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PINH Li PIEM BAT PONG CHUNG CUA ANH XA (¢,5,C)-CO YEU
TONG QUAT TRONG KHONG GIAN 2-METRIC SAP THU' TU

e Nguyén Trung Hiéu", Lé Thi Ch&c"

Tém tit
Trong bai bao nay, ching toi gisi thi¢u khéi niém anh xa (v, S,C)-co yeéu, (1, S,C)-co yéu
tong quét trong khdng gian 2 -métric sap thir tu va thiét Idp mét so dinh Ii diém bdt déng chung cho
hai 16p anh xg ndy. Cac két qua nay |a sie mé réng cia cac két qua chinh trong [4] va [7]. Pong thoi,
chiing tdi xay ding vi du minh hoa cho két qua dat durorc.
Tir khéa: diém bat dong chung, anh xa bao toan thi: ti tang yéu theo T', anh xa (v, S, C') -co
yéu téng quét, khdng gian 2 -métric day di theo quy dao.

1. Gigi thiéu

Trong Li thuyét diém bét dong, Nguyén Ii
anh xa co Banach trong khdng gian métric day
du 1a két qua co ban nhat. Trong nhirng nam gan
day, nhiéu tac gia quan tdm nghién cau nhiing
ma& rong cua nguyén li nay cho nhitng I6p khong
gian khac nhau cting nhu cho nhitng 16p anh xa
khac nhau. Trong huéng mo rong cho khéng
gian suy rong, nhiéu tac gia d& gioi thiéu nhiing
khong gian métric suy rong nhu khong gian
b -métric, khdng gian G -métric, khéng gian
S -métric, khong gian 2-métric... va thiét lap
nhitng két qua vé diém bat dong va diém bat
dong chung trong nhitng khdng gian métric suy
rong nay.

Bén canh viéc xay dung khong gian métric
suy rong, nhiéu tac gia da xay dung nhiing diéu
kién co suy rong [8]. Nam 1972, Chatterjea [2]
da gidi thiéu mot khai niém anh xa co suy rong
va duoc goi la anh xa C -co. Khai niém nay duoc
Choudhury [3] tong quat thanh khéi niém C -co
yéu tong quat trén khong gian métric va duoc
Harjani va cac cong su [6] khao sat trén khéng
gian métric sap tha ty. Sau d6, Chandok [1] d4
téng quét khéai niem C-co yéu tong quét thanh
khai niém anh xa (u,¢)- f -co yéu tong quat
trén khdng gian métric sip tha tu. Nam 2013,
Dung va cong su [4] d& mo rong khai niém anh
xa C-co yéu trong khdng gian métric thir tu sang
khong gian 2-métric va thiét l1ap mot sb két qua
vé diém bat dong cho 16p anh xa méi nay. Nam
2014, Nashine [7] d& giai thiéu khai niém anh xa
(1, 8,C) -co yéu trén khdng gian métric sap thu
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tu va dat duoc mot s két qua vé diém bat dong
chung cho loai anh xa nay.

Trong bai bao nay, ching téi m¢ rong khai
niém anh xa (1,9, C) -co yéu, anh xa (¢, S,C) -co
yéu tong quat trong khong gian métric sap thi ty
trong bai béo [7] sang khong gian 2-métric sap
thir ty va thiét 1ap mot sé dinh 1i diém bat dong
chung cho hai I6p &nh xa méi nay. Bong thoi,
chiing ti xay dung vi du minh hoa cho két qua
dat duoc. Trudc hét, ching t6i trinh bay mot sé
khai niém va két qua duogc st dung trong bai bao.

Pinh nghia 1.1 ([5]). Cho X la tap hop
khac rong va d: X x X x X — R la anh xa
thoa man céc diéu kién sau:

(1) Véi hai diém phan biét z,y € X, ton tai
diém 2 € X sao cho d(=,y,2) = 0.

(2) Néu c6 it nhat hai trong sé ba diém
x,y, 2z trung nhau thi d(z,y,z) = 0.

() day2) =d ) =dy2,2) = d(y,52) = d(z3,) = d(z )
voi x,y,z € X.

