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Tém tit
Trong bai bdo nay, chiing téi thiét ldp va chitng minh dinh li diém bdt dong chung ciia dnh xa
(v, p)-co yéu phi tuyén trong khéng gian kiéu-métric sdp thit ty. Cdc két qud nay la sy mé réng cdc

két qud chinh cia bai bdo [4]. Pong thoi, chiing téi xdy dung vi du minh hoa cho két quad dat duoc.
Tit khéa: diém bat dong chung, dnh xa (1), ¢)-co yéu phi tuyén, khong gian kiéu-métric sdp thit ty.

1. Gidi thiéu

Céc dinh 1i di€m bat dong 1a cong cu hitu
ich trong viéc khdo sit sy ton tai nghiém cla
nhiéu bai todn lién quan dén phuong trinh vi
phan, phuong trinh tich phan, phuong trinh dao
ham riéng,... Trong cdc dinh 1i di€ém bat dong,
Nguyén Ii 4nh xa co Banach trong khong gian
métric day dd 12 co bin nhat. Vi vdy, viéc
nghién ctu nhitng md réng ctia nguyén li nay
cho nhitng 16p khong gian khdc nhau cling nhu
cho nhitng 16p 4nh xa khdc nhau dugc nhiéu
tdc gid quan tam.

Trong huéng nghién cttu md rong Nguyén
li 4nh xa co Banach cho nhitng 16p khong gian
khac nhau, nhiéu khong gian métric suy rong da
dugc gidi thiéu [1]. Nam 2010, Khamsi [8] da
gidi thieu mot khdong gian métric suy rong la
khong gian ki€u-métric. Gan diy, viéc nghién
cttu thiét 1ap dinh 1i di€m bAt dong trén khong
gian ki€u-métric dugc nhidu tic gia quan tim va
dat dugc mot s6 két qua [5], [6], [7].

Trong huéng nghién citu md rong Nguyén
li 4nh xa co Banach cho nhitng 16p d4nh xa khac
nhau, nhiéu 16p 4nh xa co suy rong da dugc
giéi thi€u [2]. Nam 2001, Rhoades [9] da gidi
thiéu khédi niém 4nh xa co y&u. Khdi niém nay
di dugc Zhang va cong su [10] tdng quat thanh
khdi niém -co y€u cho hai 4nh xa va thi€t 1ap
dinh 1i di€m bAt dong chung cho hai 4nh xa
nay. Sau d6, Dori¢ [3] di md rong két qua
chinh clla Zhang va cdng su bing viéc sit dung
cdp ham (¢, ¢).
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Bén canh viéc thi€t 1ap nhitng k&t qua vé
di€m bit dong trong khong gian métric va
khong gian métric suy rong, mot s6 tic gid da
khdo st di€ém bat dong va diém bat dong
chung trén khong gian métric sip thi ty cling
nhu trén khong gian métric suy rong sip thit tu.
Mot trong nhitng két qua quan trong vé di€m
bat dong trong khong gian métric sdp thi tu 1a
bai bdo cia Ran va Reurings (2004), Nieto va
Rodriguez-Lopez (2005). Nam 2012, Gordji va
cdc cong su [4] da thi€t 1ap dinh 1i di€ém bat
dong chung cho mot I6p dnh xa (1),¢)- co yé&u
phi tuyén trong khong gian métric sip thd ty.
Cédc két qud nay la sy md rong ciac két qua
chinh cua [3].

Trong bai bdo nay, ching t6i m§ rong két
qua chinh trong bai bdo [4] sang khong gian
ki€u-métric sip thi tu. Pdng thdi, ching toi
x4y dung vi du minh hoa cho két qui dat dugc.

Trude hét, ching t6i trinh bay mot s6
khdi niém va k€&t qud cd bdn dudc sit dung
trong bai bao.

Pinh nghia 1.1 ([8]). Cho X la mdt tip
khdc rdng, K >1 va dnh xa D: X x X — [0,00)
thda mian cdc diéu kién sau v6i moi
TyYy Yypseens Y, 2 € X

(1) D(z,y) = 0 khi va chi khi z = y.

