TRUGNG DAI HOC DPONG THAP Tap chi Khoa hoc s6 13 (6-2015)

NON PHAP TUYEN THEO HUGNG VA PIEU KIEN TOI UU
e ThS. V6 Buc Thinh®

Tém tit
Trong bai bdo nay, chiing toi nghién citu mot sé tinh chdt cia nén phdp tuyén Fréchet theo
huwdéng va nén phdp tuyén qua gidi han theo huéng. Pong thoi, chiing téi cdi bién dinh nghia ciia non
phdp tuyén qua gidi han theo hudng va nghién citu mot s6 tinh chdt cia nén cdi bién nay. Sau dé,
chiing t6i dua ra nhitng vi du minh hoa cho sy khdc nhau giita cdc nén phdp tuyén theo hudng. Cudi
cung, chiing t6i xdy dung cdc khdi niém dudi vi phdn theo hudng thong qua cdc nén phdp tuyén theo
huéng. Bing cdch sit dung dudi vi phdn theo hudng, chiing téi chi ra diéu kién cdn cho nghiém toi

uu theo hudng ciia mot bai todn téi uu.

Tir khéa: Nén phdp tuyén theo huéng, dudi vi phdn theo hudng, diéu kién t6i uu.

1. Giéi thiéu va tdng quan
Ly thuyét t8i wu 12 mdt linh vyc quan
trong cda todn hoc. Trong 1y thuyét t8i uu, cic
tdc gid quan tim dé€n bai todn sau (xem [2],
[3], [5], [6] va cac tai liéu tham khdo).
min f (x), P)

xeD
trong d6 f:X — R 1la ham nka lién tuc dudi
va D la tip con cua khong gian X.

Trong pham vi bai bdo nay, chiing t6i dic
trung di€u kién cin cho nghiém clia bai todn
(P) thdong qua dudi vi phan theo huéng. Ching
t6i ludn gid thi€t X 1a khong gian Banach;
B(x;r) 12 hinh cAu tAm X bdn kinh r; B 13 hinh
cdu don vi cda X VA II(x,Q):=argmin|x—x,| la

xeQ
1dp cdc dnh ciia phép chiéu vudéng goc tit X, 1én
Q. Mot tdip Qc X dudc goi la dong dia
phuong xung quanh X néu ton tai 1an cin U
cia X sao cho QU la tdp déng. Ngoai ra,
cdc ki hiéu Coy, X—2> X, vd x—22x; dudgc
dinh nghia nhu trong [3].

Bay gid, chiing t6i nhic lai mot s6 khdi
ni€m sau.

Pinh nghia 1.1. Cho khong gian Banach
X va tap Dc X. Piém x, e D dugc goi 1a
nghiém t61 wu dia phiong cla bai todn (P) néu
ton tai s6 thuc r >0 sao cho

f (%) < f(x) VxeB(x,,r)nD. (1.1)
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Néam 1994, B. S. Mordukhovich [5] da gidi
thiéu cdc nén phap tuyén nhu sau.

Pinh nghia 1.2. Cho khong gian Banach
X,e>0 va tap Qc X. Piém x" e X" dugc
20i 12 mot & -phdp tuyén clia Q tai X, € Q néu

<x*,x—xo>

limsup——<e¢.
e

Tap tat cd cidc &-phdp tuyén cia Q tai
X, €Q duge ki hiéu 1a N_(%,Q). Theo dinh

nghia ta c6

R . . <x*,x—x0>
Ng(XO’Q) =X eX ||ImSUpWS & r.
0

Néu x,¢Q thi uGe
N.(%,Q)=@. Néu £=0 thi ching ta viét
N(XO,Q) thay NO(XO,Q) va goi la nén phdp
tuyén Fréchet.

