TRUONG DAI HOC DONG THAP

Tap chi Khoa hoc s6 21 (8-2016)

DUOI VI PHAN LOI THEO HUONG VA UNG DUNG

e Nguyén Thi Thanh Thao", Vé Btc Thinh®

Tém tit
Trong bai viét ndy, chiing téi gidi thiéu mét so tinh chdt cia ham 16i theo hurdng va dudi vi phan
16 theo huwéng. Sau @b, ching tdi &p dung cac két qua vé durdi vi phan 16i theo huwdng dé ddc trung

diéu kién can va dui cho nghiém bai toan tai weu.

Tir khoa: Ham 16i theo hurong, dudi vi phan 16i theo higng, bai todn téi weu.

1. Giéi thiéu
~ Trong Li thuyét téi wu, nguoi ta quan tam

den bai toan sau. ’

Tim nghiém toi wu cua bai toan

min f (x), xe Q. Q)

trong d6 f lahamlsi tir R" > R va Q lamgt
tgp con khéc réng cia R".

Chlng ta nhan thay ring, néu f lakha vi
tai mot diém ndo do thi ta co thé xap xi ham f
boi mot ham bac nhat tai diém d6 (duoc goi 1a
tiep tuyén trong giai tich thuc). Tuy “nhién, neu
f khdng kha vi thi ching ta khong thé [am dugc
diéu twong tu. Nam 1960, Rockafellar [8] dé xuat
y tuong xap xi ham 16i, khong kha vi f tai mot
diém néo d6 boi mot tap duoc goi 1a dudi vi
phan (lai) thay vi la mot ham tuyén tinh nhu
trong truong hop kha vi.

DPinh nghia 1.1 ([4]). Choham ¢ : R" — R.
Khi dé o

(1) ¢ duoc goi lahamloi néu
6 (Az + (1= Ny) < Ad(x) + (1= No(y), Yo,y € R, X € [0:1].

(2) £ € R"duoc goi lasubgradient ciia ham
¢ tai T néu ¢(z)lahiu hanva

o(z) — $(T) > <g,x - f),vx cR".

(3) Tap tat ca céc subgradient caiaham ¢ tai
z dugc goi la dusi vi phéan ciaham ¢ tai T va
dugc ky hiéula 0¢(7) . Vay
06(7) = {¢ € Rig(z) — 6(7) > (.0~ 7)Yz e R"}.

Bang Li thuyé':[ dudi vi phan, nhiéu téc gia
da dac trung cac diéu kién can va du cho céc bai
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toan toi uu vatdi uu diéu khién lién quan dén céc
ham 16i nhu [2], [3], ciing nhu dac trung tinh
chét tap nghiém cua bai todn téi vu va bat dang
thirc bién phan nhu [5], [6]. Tuy nhién, ngay ca
trong R c6 nhiéu I6p ham khéng 16i trén toan bo
R ma chi 156i theo mot hudng ndo do. Do véi
nhitng ham nay, cong cu dudi vi phan trong giai
tich 16i (theo dinh nghia cua Rockafellar) khéng
gitp ching ta giai quyét duoc ba todn (1) ma
chiing ta can sir dung mét cong cu khéc.

Nam 1976, T. Munakata va cong sy da gioi
thiéu khéi niém tap 15i theo huéng va xady dung
mot sb tinh chat caa tap ndy, sau d6 &p dung vao
bai toan diéu khién. Nam 1987, A. Bressan trong
bai béo [1] ¢4 dwa ra khd niém va mot sd tinh
chat caa tap 16i theo huéng (khé niém nay khéc
voi khd niém ma T. Munakata va S. Kaneko da
dua ra trugc d6) va &p dung vao viéc giai quyét
bai toan téi uu diéu khién.

Trong bai béo nay, ching toi gisi thiéu mot
sb khéi niém vé tap 16i theo hudng, ham 16i theo
huéng va dudi vi phan 15i theo hudng. Qua dé,
chang tai thiét [ap mot sb qui tac tinh cho dudi vi
phan theo hudng va &p dung céc két qua ndy vao
viéc giai quyét mot sd bai todn téi wu. Trudc hét
chiing t6i nhic lai mot sd dinh nghia va két qua
cuagiai tich 16i nhu sau.

