEOMETRY BY
EXPLOITING RELATIONSHIPS WITH PLANE GEOMETRY

Summary

The article presents the way to exploit relationships between plane geometry and solid geometry,
especially the causal relationship, in order to train students how to mobilize knowledge for solving
problems in new knowledge situations [4]. This instructional approach has been specified in teaching
soild geometry at high school. Thereby, it helps students overcome some difficulties, obstacles and
discover ways to solve math problems [5].

Keywords: Discover, knowledge, plane geometry, solid geometry, causal relationship.
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