Nén phdp tuyén qua gidi han ciia Q tai X,
dugc ki hiéula N(X,,€2) va xdc dinh nhu sau:

N (x,,Q2) := Limsup NS(X,Q),
£-0*

x—2 5%

trong d6 néu F: X — 2" 12 mot d4nh xa da tri tir
X vao Y thi

{erlEldﬁyxn—)xO, }

ching ta qui

Limsup F(x) :=

XX,

ddiyy eF(x,)v6iy —>yvéimoineN
Nhén xét 1.3. Véi moi X, e Qc X ta cé
N (X, Q) D N(X,, ).
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Ngoai ra, mot s tinh chdt ctia nén phap
tuyén Fréchet va nén phdp qua gi6i han ciing
dugc tic gid chi ra [5]. Cu thé chiing ta c6 cic
ménh dé sau.

Ménh dé 1.4. Cho X, X, la cdc khong gian
Banach, €, la cdc tdp con cia X;, Q, la cdc
tdp con ciia X,, x €Q, va x, e Q,. Khi doé ta c6

@ N(x,Q) =N, Q) xN(x,Q,),  (12)

(2) N(X, Q) = N(x, ) xN(x,,9Q,), (1.3)
trong do X =(X;X,) € Q= xQ, < X; x X,.

Ménh dé 1.5. Néu Q la tdp 16i, X, € Q va
U la mét lan cdn ciia X, thi
N (X,,€2) ={x* e XX, x=x%,) <0, VXEQmU}. (1.4)

Trong [5], B. S. Mordukhovich da dic
trung tinh chit cda nén phdp tuyén qua gii
han trong khong gian hitu han chiéu. Tinh chat
nay giip ching ta thuidn lgi hon trong viéc md
td cdc nén phdp tuyén qua gidi han trong
khong gian hitu han chiéu. Cu thé chiing ta c6
dinh 1i sau.

Pinh Ii 1.6. Gid sit x,c QcR" vdi Q la
cdc tdp dong dia phuong quanh X,. Khi do ta c6
cdc khdng dinh sau:

(1) N(%,, Q) = LimsupN(x,Q),

X%,
(2) N(X,,€2) = Limsup[cone(x —I1(x,©))],
X%,
trong dé T1(x,Q) la tdp cdc dnh ciia phép chiéu
vuong goc tiw X lén Q.

Tx cédc nén phdap tuyén nay, B. S.
Mordukhovich [5] dd gi6i thiéu khdi niém doi
dao ham Fréchet, d6i dao ham qua giSi han va
dudi vi phan qua giGi han,... TUr d6, tac gia dic
trung cdc tinh chit nhu Lipschitz, gid Lipschitz,
métric chinh qui,.. cia 4nh xa da tri thong qua
cdc d6i dao ham cling nhu x4y dung cdc diéu
kién can va diéu kién di cho nghiém t8i uu
ctia bai toan (P).

Nam 2011-2012, F. Ginchev va B. S.
Mordukhovich [2], [3] da gidi thi€u nén phap
tuyén qua gi6i han tuong ng véi mot tap thong
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qua khdi niém nén phdp tuyén Fréchet tuong
ung véi mot tap nhu sau.

Pinh nghia 1.7. Cho X la m{t khong gian
Banach, £>0, Q,Q 1a cdc tdp con cia X va
Khi do6 0>0, dat

Q, =Q+0JB. Pi€ém x"eX" dudc goi la mot

X, € X . v6i moi

& -phdp tuyén tuong vng vdi tap Q cia Q tai

<x*,x—xo>

X, €Q néu limsup —+=<e.
22, x|

Tap tat cd cdc & -phdp tuyén tuong ving vdi
tdp Q cia Q tai X, dudc ki hi¢u la NASVQ(XO,Q).
Theo dinh nghia ta c6

NAE’Q(XO,Q) = Ng(xo,Qm(x0 +Cy)).  (1.5)

Né&u ¢=0 thi ching ta viét NQ(XO,Q)
thay cho Ng (%, Q) va goi 1a ndn phdp tuyén
Fréchet tuong ung vdi tdgp Q cua Q tai X,.
N&u x, & Q thi chiing ta dat Ny (x,,Q) = 2.

Noén phdp tuyén qua gidi han tuong ting vdi
tdp Q clia Q tai X, € Q) dudc xdc dinh nhu sau:

Ng (%5, Q) = Limsup NAS’QJ(X,Q), (1.6)

0" 650"

trong d6 x—2%5 x, nghiala X — X,,X€Q va

lim d(ﬂ
X*)XO HX_XO‘

;QJ—)O.