Pinh nghia 1.2 ([4]). Cho tap FCR', khac
rdng. Khi d6 F latdp l6i néu

A+ (1—=Ny € FVe,ye F,\ € [0;1].

Pinh nghia 1.3 ([4]). Cho tap 16i FCR,

khéc rdng. Khi d6 phan trong twong doi cua tap
F duogc xac dinh boi

m’F:{xeR” :EI€>O,(x+5B)ﬁaffFCF},
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trong d6 offF la bao affine cua tap F; B la
hinh cau don vi trong R”.

Pinh nghia 1.4 ([4]). Cho ham ¢:R' —R
Khi @6 mién hiru dung, phdn trén do thi ciia ham
¢ lan luot duoc xac dinh bai

dome ={z € R" : ¢(x) < +oo},

epip = {(w,a) eER"xR:¢(x) < a}.

Pinh nghia 1.5 ([4]). Cho ham ¢:R'—R
Khi d6 ¢ duoc goi la chinh thuwong néu
dom¢ = @ va ¢(z) > —oo V6i moi z € R".

Pinh nghia 1.6 ([4]). Cho tap 16i FCR',
khac rong. Khi do

(1) Vécto 2" € R" dugc goi Ia phép tuyén
(ngodi) ciatap 16i F tai T € F, néu

<x ,:1:—:1:>§0, Vz e F.

(2) Tap tat ca cac vécto phép tuyén ngoai
cuatap 16i F' tai T € F duoc goi la non phap
tuyen ngoai cua F tai x € F', ky hiéu N(z; F).
Vay

N(z;F) = {:E* eR": <x*,m —f> <0,Vz € F}

(3) Ham 6, : R" — R duoc goi |a ham chi
tréntap F voi
0 khi z € F,
S
+oo khi x € F.
Véi = € F thi
96,(7) = {€ € R" :6,(2) ~ 6,(7) > (2~ 7), Vo € R"}
= {E eR":0> <£,1: 75>7Va: € F}
= N(z; F).

Trong [4], c&c tac gia da gisi thigu mot sb
tinh chét dui vi phan caa ham 16i.
Pinh Ii 1.7 ([4], Pinh |i 2.91). Cho cac ham

l6i chinh thwong ¢,6, :R" — R, i=12 va
ri(dome,) N ri(dome,) = @. Khi d6

(1) Oag(z) = adp(x ) Vol mol o > 0,

(2) 3¢, + ¢,)(z) = 0¢,(z) + 09, ().

B6 dé 1.8 ([4], Ménh dé 2.64). Cho ham |4

¢:R" — R sao cho ri(dom¢) = @. Khi d6
ri(epi¢p) = & va duoc Xac dinh boi

ri(epip) = {(x, a) € R" xR : z € ri(domd), p(z) < a}.

pinh Ii 1.9 ([4], Pinh i 2.26). Cho tdp Idi
F, F, CR", khéc réng sao cho riF, N F, =& hodc
F NriF, =@. Khi doténtai a€ R" saocho

(ax)>(ax),vx €F, ¥x, €F,

2. Dwéi vi phan 16i theo hwéng

Pinh nghia 2.1. (i) Cho tap FCR', khac
rdng va ¢ : R" — R. Khi d6 ¢ duoc goi laldi
tiwong ung véi F tai T € dom¢ néu

oAz, + (1= Nz,) < Ap(z)) + (1= Ng(w,)
Vo €T +Co, A€ [0;1], i =12

trong d6 C, = {)\u‘)\ >0,u € F} & n6n sinh
rabai tap F.

(i) Cho tap ,F C R", la c&c tap khéac
rdng va Xe Q. Tandi Q latap Idi twong wng
voi F tai X néuvsi moi Ae[0;1],x,ye X+C;
tacd Az + (1 - Ny € F, trong d6 C, duoc x&c
dinh nhu trén.

Nhan xét 2.2. Cho tap F c R", khéc rong
va ¢ :R" — R. Néu ¢ laham16i thi ¢ laham
16 twong @ng VGi moi tap F tai moi z thudc
vao domd.