(2) D(z,y) = D(y,x)-

(3) D(x,2) < K[D(z,y,) + D(y,,9,) + -+ D(y,,2)]-

Khi d6, D dugc goi la mdot kiéu-métric
trén X va bd (X,D,K) dudc goi la mot khong
gian kiéu-métric. Khi (X, =) la tap sidp thd ty
thi bd (X, D, K,=<) dudc goi la mot khong gian

kiéu-métric sdp thit tu.
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Pinh nghia 1.2 ([8]). Cho (X,D,K) I
mot khong gian ki€u-métric. Khi d6

(1) Day {z } dugc goila hoi tu dén z € X,
ki hiéu limz, =z, n€u lim D(z,,2) = 0. Pi€m
dugc goi 1a diém gidi han cla day {z }.

(2) Day {r } dudc goila day Cauchy néu

lim D(z ,z )=0.

(3) Khong gian (X, D, K) dugc goi la ddy
dii n€u mdi day Cauchy trong (X, D, K) 1a mot
day hoi tu.

Ménh dé 1.3 ([7]). Cho (X,D,K) la mét
khong gian kiéu-métric. Khi do, néu day {z }
trong (X,D,K) hoi tu thi diém gidi han ciia né
la duy nhat.

Pinh nghia 1.4 ([4]). Cho(X,=<) la mot
tap sip tht ty va hai dnh xa f,¢g: X — X. Khi
d6, cap (f,9) dudc goi I1a rang yéu
néu fr < gfr va gr < fgr v6imoi z € X . Khi
g =1d,, cap (f,id,) dugc goi 1a rang yéu néu
r = fr v6imoizx € X.

Céc ki hiéu sau dugc trinh bay trong [4].

(1) ¥ la tap hgp cdc ham sd lién tuc,
khong giam ¢ :[0,00) — [0,00) thdéa man

lim sup—— < oo V& ¢(t) = 0 khi va chi khi ¢ = 0.
r—07 r
(2) ® 1a tap hgp cdc ham sb nira lién tuc
duGi ¢ : [0,00) — [0,00) thda man é(t) = 0 khi
va chi khi ¢t =0 va véi bat ky day {t } ma
lim¢ =0 thi ton tai k€ (0,1) va ton tai

n, € N sao cho P(t ) >kt véimoi n > n,-
(3) Q la tap hgp cdc ham s& lién tuc
0 :]0,00) — [0,00) théa man 6O(t) =0 khi va
chikhi ¢ = 0.
Vi du sau 1a mdt minh hoa cho 16p ham &.
Vi du 1.5. Xét ham s6 ¢ : [0,00) — [0,00)
xdc dinh bdi g(1) zé v6i moi t € [0,00). Khi

d6, voi bat ky day {t } ma limt =0, ta cé

t t)—o(0 1 L
lim M — lim M = ¢'(0) = —. Do do,
n—00 tn n—00 , 3
ton tai n, € N sao cho o) 11 s moi
t 3| 6
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n>n

1 ) .
- Suy ra ¢(t ) > Et" v6éi moi n > n,.

1 7z .
Mait khdc, ¢(t) = 3 la ham s lién tuc trén

[0,00) nén ¢(t) 1a ham s& nda lién tuc dudi
trén [0,00). Hon ntta, ¢(t) = 0 khi va chi khi
t = 0. Do d6, ¢ 1a ham s& thudc 16p .

2. Cac két qua chinh

Tru6c hét, chiing t6i chitng minh k&t qua
vé sy hoi tu trong khong gian ki€u-métric
nhu sau.

B6 dé 2.1. Cho (X,D,K) la mét khong
gian kiéu-métric va hai day {z },{y } trong X
théaman limx = z,limy =y. Khidé

n—oo n—oo

(1) %D(z7 y) < lim inf D(z ,y, ) <limsup D(z ,y ) < KD(z,y).

(2) %D(z, a) <liminf D(z ,a) < limsup D(z ,a) < KD(z,a)

n—00 n—00

véimoi a € X.
Chitng minh. (1). Ta c6

D(z,,y,) < K(D(z,,7) + D(x,y) + D(y,y,))-
Suy ra

liminf D(z ,y ) <limsup D(z ,y ) < KD(z,y).

n—00 n—00

Mait khac, D(z,y) < K(D(w,x,) + D(z,,y,) + D(y,,v))-

1
Suy ra ED(I’ y) < liminf D(z ,y ) <limsup D(z ,y ).

n—00 n—00

Vﬁy %D(z, y) < li};{ig}f D(z ,y, ) <limsup D(z ,y, ) < KD(2,y).
(2). Lap ludn tuong ty nhu trong chitng
minh (1). O
Tiép theo, ching toi giGi thiéu khdi niém
dnh xa (1, ¢)-co y€&u phi tuyén lién k€t v6i dnh
xa cho trudc trong khong gian ki€u-métric sip
tha tu.