Tu d6, cdc tic gia xay dung khdi niém
dudi vi phan theo huéng va xdy dung mot sd
qui tic tinh cho dudi vi phian theo huéng qua
gigi han trong mot s6 trudng hop cu thé. Trong
[3], cdc tic gid da thi€t 1ap cdc diéu kién can
va di cho mot di€m X, cho trude 12 nghiém tdi
vu dia phuong cho mot trudng hgp cu thé cida
bai todn (P).

Trong bai bdo nay, trén cd sG cac khai niém
nén phép tuyén trong [2], [3], ching tOi dua ra
mot khai niém nén phap tuyén khic (cu thé thay
0>0 bdi 6>0). Sau d6, ching toi xay dung
cac ménh dé, cic vi du d& so sinh nén phip
tuy€n méi nay véi cic nén phap tuyén trong [3].
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2. K&t qua chinh

Trong phan nay, chiing ti gidi thiéu mot
khdi niém khdc vé nén phdp tuyén qua gi6i
han theo huéng. Sau d6, ching téi trinh bay
mot s tinh chdt clia nén phdp tuyén dé va dua
ra vi du chitng minh ring cdc tinh chat nay
khong ding cho nén phdp tuyén qua gidi han
trong [3]. Trudc hét, ta c6 dinh nghia sau.

Pinh nghia 2.1. Cho X la mdt khong gian
Banach, Q,Q 1la cdc tdp con cia X va

X, € X . Khi d6 v6i moi 6 >0 dit Q, :=Q+6B,
mot nén phdp tuyén qua gidi han tuong vng vdi
tdp Q cla Q tai x, eQ dudc xdc dinh nhu sau:

N (%, €2) = Limsup I\AI&QJ(X,Q). (2.1)

£—-0",6>0"
x—22 5y

Chu y ring trong Pinh nghia 2.1, s6 J c6
thé bing 0 khic vdi diéu kién & >0 trong Pinh
nghia 1.7. Vi du sau chi ra ring hai nén phap
tuy€n trong Pinh nghia 1.7 va Dinh nghia 2.1 1a
khac nhau.

Vi du 2.2. Xét Q=R \{(x,%,)|%, <—|x [},
Q:={(x,%)eQ|x >0}, Xx=(0,0). Khi dé

N (X, Q) ={(x,%,) [ X, <x, <0}. By gid vdi
bat ki 6>0 thi Cy =R*. Do d6 QN(X+C,)=0Q

va cho batki x—22 5X ta cé:

{(x,x,) 1 x, =—x, +2xlo,x1 > x,}
néu x = (xlo,xlo) #(0,0);

No, (x:9) =1 {(x,.x,) 1 x, = x, +22°, x, <—x,}
n&u x=(x,,—-x)#(0,0);
{0} néu ngudc lai.

Do dé

NS (X, Q) ={(x. %) | X, =%, <0 hay x, =—x, <0}.
Biing tinh todn truc ti€p ta c6

No (X, ) ={(x, %) [ X, <OAX, <—X}.

Duéi day, ching t6i xdy dung mot s6 tinh
chdt ciia nén phdp tuyén theo Dinh nghia 2.1
tuong Gng v4i tinh chat (1.2) va (1.3) clia nén
phédp tuyén qua gidi han. Chd y ring, mot s6
tinh chat s& khong ding cho nén phdp tuyén
theo Pinh nghia 1.7 va khi d6 ching to1 s€ xay
dung nhitng vi du minh hoa dé€ 1am ré sy khdc
nhau nay.

Dinh li 2.3. Gid sit X,, X, la hai khong gian
Banach, X=X/ xX,,Q=QxQ,, Q=Q xQ, va
x, = (°,x%) eQ. Khi d6 ta ¢é cdc khdng dinh sau.

(1) N (4, ) = No, (x], ) < No, (0, ,).

(2) No(%,Q) = Ng (X, ) x Ng, (X5, 9,) .