That vay, chotap F C R" va ¢ : R" — R
la ham 15i, lay 7 € dom¢. Khi d6 voi mdi
ryez+C, CR", Xe [0,1] tacod
oAz + (1= Ny) < Alx) + (1 - No(y).
Do do ¢ 16i tuong tng véi F O
Chua y ring ton tai ¢ & ham 16i tuong ung
v6i F, F, tai x va C, UC, =R" nhung ¢
khong 15i. Cu thé taxét Vll' du se;u
khi z > 0,

Vidu 2.3. Cho ¢(z) = 1 1hi 2 <0
-z x <0,

VaF, = (0;1) CR, F, = (~1;0) C R. Khi d6 ¢
khong 1a ham 16i nhung ¢ 16i teong tng véi tap
F, va F, tai 0. That vay, ¢ 15i tuong tng Vi
F, tai Ovi
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C, ={hur=0ue F}={)\>0} =[0+o).

Vi A e [0, 1] taxét cac truong hop sau.
Truong hop 1. z=y=0. Khi do
dOAT+1—Ny)=1=A+1-\
= A¢(0) + (1 = A)g(0)
= Ag(z) + (1= A)d(y) -
Truong hop 2. =0, y>0. Khi do
pAx+1=Ny) = x+(1-N)y
<A—Az+(1— Ay
= Ap(z) + (1 = A)é(y) -
Truong hop 3. >0, y>0. Khi do
dAx+1=Ny) = x+(1-N)y
= A(z) + (1 = N)o(y).
Suy ra ¢ 16i twong Gng véi F. Tuong tu ta
kiém tra ¢ 16i tuong Gng véi F, tai 0. Ta co
C, ={w(rz0ueR}=(-000. V& zye(—00,0],

A€ [O, 1] ta xét cac truong hop sau.

Truong hop 1. r=y=0. Khi d6
pAr+(1—-Ny) =1
=A+1-AX
= 2p(0) + (1 = A)¢(0)
= A(z) + (1= A)o(y).

Truong hop 2. z=0, y <0. Khi do
pMx+(1=Ny)=1=-Xz—(1-N)y
=1-(1-MNy
= Ap(z) + (1= Mo(y).
Truong hop 3. z <0, y<0. Khi do
dAz+1-=Ny)=1-Az—(1—-N)y
= () + (1 No(y).

Suy ra ¢ 16i tvong Gng véi F).

Sau day, ching toi gi¢i thiéu dinh nghia
dudi vi phan 16 twong ung véi mot tap va non
phap tuyén tuong (g véi mot tap nhu saul.

Pinh nghia 2.4. (i) Cho tap F C R", khac
rdng va ham chinh thuong ¢ :R" — R 6
tuong wng véi F tai 7 € domo. Khi dé,
¢ € R" dugc goi la subgradient twong ing véi
F tai 7 ciaham ¢ néu
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$(x) — ¢(7) > (&2 — 7), voi moi
rer +C,.

Tap tit ca subgradient twong tng voi F' tai
T dugc goi la dwdi vi phén tuong ing vai tdap
F tgi T cia ¢ vadugcki hiéu 0,¢(7). Vay
9,4(T) = {g ER":¢(a) - ¢(7) > (€2 —F) Yz eT+C, }.

Khi F={u} ta goi duoi vi phan tuong
ung voi tap F tai T cua ¢ ladudi vi phan theo
hudng « tai z cua ¢. Tagoi chung dudi vi phan
twong wng véi tap F tai T cua ¢ va dudi vi
phan theo huéng v tai T cua ¢ la dwdi vi phan
theo hudng tai x cua ¢.

(if) Cho © 1amét tap 16i twong g Vi tap
F tai T € Q. Non phap tuyen tuwong ung voi F
cua  tai = duoc ki hi¢u la N (X;Q), dugc xac
dinh nhu sau.
N, (z,Q) = {76* eER": <:c*,x — 7> <0,YzreQn(z + CF)}.

binh |i sau ddy la mé rong cua binh i 1.7
cho truong hop dudi vi phan 16i theo hudng.

Pinh 1i 2.5. Chotdgp F c R", khac rong va
cac ham chinh thuong ¢,¢, : R" — R, i = 1,2.
Gia sir ¢,¢,,¢, 1acac ham|éi twong ing F tai
T va ri(dome,) N ri(dome,) Nri(x +C,) = 3.
Khi d6 ta co cac khang dinh sau.