@) d(z,y,2z) < d(z,y,t) + d(y, 2,t) + d(z,z,t)
VoI x,y,2,t € X.

Khi do, d dugc goi la 2-métric trén X va
(X,d) dugc goi la khdng gian 2 -métric.

Nhéan xé 1.2 ([4]). Tu binh nghia 1.1, ta cé
moi 2-métric la khéng &m va moi khong gian
2 -métric déu ¢ it nht ba diém phan biét.

Pinh nghia 1.3 ([5]). Cho (X,d) la khong
gian 2-métric va {z } la déy trong X. Khi do,

(1) Day {z, } duoc goi la hgi tu dén z € X,
ki hiéu la limz =z, néu lim d(z,,z,a) =0 Véi

n—00 n—0o0

moi a € X.
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(2) Déy {z } duoc goi la ddy Cauchy trong

X néu lim d(z ,z _,a)=0 véimoi a € X.

(3) Khéng gian (X,d) duoc goi la day di
néu mdi ddy Cauchy 1a mot day hoi tu.

Tiép theo, ching t6i chiing minh bd dé
duogc sir dung trong chang minh két qua chinh
cua bai béo.

B6 dé 1.4. Cho (X,d) lakhong gian 2 -métric
va {z } laday trong (X,d). Khi do, hai khang
dinh sau la twong durong.

(1) {z, }1aday Cauchytrong (X,d).

(2) {z, } la day Cauchy trong (X,d) va

limd(z ,z , ,a) =0 véimoi a € X.

Ching minh. (1) = (2). Do {z } la day
Cauchy trong (X,d) nén {z, } la day Cauchy
trong (X,d) va }LI_IE)IC d(z,,,, ,a) =0 véi moi
a€X. ‘

(2) = (1). V6i n,m € N, ta chi can xét ba
truong hop sau:

Trwong hop 1. n=2k+1m =2] Vi
k,l € N. Khi do, véi moi a € X, tacd
d(z,,z,,0) = d(z,,,,2,,0) < d(2y, 2y, 0y,) + A2y 2y00) + A2y, T, 0).

Trwong hop 2. n=2kn=2[+1 Voi
k,l € N. Khi dé, voimoi a € X, tacod
d(z,,,,0) = A8y, 3y,,,0) < d(2y,, 2,1, 05) + A2y, 7y,0) + A2y, 3y, 1, 0).

Trwong hep 3. n=2k+1n=20+1 Voi
k,l € N. Khi do, véi moi a € X, tacd
d(z,,x,,a) = d(z,, ;7. ,,0)

S d(yy 15Ty, Ty) + ATy, 8y, 0) + d(3,,,,,7,),0)

<d(z,, .z, %) +dz,,z,, ,0)+dz, .,

P10 Vo110 Ty CIERSTRSE k1 Tar i)
+d(zy,2y,0) + d(1y, 5 7y,0).

Tir ba truong hop trén, két hop véi cac gia
thiét trong (2), ta suy ra lim d(z ,z _,a) =0

véi moi a € X. Vay {z } la day Cauchy trong
(X,d). [

Pinh nghia 1.5 ([7]). Cho (X,=) la tap sap
tha tu va S,7: X — X la hai anh xa. Khi do,
anh xa S duoc goi la bao toan thir i tang yéu
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theo T
T € X:

Bang céach tuong tu véi cac khai niém trong
[7, Definition 1.6] va [7, Definition 2.4], chidng
toi gidi thiéu cac khai niém sau:

Pinh nghia 1.6. Cho (X,d) Ia khéng gian
2-métricvacapanh xa S,T : X — X. Khi d6,

(1) Véi z, € X, xétday {z } trong X sao
= Sz
Tap O(z,,5,T)={z :n €N} dugc goi la quy
dao cua (S,T) tai z,.

(2) Khéng gian (X,d) dugc goi la (S, T)-qup
dao ddy dii tai x, néu véi moi day Cauchy trong
O(z,,S,T) hoi tu trong X. Luu y rang ta viét
O(z,,T) thay cho O(z,,S,T) khi S =T.