Pinh nghia 2.2. Cho (X,D,K,=<) la mot
khong gian ki€u-métric sip thd tu va hai 4nh
xa f,g: X — X. Khi d6, f dugc goi la 4nh xa
(¢, @) -co yéu phi tuyén lién két véi g néu tdn
taiham ¢ € U, ¢ € & va 0 € () sao cho
W(KD(fr,gy)) < P(M(z,y)) — oM (z,y))) + O(N (z,y)) (2.1)
v6i moi z,y € X ma x,y so sdnh dugc vdi
nhau, trong dé

D(z, gy) + D(y, fr)
2K

M(z,y) = max{D(z,y),D(z, fr), D(y, gy),

N(z,y) = min{D(y, fr), D(z, gy) }.
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BG dé sau thiét 1ap mdi lién hé giita diém
bat dong chung cho 4nh xa f lién két véi 4nh
xa ¢ va di€ém bat dong cla hai 4nh xa nay.

B6 dé 2.3. Cho (X,D,K,=<) la mét khong
gian ki€u-métric sdp thit tw va f la mot dnh xa
(1, p)-co yéu phi tuyén lién két vdi g. Khi do,
néu z la diém bat déng cia f hodc g thi z la
diém bdt dong chung ciia f va g.

Chiftng minh. Gi3 st z 13 di€m bat dong
cda f. Tir diéu kién (2.1), ta dudc

Y(D(z,92)) < Y(KD(fz,92))

< Pp(M(z,2)) — d(p(M(2,2))) + 0(N (2, 2)),
trong d6
M(z,2) = max{D(z,z),D(z, £2),D(2, g2),
= D(z,92),

N(z,z) = min{D(z, fz),D(z,92)} = 0.

Do d6, ¥(D(z,92)) < ¥(D(z 92)) — ¢(Y(D(2,92)))-
Pi¢u nay dan dén ¢(¢(D(z,gz))) = 0. Theo
tinh chdt clia ¥ vd ¢, ta suy ra D(z,gz) =0

D(z,9z) + D(z, fz)
2K

hay z = gz. Do d6, z 12 di€m bat dong clia g.
Suy ra z 1 diém bat dong chung clia f va g.

Tuong ty, néu z la di€m bat dong cia
g thi z 1a di€m bat dong chung clia f va ¢. O

Ti€p theo, ching tdi thi€t 1ap va chitng
minh k&t qué chinh cta bai bdo.

Pinh li 2.4. Cho (X,D,K,=) la mdt khong
gian kiéu-métric sdp thit tu ddy du va hai dnh xa
fig: X — X théa man

(1) Cap danh xa(f,qg) tdng yéu.

(2) f la dnh xa (,¢)-co yéu phi tuyén
lién két vdi g.

(3) [ hodc g lién tuc, hogc X théa man
gid thiét (H): Néu {x } la day khong gidm hoi
tudén x thi x =X x vdi moi n > 0.

(4) Ton tai x, € X sao cho x, < fz,.

Khi dé, f va g c6 diém bdt dong chung.

Ching minh. Véi z € X sao cho
T, =2 fz,, xét day {r } trong X xdc dinh bdi
2n+1 fon va x2n+2 gr. 2n+1 Vi n 2 0.

Do cap (f,g) taing yéu nén z, <z, = fx,
= gft, = gr, =, X for, = fr, = x,. Ti€p tuc qua

trinh nay, ta dugc r 2T v6éimoi n > 0.

n+1
Néu ton tai n >0 sao cho 1, =1z, ., thi

r, = fr, hay x, la diém bat dong cda f.

Theo B8 dé 2.3, ta ¢6 T,

chung ctia f va g. N&u ton tai n > 0 sao cho

$2n+1 2n+2 thl x2n+1 gx2n+1 hay x2n+1

bat dong ctia ¢g. Theo B6 dé 2.3, ta c6 Ty,

la di€m bat dong
12 di€m

ciing 12 diém bat dong chung clia f va g.