(1) 0,09(7) = ad ¢(T) Véi moi o > 0,

Chitng minh. (1). V6i mdi € € 0,a¢(7) va
rexr +C, tacd

(67 -7) — (ad(x) - ag(@) <0
<§ = —> SCOR)

S <0

& <§,x - —>  ($lx) — 6(@)) < 0.

«
biéu ndy tuong duong fe 9,6(T) hay
o

£ €ad, o).
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). Véi 2€T+C,, ¢ €0,6(7) (i=12),

taco
6,(2) — 6,(®) > (¢,0 7)),
6,(z) — 6,(F) > (&7~ 7).
Do dé
6,(2) + ¢,(2) = (6,@) + ,®@) > (¢, 2 - 7) + (&, 2 - 7).
Suy ra

(6, + &,)(@) — (&, +6,)F) > (& + &2 - 7).
Dodbtaco (§ +&,) € 0,(¢, +¢,)(T). Vivay
0,(6, +6,)(F) 2 0,6,(F) + 0,0,(F).

Ta chirng minh bao ham nguoc lai, véi moi

r € R" tadat
(@) = Bz +7) 4@~ (62),
U, (@) = ¢,(¢ +7) — 4,(@)-

Ta thiy ,(0)=0, ¢,(0)=0. Véi mdi
§£€0,(6 +9¢,)(x), taco
(6, +8)@) — (6, + &)@ > (62 -7), Yz €T +C,.

Véi z € C,,thay = béi » + 7 taco
(6, +6,)(z +T) — (9, +6,)@) > (&,).

(@ +8)@+7)— (9, +0,)@ — (&) > (0,z-0).
& (4 +1,)(@) - (¥, +,)(0) 2 (0,2 - 0).

Diéu ndy tuong duong Véi 0€d, (1, +1,)(0).
Khéng mét tinh tong quét, gia st = = 0, £ = 0,
¢.(0) =0 va ¢,(0) = 0. Khi d6 0€9,(¢, +¢,)(0).
Do do, vz e C tachd (¢, +¢,)(x) = (¢, +¢,)(0) =0,
hay @,(z) > —6,(2). Pat ¢, =g+, (i=12. Khi
6 ¢, (¢:1,2) laham 15i. That vay, voi .,y € C,
thi ¢ (2)=¢,(z). V6i z€C,,y & C, taxétcac
truong hop saul.

Truong hop 1. A =0, tacd ¢,(y) < ¢, ().

Truong hop 2. X = 1, taco ¢, (z) < (z).

Truong hop 3. A € (O, 1), tacod

Ap, () + (1= N, (y) = (L= N, ()

=+ 00
> ¢, Az + (1= A)y).
Véi z,y ¢ C, taco
Mg () + (1= Ay (y) = +00 = o, (Az + (1= Ay).
Vi ri(dome,) N ri(dome,) Nri(T 4 C,) = @ nén
ri(domp,) N ri(domyp,) = @. Pat
E = {(m,a) ER"xRrez+C,,¢() < a}
:{(:L',oz) ER" xRz e R", ¢ (z) < a}
= epigp).
Do d6, riF, = ri(epip,). Ap dung B6 dé
1.8taco
1iF: = rilepig)
:{(x,oz) eR' xRz ri(domy) : ¢,(2) <a}
:{(J:,oz) eR'xRzeriz +C,): ¢(z) <a}.
bat g = {(I,a) €R" xR,z € domyp, : —p,(z) < a}.
Khi d6, niF,NF,=2. Mat khac,
(0:0) € F, N . Ap dung ([4], Binh Ii 2.26 (i)

ta co

ton tai (x*,a*) €R’ xR Vi (x*,a*) = (0;0) sao cho
<x*,x>+a*a >0, v(x,a) €F,
<xw> +a'a<0,¥(ra)ek,
Vi ¢,(0)=0 nén (0;a)€ F, voi a>0.
Suy ra o">0. Gia st o