(3) Anh xa T duoc goi la lién tuc theo quy
dao tai z, néuno lién tyc trén O(z; 7).

Pinh nghia 1.7. Cho (X,d,=<) la khong
gian 2-métric sip thir tw. Khi d6, (X, d, <) duoc
goi la chinh quy néu {z } la day tang trén X va

néu Sz <TSt=<STSz V& moi

=Tz véi neN.

cho =z 2n+1

2n+1 2n’? x2n+2

limz =z thi z =<2z véimoineN.

2. Céc két qua chinh
Ki hieu ¥ 1a tap hop cac ham sb

¥ :[0,00) — [0,00) tang, lién tuc va (t) < =t

N | =

v6i moi t>0. Luu y rang ¢(0) = 0. Ki hiéu
®, 1a tap hop cac ham s ¢ : [0,00)* — [0,00)
giam, lién tuc, (z,y) =0 néu va chi néu
r=y=0 va oy <z+y Vs moi
z,y € [0,00).

Trudc hét, chung t0i gisi thi¢u khai ni¢m
anh xa (v, S,C') -co yéu trén khong gian 2 -métric
sap thir tu.

Pinh nghia 2.1. Cho (X,d,=<) la khong
gian 2-métric sap thu ty, 2, € X va hai anh xa
T,5: X — X. Khi @6, T va S duogc goi la
(1,8,C)-co yéu tai z, néu ton tai ¢ € ¥, va

¢ € ® sao cho

d(Tz,Sy,a) < Yld(z,Sy,a) + d(y, Tz,a) — p(d(z,Sy,a).d(y, Tz,a))] (2.1)
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v6i moi a € X va moi z,ye O(x,5,T) ma
x =y hoic y <X .

Bo dé 2.2. Cho (X,d,=<) la khéng gian
2-métric sip thir tw va hai anh xa
T,5: X — X la (¢,8,C)-co yéu. Khi do, néu
z ladiémbat déng cia S hoge T thi z ladiém
bat déng chung ciia S va T.

Ching minh. Gia st z la diém bat dong
cua S. Tur diéu kién (2.1), ta duoc
A(T22,a) = d(T%, S2,a) < Y[d(z, 52, ) + d(z, T2,0) — o(d(z Sz a),d(z, Tz, a))]

< %(d(z,Tz,a,) — p(0,d(2 T2, a))).

Diéu nay dan dén (0,d(z,Tz,a)) = 0 Vi
moi a € X. Suy ra d(z,Tza)=0 vé moi
a € X hay z =Tz Suy ra z la diém bat dong
cua 7. ) ) )

Tuong tu, néu z la diém bat dong cua T
thi 2 ciing la diém bat dong cua S. o
‘ Tiép theo, chQng t@i thig‘:t lap dinh li vé su
ton tai va duy nhat diém pét dong chung cua
I6p &nh xa (v,S,C)-co yéu trong khéng gian
2 -métric.

Pinh Ii 2.3. Cho (X,d,=) la khéng gian
2-métric sip thir tw va _haianh  xa
T,5: X — X thoaman cac diéu kién sau:

(1) Téntai z, saocho z, < Sz,.

(QAnhxa Tva S 1a (¢, 5,C) -coyéutdi .

(3) S bao toan thir ty tang yéu theo T.

(4) X 1a(S,T)-quf dao day dii tai .

(5) Shogc Tlién tuc theo quy dao, hodgc
(X,d,=) chinh quy.

Khi d6, Tva S c6 qﬁém bat dong chung.
Hon nira, tap cac diém bat dong cua T,S sap
thir tur tp”’t néu va chi néu T va S c¢6 duy nhat
diembat dong chung.

Ching minh. Véi z € X thoa man

z, = Sz,, xétddy {z } trong X nhu sau:

$2n+1 = Sx?n va T

Tir gia thiét S bao toan tha ty tang yéu theo T,
ta ching minh dugc

T, < x, <. =X z, = T, ., <..

s = T:z;ZnH Vol ne N.