A (BN <92 9, 2yt .
Bay gid ta gid st z =1z ., v6i moi

n>0, nghia la D(z .,z ,)>0 véi moi

n > 0. Tu (2.1),tacd

WDy, 1 2,15)) = W1y, 92,,.,))

< Y(KD(fx,,, gz, )

< P(M(z,,,2, ) - oMz, 1, )+ 0N(z,,,z, )
Ta lai c6

max {D(IEQ 7:1:2 +1> D(x2n+17z2n+2)} S M<$27L’z2n+1)
= max{D T, %, ), D, , fr, ), Dz, 92, ),

D( 271 ’ gx2n+1) + D(x2n+1’ fmZn ) }

2K
),D(z, ,x, . ),D

2n? " 2n+1

= max {D(m .

2n7 " 2n+1 <$27L+17 1:271,+2 ) ’

D(x2n7 2n+2)+ (2n+1’$2n+1) }
2K

D($2n’x2n+2) }

= max {D(I Z ),D($2n+1,$2n+2)a 2K

2n7 " 2n+1

< max {D(acz?7 Ty ), Dy, 5T, ),

D(%w 2n+1) + D( Lyp 1o 2n+2> }
2
= max{D(z, ,z, ), D, 2, )}
hay M(z, ,z, ) =max{D(z, ,z, ),D(z, .z, ,)} va
N(xzn,xQnH) = min{D(xQnH, fx%), D(xm, ngnH)}
= min{D(z, .z, . ), Dz, ,z, )} =0.
Do dé

W(D(z,, ) 1,,.,)) < plmax{D(z, ,z, ), D(z, 7, ,)})
_¢(w(maX{D(x2n’x2n+1)7D(I2n+17 2n+2)}))' (22)
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Gid st ton tai n>0 sao cho
max{D(z Lgps 2n+1) D($27L+1’I2n+2)} = D($27L+1’x2n+2>'

Khi d6, vi D(z,z, . ) >0 nén (2.2) trd thanh

WDy, 8,,,5)) < YD ( Ty Tonya)) = AUD(@,, 11,5,,.,5)))
< Y(D(x

2n+17 z2n+2))'

Piéu nay 13 vo li. Do d6, véi moi n >0,

ta CO M(I27z’x2n+l) maX{D( 2n’ 2n+1) D($2n+17x2n+2>}
- D($2n’w2n+])

Khi d6 (2.2) tr& thanh
V(D(,,, 2, .,)) < P(D(z,,,z, )

< w(D(:EQn ’ $2n+1 ) ) :
Tuong

o(W(D(z,,,z,, )
(2.3)

tw, bang cdch chon z=z,,
trong (2.1), ta cling chitng minh dugc
WDy, 1,,)) < YDz, 2, ) = HND(,,,7,, ,)))

<Y(D(@,,,2,,.,)) 2.4)
v6i moi n > 1. Khi d6, tir (2.3) va (2.4), ta c6

YDz, ,2)) <Dz ,z ) véimoi n > 1.
Mit khac, ¢ la ham khong giam nén ta cé
D(zx T z )< D(x ,z ) hay {D(z T, "H)} 1a
mdt diy s6 thuc gidm va bi chin bdi 0. Suy ra
ton tai r>0 dé %LI?OD(:IJ] z . )=r. Cho
n — oo trong (2.3) va st dung tinh chit cla
., ta c6 ¥(r) < v(r) ~ liminf o(¥(Dl(s,, 7,,,))
< Y(r) — o(y(r)).

DPi€u nay din dén ¢(y(r)) = 0. Suy ra
Y(r)=0. Dodé r =0 hay

y=ux,

hm D(xwan) = 0. (2.5)
Nhu vay, lim¢(D(z, ,z, . ))=0 va

%LI?C Y(D(z,, ., 7,,,,)) = 0. Theo tinh chat cla
ham ¢, ton tai k € (0,1) va ton tai n, € N sao
cho v6i moi n > n, ta c6

(W(D(z,y,,,,.,)) > kW(D(z,,, 2, ,,))) va

P(D(Ly,,9:7,,,1))) 2 KD(E,, 0, 2y,,,)))-
Khi d6, véi n > n, ti (2.3) va (2.4),ta c