<$*,xl> >0> <$*

d6 domyp, va domep, co thé tach duoc, nén mau

=0, suy ra
x2>,in € domyp,,i =1,2. Do

thudn véi ri(dome,) N ri(dome,) = @. Do d6

a” > 0. Vivaytaco
<x*,xl>+a*a] Z(J,V(xl,al)EE, <xi,x2>+a*a¢z SO,V(xz,az) €eF

hay
<$i,w>+a > O,V(x,a) er, <$i,w>+a < O,V(:L',a) SO
«@ @

Vi (2,6,(2)) € F, va (2,—¢,(z)) € F, nén
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<T—x> +6,(2) = 6,020, <Lf> ~ @@= 0)<0vs el

«

*

Do d6 —— € 9,4,(0) va =€ d,¢,(0). Vay
« «
0 € 0,6,(0) +8,6,0). n

3. Mt sb eng dung ‘
Trong myc nay, ching toi s& dac trung dieu
kién can cho nghiém caabai toan sau.

(- min f(z), z € Q P
trong d6 f: R" — R 15i twong tng vai tap 16i
O C R", Q latap 5.

Pinh nghia 3.1. Biém 7 € Q N domf duoc
goi la nghiém téi wu twong ung véi Q cua (P)
néu f(z)> f(z), voi moi z € (T + C,) N
Trudc tién, ching ta xét bai toan don gian
nhu sau.
Q- min f(z), z € R" (PL)
trong d6 f:R" — R 16i theo tuong ung Vi
Q CR".
Pinh nghia 3.2. Biém 7 € domf duoc goi
langhiémtéi wu twong ing véi Q caa (P1) néu
f(z) = f(Z), véimoi z €T +C,,.
Dinh Ii 33, X& bai toan (P1). Khi d6
x € domf la nghiém toi wu theo huong @ cua
(P1) néuvachi néu 0 € 9, f(T).
Chitng minh. Gia st z 1a nghiém téi wu
theo huong @ cua (Pl). Khi d6 véi moi
ez +0, taco

f@) > @) & f(@) ~ [(@) > (0.2~ 7).
biéu nay tuong duong véi 0 € 9, f(T). O

_ Ap dung Binh Ii 2.5 chiing tdi dic trung
dieu kién can cho nghiém cua ba toan (P)
nhu sau.

Pinh Ii 3.4. Xét bai toan (P). Gia si rang
ri(domf) N riQNrix +C,) = 2. Khi 4o
T € domf N 1a nghiém téi wu theo huong Q
cua (P) néu va chi néu

0 € 9, f(F) + N, (7,Q).

Chitng minh. Gia st z 1a nghiém téi wu
theo huong @ caa (P). Tu Pinh Ii 3.3 véi f
dugc thay boi f + &, diéu ndy tuong duong véi
0€d,(f+6,)@).

Vi ri(domf) N ri(domd,) Nri(x + C,) = . Theo

Pinh i 25 tacd 0 € 9, f(T) + 8,,8,(Z). Tathiy

0,6,(T) =N (7.9. Vi

Q°Q
0€9,/(T)+ N,(z,0Q). 0

Sgu déy, chung t6i trinh bay vi du minh hoa
cho két qua dat duoc.

Vi du 35 Xé ham f:R* — R Véi
fla,y) =" +y

Q=[-11x[-11], Q=Rx{1} kni d6

Q sz(
vay ta co

C, = Rx[0,+00).

(') R ("), (wy) - (0,0))

= {(z*y*) ER x4y y<z’+yVyeRx [O,—&—oo)}
— {0} % (~o0.1].

Do d6 (0,0)la nghiém tbi uu twong tng voi
@ nhung khéng 1a nghiém ti uu trén Q caa bai
toan (1).

Bai b&o nay duoc tai tro boi dé tai cip co
s6 ma s CS.2015.02.25 tai Truong Pai hoc
DPong Thép.
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DIRECTIONAL (CONVEX) SUBDIFFERENTIAL AND APPLICATIONS

Summary

In this paper, we introduce some properties of directionally convex functions and the directionally
(convex) subdifferentials. Then, we apply results of the directionally subdifferentials to characterize
necessary and sufficient conditions for solutions of optimization problems.

Keywords: directionally convex function, directional (convex) subdifferential, optimization
problem.
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