(2.2)

Tu(22)taco z, =Xz, véimoi n € N". Khi
do tu (2.1), ta duoc

d(z,,,,, ,a) = d(Tz,, Sz, a)
<ld(x,, Sz, ,a)+d(z,,,Tr, ,a)—dz, S, ,a),dx,,Tr, a))]
< L3, 12,000~ P2, 3,00 (23)
Suy ra
1
d<x2n’ x2n+1’ (I) S E d(m'anl’ x2n+17 Cl) : (24)
Chon a =z,  trong (2.4), ta duoc
d < L d =0
(xQn’xQnH’xznq) = 5 <I2n717x2n+1’$2n71) - Y
Suy ra
d(x2n7x2n+1’x2nfl) = 0. (2.5)

Tur (2.4) va (2.5), ta duoc

1
d(x271’z27h+l7 (l) S gd(IZN—l’IZnJrl’a)
S %(d(x’_)n—ﬂx’_’n’a) + d(x2717x27z+1’a))' (26)
Diéu nay dan dén véi moi n € N*,
d<x2n7x2n+l’a') < d($2n71,x2n,a) (2.7)
Tuong tu v&i moi n € N, ta ciing ¢
d<x2n+1’ x2n+2 ) (J/) S d($2n7 l‘2n+l7 a) (28)
Tu (2.7), (2.8) ta suy ra véi moi n € N*,
d(z ,z, ,,0)<d(z, 7 ,0) (2.9)

Do 6, {d(z,,x,,,,a)} 1a day giam, khong am
voi moi a € X. Khi do, ton tai sé thuc 7 >0
sao cho

limd(z,,z _ ,a)=r. (2.10)

Cho n — oo trong (2.6) va sir dung (2.10), ta duoc

r < lim ld(:/z:

n—oo 2

Suy ra

1
2n—17 x271,+1’ (Z) S E(r + 7") =T

lim d(:cml,xwlﬂ,a) = 2r. (2.11)

Cho n — oo trong (2.3), st dung (2.10), (2.11)

va tinh lién tuc dudi cua ¢, ta dugc
r< 2r+(2r’0) =r— %gp@r, 0). Piéu nay dan
dén (2r,0) = 0. Suyra r = 0. Do d6

TILI_IEC (z,7,,,,a)=0. (2.12)
T (29, néu d(z, ,z,a)=0 thi

Do d(z,z,z,)=0 nén

d(xwxnﬂ’a) = 0. R
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dz,z,, ,7,)=0 véi moi neN Vi
diz _,r .z )=0nén véimoi n>m —1,
d(a:,L,aan,xm) =0 (2.13)

Véi moi 0<n<m-—1 tacd m-1>n+1. Do
do, tur (2.13) ta duoc

d(z
Khi do

(71’ 7/+17J/.m) d( n’ 7r+l’ m— 1)+(K$ +17 m’ m— 1)+d(a/m’ n’ m-] 1)
_Cl(xn7:I;rL+1’aj 1)

Suyravéimoi 0 <n <m—1,

diz ,z ,z )<dx,

(2.14)
Vid(z,,z, .,z . )=0 néntr (2.14) ta co Voi

moi 0 <n<m-—1,

d(x z ) =0.

m717$m7 n

T ,T

m—17""m? n+1):

n+1’? n+1’? xn+1 ) :

d(z :an,:z:m) =0. (2.15)
Tur (2.13) va (2.15), ta duoc d(z 2,2 ) =0 Vi
moi n,m € N. Khi do, véi moi 4,5,k € N ma
1 < j, tadugc
d(z,
Do do,
d(xiaxjvxk)gd(xpxjvx )+d(.77,11)k,$ )+d($k7$i,.’lfj_])
= d(xk:’xi’xj—l) << d(%a%a%) =0.
Suy ravaimoi 4, j,k € N, taco
d(z;,z,,z,) = 0. (2.16)
Tiép theo, ta ching minh {z } la day
Cauchy. Do (2.12) va B6 d& 1.4 nén ta chi can
chiing minh {xz, } la ddy Cauchy. Gia s nguoc

=d(z, ,z.,x )=0.