1/)(D(:E2n+1, 2n+2)> < dj( ( Ty 271+1>) - ¢<1/)(D<$2n’x2n+l)))
< (1 =k(D(,, z,,,,)),
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WD(z,,.,,7,,)) S UD(z,,,2,, )=
<(1=ky(D(z,,,,, ,))-

Do d6, v6i moi n > n,,ta co Y(D(z,,z, ., ))

<A—=ky(D(x, _,z )). Khido

Z/L/} n n+1 :iq/}( n n+l +Zw

n=1 n=1 n=n,

)+ 3 =B

oDz, ,,7,, ,)))

'n ’n+1

< Z d)(D(l‘n ’ 'IL)nAl) zﬂ—l’ In ))
n=1

"y 0

<> WDz, )+ Y -k 9D, .z, )

n=1 n=mn,

<UD, 3,)) + S (- (D, 1, ) < oo

Miit khéc, theo tinh chit cda ham ), ta c6
D(xn’ xn+1)

¥(D(z,,z, )

do, ta ¢6 » D(z .

< o0o. Do

= lim sup

lim sup "
r—0" T

n—o0

<oo. Khi dé, véi ¢ >0,

n+1)
R n=1

ton tai n, sao cho v6i moi n > n , moi p > 1,

ta co

€

D( 77+1) + D(anrl’ (L.'ILJrQ) tot D(xnﬂofl’ xn+p) < I_( '

Do d6, v6imoi n > n,, moi p > 1, ta c6
Dz, ) < K(D(z,z, )+ Dl
+...+ D(z )) < e

biéu nay din dén {z } 1a mot day
Cauchy trong X. Vi (X,D,K) la mot khong
gian ki€u-métric ddy di nén ton tai z € X sao

71+17 n+2)

n+p—1’ n+p

cho limz = z.

n—oo

Gia st ¢ lién tuc. Khi d6 2z = lim x

00 2n+2

= lim gz, = g(hm by = gz hay z 12 diém

00 2 +1)
bat dong cla g. Theo BE dé 2.3, tacd z 1a diém
bat dong chung clia f va g¢. Tuong tu, néu f
lién tuc thi ta cling chitng minh dugc z 1a di€ém
bat dong chung ctia f va g.
Gid st gid thi€t (H) dugc théa man. Khi
do, z =z véimoi n > 0. Gid st D(z,gz) > 0.
Tu (2.1), ta co
W(KD(z,,,,92)) =
< P(M(z,,,2)) — P(Y(M(z,,,

W(KD(fz,,,92))
2)) +d(N(z,,,2)), (2.6)
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trong do
M(x%, z) = max {D(a:%, z),D(mM,fon),D(z, 9z),
D(LI/’?”, gZ) + D(Z’ fz?n) }
2K

= max {D(Q:M, 2),D(z,,,z, . ),D(z g2),
D(‘Tzn,’ gz) + D(Z7 $2n+1) } (2'7)
2K
N(z,,,z) = min{D(z, ,9z2),D(z, fz,,)}
= min{D(:L‘Qn,gz),D(z, 1:2%1)}. (2.8)

Cho n— o trong (2.7), (2.8) va st dung
B§ dé 2.1, ta dugc

1 . D(z,9z) L
D(z,9z) = min{D(z, gz),——= < liminf M(z, ,z
7 Diz.g2) {(g) QKQ} minf M(z, . 2)

< limsup M(z, ,z) < max {D(z, gz),@} = D(z,92)

n—00

va lim N(xz, ,z) = 0. Khi d6, cho n — oo

n—0o0

trong (2.6) va st dung B& dé 2.1, ta dugc
Y(D(2,92)) < ¢(limsup KD(z,, ,,92))

n—oo

< limsup ¢(M(z,,, 2)) — lim inf §(4(M (z,, , 2)))

< P(D(z,92))-

bi€u nay 1a vo 1i. Do d6 D(z,gz) = 0 hay
z=gz. Suy ra z la diém bAt dong cda g.
Theo B dé 2.3, ta c6 z la diém bat dong
chung cia f va g. O

Bing cich chon f = g trong DPinh i 2.4,
ta nhan dugc hé qua sau.