Ching minh. Vi nén tién phdp tuyén
khong phu thudc vio cdc chuin tuong duong
trén X, va X,, ching ta c6 th€ c6 dinh mot
chuin bat ki trén cdc khong gian nay va dinh
nghia chudn trén khong gian tich X bdi

O3] = e + |

Véi bat ki €>0,6>0,X=(X,X%,)eQ ta
1y X =(x,%)eN,q (%,Q) véi X eX], % eX;,
ta tim dugc 1an cadn U =U, xU, cta X sao cho
xeQN(X+Cy )NU tacod

(X', x=X)<2¢elx=x1.

Do dé
04 % = %)+, %, =%, < 2&(l1 % =%, [+ %, =, |
voi X € QN (X +Cq )NU;, véimoi i =1,2.

Chon Xx,=X%X,. Khi d6 véi bat ki
0>0,% e nN(X+Cy )NU,, taco
(% =%) <2elx =% . (2.2)

Suyra X, € NA%’QI_ (X, ).
Chon x,=%. Khi d6 cho bit ki
0>0,%x,€Q,N(X,+Cq )NU, taco

(X Xy = %) < 28 1 %, =%, || (2.3)
Suy ra X e N.. o, (%,€,). Do dé
X e I\AI%QM (X, Q) x NA%QM (X,,Q,). bi€u nay

suy ra I\AIEYQJ (X, QcN,, o (%,€)x st,Qm (X,,,).
Ngudc lai, 14y

X'= (0. %) € Nyo (%, Q) XN, o (%,0), ta tim
dugc cdc 1an can U ,U, clda X, X, sao cho (2.2)
va (2.3) dugc thdéa man. biat U =U, xU,, khi
d6 véibatki x=(x,%,) e QN (X+Cy )NU thi
X €N (% +Cqy )N, X €Q,N (X, +Cy )NU,.
Ta c6

X -%)<3ellx =% [l 06, % —%,) <3ellx, %, II.

Do d6

(X', X—X) £35(|| % —% [ +1Ix, -, ||):33 [x=x1.
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Suy ra X eN,, (X,Q). Khi d6 véi bat ki
20, tacd
N,o, (KN, o (%Q)xN,, o (%.Q)cN,, (X.Q). (2.4)

Cho £=0, X=X, trong (2.4) ta dugc (1).
L4y gidi han trong (2.4) khi ¢ >0,X > X, ta
dudc (2). Do d6 dinh 1i dugc ching minh. O

Sau day, chung t61 s€ xay dung mot tinh
chat tuong ty cho nén phdp tuyén qua gidi han
theo hudng thong qua dinh 1i sau.

Pinh li 24. Gid st x,€eQcR" va
QcR" sao cho Q va (x+C,) la cdc tdp
dong dia phuong xung quanh X, va
Co +Cqo =Cq. Khi dé ta cé cdc khdng dinh sau.

(1) Ny (%, €2) = Limsup NQ(X,Q),

X=Xy

(2) No (%, Q) = Limsup[cone(x—l‘I(x,Qm(x0 +CQ)))J.
X=X

Chitng minh. Tru6c ti€n ching ta ching
minh (1), nghia 13 chiing ta c6 thé 14y &,6 =0
trong Dinh nghia 2.1 vé nén phdp tuyén theo
huéng cho tdp dong dia phuong trong khong
gian hitu han chiéu. Chd y ring
No (X, €)= Limsup I\AIE,QJ (x,Q) o Limsup NQ(X,Q).

X>Xg;2—0" ;550" X%

Ching ta chi can ching minh bao ham
thitc nguge lai. C6 dinh X" € Ny (%,,Q) ta tim
dugdc cdc diy 5, \v0, & N0, x, —2%>x, va
X, > X* sao cho X € I\AISK’QD‘k (%,Q) v6i moi
keN. Vi X=X"=R" va cdc tdp Q,%,+C,
1a d6ng dia phudng xung quanh X, nén véi moi
keN cho bit ki a>0 ton tai
W, € TT(X +ax, QN (X +Cy)). Khi d6 ta c6
bA't ding thifc sau