:I:J,,a:i) T

-1

ai, {z, }khong la ddy Cauchy. Khi do, ton tai
k) } ’ {x2m(k)

{z, } sao cho n(k) la chi sé nhé nhat théa man

e>0 va hai day con {z, } coa

n(k) > m(k) > k v&i mdi k € N* va

d(2,, )Ty 101 0) > - (2.17)
Diéu nay dan dén
d(:BQ”(k)—Q’ :E2m(k:)’ (Z) S €. (218)
Tir (2.16) va (2.18), ta c6
== d(‘rr‘)n(k)’xzm( k)? ) = d( 277 .T2 ) + d( ovxzm(k) a)
< A4y @) +E (2.19)

2n(k)? “"2n(k)-2?

Cho k& — ootrong (2.19) va st dung (2.12), ta duoc
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lim d(z, ,a) = hm d(z, e. (2.20)

n(k)? Qm n(k)-2? ”m(}.) )

Mat khac, ta ciing co
d(z;

on(k)-22 Tom(ry a)
Sd(./l)?”“) 27 TQ!L

va

d(zmu) iy 2771(1.)+1’a)
< d(@y, 45 > Loniy—2 a) + d(z,, (-2 Fom )+d( Lom(ey> Vo ,,(k)+17a)' (2.22)
Cho n — oo trong (2.21), (2.22) va su dung
(2.12), (2.20), ta duoc

limd(z, .

N0 -17 2m(k)+1’a) =
Tu (2.1) va (2.16), ta duoc

d( Zn(k) 2/71( )’a)
<d(z,

(l) + d( 2n(k)-1° 2m(k )17 ) + d( 2m(k)+17 ZHI(L ) (2 21)

e (2.23)

sa)+dz,, 7.

2m(k)+1? (l)
- ( m(k)+17 2m( (I) + d(TxZn(/\)—F Sme(k‘) ) a)

S d( n(k)? z; (k)+1 ’ (L) + w(d(‘/l;‘bl(l\-)—l ’ S ‘sz(w (L) + d(:L.Qm,(k) ) Tl’zn(l.:)—l ’ a)
— <p(d(:v2n a),dz, ., Tz a))

2m(k)? (k)17
< d(“vz (k) Tom(k)1?

)m (k)+17 Zm(k

77771. ?

a)+=[dz, . 1z a)+d(z,,

2n(k)—17 “2m(k)+17 )m(l.) (L)

_dd(zZn(k)—Ume(kHl’a) d( 271(L)7 27rl(k) )] (224)

Cho k — oo trong (2.24), su dung (2.12),
(2.20), (2.23) va tinh lién tuc cua ¢, ta dugc

N | =

1 s
e<e —Ego(a, g). Suy ra ¢(e,¢) < 0. biéu nay

mau thuan voi e >0. Vay {z,} la day
Cauchy. Do d6, {z } la day Cauchy trong

O(z,,S,T). Do X la (S,7)-quy dao ddy du

néntontai z € O(z,,5,T) saocho limz = z.

n—0o0

Gia st T hoac S lién tyc theo quy dao.
Néu T lién tuc theo quy dao thi

=lim Tz,  =T(limz Tz.

2n+2 00 2n41

z=limz

lim et) =

Do d6, z 1a diém bat dong cua 7. Theo B dé 2.2,
tacd T va S co diém bat dong chung Ia 2.

Tuong tu, néu S 1a lién tuc theo quy dao thi
T va S c6 diém bat dong chung 12 z.

Gia st (X,d,xX) chinh quy. Suy ra
x, ., =z voi moi neN. Khi do, theo diéu
kién (2.1) ta duogc
d(z,, ,,5% a)
=d(Tx,,,,,Sz0a)
<d(,,,,, Sz a) +d(z,,,,,,0) — p(d(z,, ., 52 0),d(z 1, ,,0))
g%[( 2 S2.0) +d(zz,0)— pld(z, . S5a),d(5 7, . a))]. (2.25)
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Cho n— oo trong (2.25), sir dung limz =z va

tinh lién tuc cua ¢ va ¢, ta dugc
d(z.52.0) < 2 (d(2 52,0) = 9(d(z52,0),0))
< %d(z, Sz,a).