Hé qua 2.5. Cho (X, D, K,=) la mot khong
gian kiéu-métric ddy dii sdp thit tw va dnh xa
f: X — X théa man

(1) Cdp dnh xa (f,id,) tdng yéu.

(2) Ton tai ham ¢ € ¥, ¢ € ® sao cho

WKD(fz, fy)) < ¥(M(z,y)) — o(¥(M(z,y))) (2.9)
vai moi x,y € X va x,y so sdnh dugc vdi nhau,
trong do

M(z,y) = max {D(x, v), D(z, fx), D(y, fy),

D(z, fy) + D(y, fx)
2K '

(3) f lién tuc hodc X théa man gid thiét
(H): Néu {z_} la day khong gidm hi tu dén x
thi T =z vdi moi n > 0.

Khi dé, f cé diém bdt dong.

Nhan xét 2.6. Do mdi métric 1a mot ki€u-
métric véi K =1 nén [4, Theorem 2.1] va [4,

Theorem 2.2] 1an lugt 13 trudng hop dic biét
ctia Pinh 1i 2.4 va Hé qua 2.5.

Cudi cing, ching tdi xay dung vi du minh
hoa cho sy ton tai diém bit dong chung trong
Dinh 1i 2.4.

Vi du 2.7. Xét X ={0,1,2} véi tht ty <
xdc dinh bdi: z <y néu =z >y trén R. Xét
dnhxa D : X x X — [0,00) xdc dinh bdi:
D(0,0) = D(1,1) = D(2,2) = 0,
D(1,2) = D(2,1) = 4,

D(0,1) = D(1,0) = D(0,2) = D(2,0) = 1.

Khi d6, (X,D) 1a mdt khdng gian ki€u-
métric sip thi ty diy di v6i K = 2. Xét hai
dnhxa f,¢g: X — X xdc dinh bdi:

FO=fl=f2=0va g0=0,g1 =2,¢2=1.

Ta co

fO0=9f0=fl=gfl=f2=9gf2=0 va
fg0 = fgl = fg2 =0. Suy ra fr=<gfr va
gr < fgxr v6i moi z € X. Do d6, (f,g) 1a cip
d4nh xa ting y&u. Xét ham ¢ c U, € & va

0 cQ xdc dinh bdi V(t) = %t, 6(t) = %t va
6(t) = t v6i ¢ > 0. Khi 6, (2.1 trd thanh

1
D(fz, gy) < gM (z,y) + N(z,y). (2.10)

V&imoi z,y € X ma z,y so sanh dugc, ta
xét hai trudng hgp sau.

Truong hop 1. x € {0,1,2} va y = 0. Khi
do, D(fx,gy) = D(0,0) = 0. Suy ra (2.10) dugc
thda man.

Truong hop 2. z € {0,1,2} va y € {1,2}.
Khi d6, D(fz,g9y) = D(0,1) = D(0,2) =1. Ta
lai ¢6 D(1,91) = D(2,¢92) = D(1,2) = 4. Suy ra
M(z,y) = 4. Do @6, (2.10) dugc thda man.

T hai trudng hop trén, ta suy ra diéu kién
(2.1) dugc théa man va do d6 f 1a mdt d4nh xa
(¢, ¢)-co y&€u phi tuyén lién két v6i ¢g. Hon
nifa, cdc gid thi€t khdc ctia Pinh 1i 2.4 ciing
thda man. Vi vay, Pinh 1i 2.4 4p dung dugc cho
cidc 4nh xa f,g,9,¢,0 va khong gian kiéu-
métric (X, D, K,=).

Tuy nhién, vi 4 = D(1,2) > D(1,0) + D(0,2) = 2
nén D khong phdi 1a m6t métric trén X. Do
do, [4, Pinh 1i 2.1] khong 4p dung dugc cho
anh xa D da cho.
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SOME COMMON FIXED POINT THEOREMS FOR (¢,¢) -WEAK NONLINEAR
CONTRACTION IN PARTIALLY ORDERED METRIC-TYPE SPACES

Summary
This paper aims to present results obtained from constructing and proving some common
fixed point theorems for (¢,¢)-weak nonlinear contraction in partially ordered metric-type

spaces. These results are the expansion of the main results in [4].
Keywords: common fixed point, (,¢)-weak nonlinear contraction, partially ordered metric-

type spaces.
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