<12

* 2< 2
X, +aX, —W| <a”|x

Khong mat tinh tdng qudt, gid s chuin
dang xét 12 chuén Euclid, ta c6
* 2 2 * 2 * 2
ka +ax —WkH =[x —W[" +20r(x, x W) +a HXkH .
Do d6 ta c6
% —w [ < 2e(x", W — %) Ve >0. (2.5)
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Vi w X khi @0 va x5 eN, o (%.,9),

W, e QN (X +Co) cQN(X+Cy ), suy ra

(X, W, =X, ) < 26, |w, — x|, . K& hgp véi (2.5),

ta 6 X —W|<4aée,, trong d6 @, =a. Suy

Q C .
ra W, ——09*Ce)_x khi k — +oo,

~, * * 1 z
Hon nira, ddt w, =X, +— (X, —W,), ta c6

k
w; - x;|<4g, va w; —x* khi k—>+e. Ta s& chi

ra ring W, € IQQ(Wk,Q) v6i moi k eN. That

A N g N 2 . e R 2
vay, c6 dinh ke N va v6i moi di€m cho trudc
xeQn(w, +Cy) khi d6 xex, +Cy+Cq < X, +Cy,
ta co

* 2 * 2

Ostk+akxk—xH —ka+akxk—wkH
= (o X + X =X, A X + X =W ) — (X, + @ X — X, W, —X)
—{ @ X + X =W, X =W, ) = (@, X + X, — W, & X + X, — X)

:—2ak<W;,x—Wk>+Hx—WkH2.

Do d6 <w;,x—xk>s2i||x—wk||2 v6i moi
Ay

xeQn(w +Cy). (2.6)

Vé6i bat ki ¢>0 ta tim dudc lan cin
U(w,,¢) ciia W, sao cho véi moi xeU(w,,s)
ta c6 [x—w]<2ae Vi vay w e Ng(w,Q)
véi moi k e N.

St dung dinh nghia clia nén phdp tuyén
qua gidi han tuong Ung véi tdip Q ta cb
X" € No (X, Q). Do d6 (1) dugc chitng minh.

DPé€ chitng minh (2), ta can chitng minh
Limsup NQ (x,Q) =Lim sup[cone(x -TI(X, QN (x+C, ))):l.
X=Xy

X—>Xg
Quan sdt rang N, (x,Q)=N(x, QN (x+Cy)).

St dung chiéng minh trong Pinh 1i 1.6 [3] ta c6
Limsup N(x,Qm(x+CQ)) = Limsup[cone(fo(x,Qm(x+CQ)))J.
X=X

Do dé6 ta c6
Limsup NQ (x,Q)=Lim sup[cone(x —TI(x, QN (X + CQ)))].

X% X%
Viy dinh li dugc chirng minh. O
Chi y ring DPinh 1i 2.4 khong ding cho
nén phdp tuyén theo huéng qua gidi han trong
binh nghia 1.1. That vay, ta xét vi du sau.
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Vi du 2.5. Cho Q va Q nhu trong Vi du
2.2. Khi d6 v6i X =(0,0) thi theo két qud trong
Vi du 2.2 ta thdy ring Dinh 1i 2.4 khong thda
min cho nén phéip tuyén theo huéng qua gidi
han trong Pinh nghia 1.7.

DPinh li 2.6. Gid sit Q va Qla cdc tdp con
ciia X, U la mdt lan cdn ciia diém X, € Q sao

cho QN (X, +Cy)NU latdp 16i. Khi d6 véi moi

20 taco
N, o (%, Q) ={X" € X [{(X",Xx=X) < &]x= x|
VxeQn(x, +Cq)NU}L

Chitng minh. Chd § ring bao ham thic
"5" trong biéu thic trén dat dugc tir dinh
nghia v6i bat ki tip Q,Q va bat ki lan can U
cla X,. Ching ta chi can ching minh chi€u
nguge lai khi QN (x,+Cy)}nU la tap 16i.
Bay gid, 13y bit ki X" e N, (X, Q) va ¢d dinh
di€m xeQnN(x,+Co)NU . Khi d6 ta c6
X, =X ta(X—%) e QN (X, +Cy) MU vGi moi
0<a <1 do tinh 16i cla tdp QN (%, +Cy)NU.
Hon nita, ddy x, — X, khi ¢ - 0". Lay bat ki
y>0, ta c6 (X', X, —X) < (e+7)|x, —%| khi
1> ¢ > 0. Pinh li dugc chitng minh. O

Sau day, ching td1 gidi thi€u khdi ni€ém
dudi vi phin theo hudng thong qua khai niém
nén phdp tuyén theo huéng va dp dung duéi vi
phian theo huéng dé€ tim diéu kién can cho
nghiém t6i vu ctia bai todn (P). Trudc hét,
ching tdi s& gi6i thiéu khdi niém cyc ti€u
tuong 'ng véi mot tap nhu sau.