Suy ra d(z,58z,a) =0 véi moi a€ X hay
Sz = 2. Diéu ndy c6 nghia 1a 2 la diém bat
dong cua S. Theo B6 dé 2.2,taco T va S co
diém bét dong chung.

Bay gid, gia s tap hop diém bat dong
chung cia S va T sap thir tu tot. Ta can ching
minh S va T c6 diém bat dong chung duy nhat.
Gia sir u,v la diém bt dong chung caa S va T
tic la Su=Tu=u va Sv=Tv=wv Vi tap
hop diém bat dong chung cua S va T’ sap thi tu
tét nén u va v so sanh dugc. Khi d6, theo diéu
kien (2.1), véi moi a € X taco

d(u,v,a) = d(Tu, Sv,a)
< Yld(u, Sv,a) + d(v, Tu, a) — p(d(u, Sv, a),d(v, Tu,a)))

<d(u,v,a)— % o(d(u, v, a),d(v, u,a)).

Suy ra @(d(u,v,a),d(v,u,a)) = 0. Diéu nay dan
dén d(u,v,a) =0 véi moi a € X hay u = .
Nguoc lai, néu T va S c6 diem bat dong
chung duy nhat thi tap hop diém bat dong chung
cua 7 va S la tap chi c6 mot phan tir nén sap
thir tu tét. [

Bang cach chon (t) :% V6i t>0 va

S =T, tu binh li 2.3 ta nhan dugc mot mé rong
cua [4, Theorem 2.3] nhu sau:

Hé qua 2.4. Cho (X,d,=) la khong gian
2 -métric saip thirtwvaanhxe T: X — X théa
man cac diéu kién sau:

(1) Téntai z, sao cho z, < Tx,.

(2) Téntai ham ¢ € @, sao cho

d(Tx,Ty,a) < —d(z,Ty,a) + d(y, Tx,a) — (d(z, Ty, a),d(y, T, a))]

1
2

véi moi a€ X va moi z,y€ Oz, T) ma
x =y hogc y < z.

3) T < T(T) véi mpi z € X.

(4) X |a T -quy dao day dii tai .

(5) T'lién tuc theo quy dao hodc (X,d,=)
chinh quy.

Khi d6, T c6 diém bdt déng. Hon nira, tdp
céac diém bat dong cia T sap thir tue tot khi va
chi khi T ¢6 diém bdt dgng duy nhdt.

Tiép theo, ching t6i gigi thiéu khai niém
anh xa (¢,8,C)-co yéu tong quat trén khong
gian 2 -métric sap th ty va thiét 1ap dinh Ii diém
bt dong cho I6p anh xa nay. Ki hiéu ¥, la tap
hop cac ham ¢ :[0,00) — [0,00) tang, lién tuc va

U(t) < it vé6i moi t>0. Luu y rang 4(0) = 0. Ki

higu @, la tap hop cac ham ¢:[0,00)" — [0,00)
giam, lién tuc, ¢(z,y,2t)=0 néu va chi néu
r=y=z=t=0Vva p(z,y,2t) <z +y+z+t VOi
moi z,y,2,t € [0,00).

Pinh nghia 2.5. Cho (X,d,=<) la khong
gian 2-métric sap thir tu, z, € X vacdp anh xa
T,S: X — X. Khi d, T,S duoc goi la
(1,5,C)-co yéu tong quat tai x, néu ton tai
peVv vaped, saocho
d(Tz,Sy,a) < Yld(z, Tz, a) + d(y,Sy,a) + d(z,Sy,a) + d(y, Tz, a)

—¢(d(z,Tz,a),d(y, Sy, a),d(z,Sy,a),d(y, Tz,a))] (2.26)
v6i moi a € X va véi moi 1,y € O(z,,S,T) ma
x =<y hoac y < .

Bang céch I3p luan tuong ty nhu trong
chung [ninh Bo d¢ 2.2 va binh li 2.3, ta nhé,n
duoc ket qua ve sy ton tai va duy nhat diém bat
dong chung cua lép anh xa (¢,S,C)-co yéu
téng quat trong khbng gian 2 -métric nhu sau:

B6 dé 2.6. Cho (X,d, <) la mgt khdng gian
2-métric sip thir tr va hai anh xa
T,5: X —- X la (,5,C)-co yeu tong quét.
Khi do, né’uoz la diém bat dong cia T hodgc
Sthi z ladiémbat dong chung ciia T' va S.

Pinh |i 2.7. Cho (X,d,=<) la mgt khong
gian 2-méric sip th tw va hai anh xg
T,5: X — X thoaman cac diéu kién sau:

(1) Téntai x, saocho z, < Sz .

(2) Anh xa T,5 1a (v,8,0)-co yéu tong
quat z, € X .
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(3) X 1a(S,T)-quf dao day dii tai .

(4) S bao toan thir tye ting yéu theo T.

(5) T hogc S lién tuc theo quy dao, hodgc
(X,d,=) chinh quy.

Khi @6, Tva S c6 diém bat dong chung.
Hon nira, tdp cac diém bat dong cia T,S sip
thiz tir tot néu va chi néu S va T c6 duy nhat
diém bat déng chung.

Bang cach chon S = T trong Pinh Ii 2.7,
ta nhan duoc hé qua sau:

Hé qua 2.8. Cho (X,d,=) la khong gian
2 -métric s({p thirtwvaanhxe T : X — X thsa
man cac diéu kién sau:

(1) Tontai z, € X saocho z, < Tz,

(2) Tontai ham ¢ € ¥, va ¢ € ¢, sao cho
d(Tx, Ty, a) <Yd(x, T, a) + d(y, Ty, a) + d(z, Ty, a) + d(y, T, a)

—d(z, Tx, a), d(y, Ty, a), d(z, Ty, a), d(y, Tx, a))]
Voi moi a € X vavéi moi z,y€ O(z,,5,T) ma
x =y hogc y < z.

(3) X |a T -quy dao ddy dii tai .

(4 TIla lién tuc theo quy dao hodgc
(X,d,=) chinh quy.

(5) Tz < T(Tx) véi moi € X.

Khi d6, T c6 diém bdt déng. Hon nira, tdp
céc diém bat dong cua T |1a tdp sap the tue tot khi
va chi khi T c6 diém bat déng duy nhat.

Cubi cung, chang t6i xay dung vi du minh
hoa cho két qua dat dugc. Vi du sau 1a mot minh
hoa vé su ton tai diém bit dong chung cua hai
anh xa thoa man cac gia thiét caa Binh 1i 2.3,

Vi du 29. Cho X = {1,2,3} véi quan hé
tha tu thdng thuong trén R va 2-métric d trén
X duogc xac dinh boi

d(x,y,2) = min{\x —yhly — 2|z — x]}

Khi d6, (X,d) la khong gian 2-métric sip tha

tu day du. Xét cap anh xa 7,5 : X — X Xac

dinh bai
T1=T2=T3=1,51=52=1,53=2.

1 . . N
Xét ham (t) :gt voi moi t >0 va ham

oa,h) = %(Hb) Vi a,b> 0. Liy 2, =1, tacod
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O(z,;8,T) = {1} va O(x;S,T) = {1}. Khi do,

v6i moi z,y € O(x;5,T) va voi moi a € X, ta
céd

d(Tz,Sy,a) = d(T1,51,1) = d(1,1,L1) =0
va
Y(d(z, Sy, a) + d(y, Tz,a) — (d(z, Sy, a),d(y, Tz, a)))
_ é(d(l, La)+ d(LLa)) = 0.
Do d6, T,S la cap anh xa (¢,S,C) -co yéu.
Hon nita, cac gia thiét con lai trong Pinh Ii 2.3
déu thoa man. Vi vay, Binh 1i 2.3 ap dung dugc
chocapanhxa T,S.

Vi du sau chang t6 ring Hé qua 2.4 1 su
tong quét cua két qua chinh trong [4].

Vi du 2.10. Cho X = {1,2,3,4} véi quan
hé ther tuy < Xac dinh boi: 2 <y néu z >y
theo thur ty thong thuong trén R va 2 -métric d
trén X duoc xac dinh bai

0 néux =y hoacy =z hoaic z =x hogc {x,y,z} ={1,2,3} hoac {1,2,4}
1 n&u {x,y,z} ={1,3,4} hoac {2,3,4}.