Dinh nghia 2.8. Cho f 1a mdt ham nia
lién tuc dudi tir khong gian Banach X vao R.
Pi€m x, € X dugc goi 1a cuc tiéu dia phuong
tuong ting véi Q < X \ {0} ctia f né&u tdn tai
r>0,0>0 saocho

f(X)= f(x) VxeDg(x,0,r),
trong d6 Dg, (X,,0,1) = (X, + CQﬁ) N B(X,, ).

Ti€p theo, ching toi s& gi6i thiéu khdi
niém dudi vi phan theo hudng thong qua khai

niém nén phdp tuyén theo huéng. Sau do6
chiing toi st dung dudi vi phan theo huéng dé
dic trung diéu kién cin cho nghiém cuc ti€u
theo huéng cia mot ham sd f.

Cho f:X —»> R la mdét ham nta lién tuc
dudi. Khi d6 ta c6 cac ki hi€u sau

domf :={xe X | f(X) <+} va
epif :={(x,r)e X xR |xedomf, r> f(x)}.

Pinh nghia 2.9. Cho Q,Q 1a cédc tip con
déng cia X va X, € Q. Dudi vi phdn qua gidi
han tuong ung vdi Q cua f dudc xdc dinh béi
0o T ) ={X" € X[ (x",=1) & No (%, f (%)), epif )}.

Néu Q={u} v6i u#0 thi ta ki hiéu
0,1 (x,) thay ﬁ{u} f(x,) va goi la dudi vi phdn
qua gidi han theo hudng u cua f tai X,.

Pinh li 2.10. Néu x, la cuc tiéu dia phitong
tuong ung voi Qc XN\A{0} cia f thi
0e 0, f(X)-

Ching minh. Ly x :=x, —2%2 5
X, :=0—""50 va Iy bat ki &, —0,5, — 0"
thi v6i mo6i & >0 chon r, =1, >0 batki ta c6
(%3 x=%,) = (r =0(x,)) =~(r =0 (x,))
<—(p() = p(,) < (&, +&) ([x=X,] + T =0(x,)
v6imoi X € Dy (x,,1,,0,) ndomg,r > ¢(x). Do
d6 0 0,0(X,). O

Sau day, ching tdi dua ra diéu kién cin
cho cyc ti€u dia phuong ctia bai todn (P). Trudc
tién, chiing ta c6 bs dé sau.

B& dé 2.11. Néu x, la cuc tiéu dia phiong
cia f thi x, la cuc tiéu dia phuong theo moi
huong ue X \ {0} cia f.

Ching minh. Suy ra tryc ti€p tir DPinh
nghia 2.8 va Pinh nghia 2.9. O

Pinh li 2.12. Néu x, la cuc tiéu dia phitong
cia f thivdi moi ue X\{0} ta cé 090, f(X,).

Chitng minh. Suy ra tif Pinh 1i 2.10 va B8
dé 2.11. O
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THE DIRECTIONALLY NORMAL CONE AND OPTIMAL CONDITION
Summary

This paper is devoted to study some properties of the directionally Ffchet normal cones and
the directionally limiting normal cones. Moreover, we also modify those directionally limiting
normal cones and establish some properties of the modified normal cones. Then we provide some
examples to illustrate the differences between these normal cones. Finally, we generate the
concepts of the directionally sub-differential via the directionally normal cones. By using the
directionally sub-differentials, we come up with a necessary condition for the directionally
optimal solution of an optimization problem.

Keywords: Directionally normal cone, directionally sub-differential, optimality condition.
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