Khi d6, (X,d)1a khong gian 2 -métric sip thu tu.
Xét anh xa T:X — X xac dinh boi
TI=T2=T3=1 T4=3.Chonz =1, y = 4,
a=4, ta 6 d(TLT4,4)=d(134) =1 va

%(d(l, T4,4) + d(4,T1,4)) — (d(1, T4, 4), d(4, T, 4))

d(x,y,2)=

1 1
== —(1,0)< ~.
5 ©(1,0) 5

Suy ra T khdng thoa man diéu kién C -co yéu
trong [4, Theorem 2.3]. Do d6, [4, Theorem 2.3]
khong &p dung dugc cho anh xa 7' nay. Bay gio,
1 . .
xét ham ¢(a,b) = g(a +b) véi a,b>0. Lay
x =1 ta cb

O(z,;T)={1}. Suy ra

O(x,;T) = {1}. Do d6, véi moi z,y € O(x; T)
VA voimoi a € X, tacd d(Txz,Ty,a) = 0 va
%(d(% Ty, a) + d(y, Tz, a) — o(d(z, Ty, a), d(y, Tz, a)))
= %(d(l’, Ty,a) + d(y, Tz,a)) > 0.

Suy ra T' thoa man diéu kién (1) cua Hé qua 2.4.
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Hon nira, cac gia thiét con lai trong Hé qua 2.4
déu thoa man. Vi vay, Hé qua 2.4 ap dung dugc
choanhxa T.

Vi du sau 1a mot minh hoa vé su ton tai
diém bat dong chung cua hai 4nh xa théa man
céc gia thiét ciia Dinh 17 2.7.

Vi du 2.11. Cho X = {1,2,3,4} véi quan
hé tha tu thong thuong trén R va 2-métric d
trén X duoc xac dinh bai

0 néux =y hoicy = z hoic z = x hoic {x,y,z} = {1,2,3} hoic {1,2,4}

d(x,y.z):| .
1 néu {x,y,z}={1,3,4} hodc {2,3,4}

Khi d6, (X,d)la khong gian 2-métric sap
thir tu. Xét cap anh xa 7,5 : X — X Xxac dinh
boi T1=T2=T3=T4=3va SI=52—=83—=3,
S4=1.

Xét ham (t) = it vGi moi t > 0 va ham

o(a,b,c,d) zé(a+b—|—c+d) VGi a,b,c,d > 0.
Lay z, =1, taco O(z,;S,T) = {1,3}. Suy

ra O(z;S,T)={13}. Do d6, véi moi

z,y € O(x,;5,T) va véi moi a€ X, ta co
d(Tz,Sy,a) =0 va

Wd(z, Tz, a) + d(y, Sy, a) + d(z, Sy, a) + d(y, T, a)
—QO(d(ZC, TQ’J, a)a d(y7 Sy? a’) 9 d(.%‘, Sy7 a)a d(y7 Tx? a))) =0
Vi vay, T,S la cap anh xa (¢,5,C)-co yéu
tong quat. Hon nita, cac gia thiét con lai trong
binh |i 2.7 déu thoa man. Do d6, binh Ii 2.7
ap dung duoc cho cap &nh xa 7', S.
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COMMON FIXED POINT THEOREMS
FOR GENERALIZED WEAK (1,5,C)-CONTRACTION MAPPINGS

IN PARTIALLY ORDERED 2 -METRIC SPACES

Summary
In this paper, we introduce the notions of a weak (1), .S, C') -contraction mapping, a generalized
weak (v, S,C)-contraction mapping in partially ordered 2-metric spaces and establish some

common fixed point theorems for these two classes of mappings. These results are the generalizations
of the main results in [4] and [7]. We also provide some illustrated examples for the obtained results.

Keywords: common fixed point, T -weakly isotone increasing mappings, generalized weak
(1, S, C) -contraction mappings, orbitally complete 2 -metric spaces.
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