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BO POI PIEM TRUNG KHONG GIAO HOAN
TRONG KHONG GIAN b -METRIC SAP THU TU

e ThS. Huynh Ngoc Cam"

Tém tit
Trong bai bdo nay, chiing t6i thiét lap va chitng minh dinh li bo doi diém tring cho cdp dnh xa

khong giao hodn trong khong gian b -métric sdp thit tu. Dong thoi, chiing t6i ciing dva ra vi du minh

hoa cho két qud dat duoc.

Tir khéa: B doi diém tring, khong gian b -métric, dnh xa khong giao hodn.

1. Gidi thiéu

Gan day, su ton tai di€m bat dong cho 4nh xa
co trong khdong gian métric thtt ty dudc su quan
tAm cda céc tic gia R. P. Agarwal va cac cOng su
[1], T. G. Bhaskar va V. Lakshmikantham [2], N.
V. Luong va N. X. Thuan [10],...

Dung khdi niém dnh xa giao hodn va ¢-
don diéu hén hgp, V. Lakshmikantham va L.
Ciri¢ [9] di thiét lap va chitng minh dinh 1i bd
doi di€ém trung, k&t qua nay dugc tong qudt tir
T. G. Bhaskar va V. Lakshmikantham [2]. Nam
2012, N. Hussain va cdc cOng su [7] da ching
minh k&t qud chinh ctia bai bdo [9] trong khong
gian métric thit ty ddy di ma khong duing dén
diéu kién giao hodn clia hai 4nh xa.

Nam 1998, S. Czerwik [5] da giGi thiéu
khong gian b-métric. Pong thdi, tic gid da
trinh bay mot s6 tinh chat cia khong gian b -
métric va thi€t 1p dinh 1i di€ém bat dong trén
khong gian nay. Huéng nghién cttu nay dugc
su quan tdm cla cdc tic gia M. Boriceanu [3],
M. Boriceanu va cdc cong sy [4],...

Trong bai bdo nay, ching toi thi€t 1dp va
chitng minh két qui dé cap trong [7] cho khong
gian b -métric.

Sau day la mot s6 dinh nghia va tinh chat
dugc dung trong bai bdo.

Pinh nghia 1.1 ([5]). Cho X la tap khac
rong, K >1 1a s6 thuc va D: X x X —[0,0) 1a
dnh xa théa min cdc diéu kién sau v4i moi
X,¥,ze X

(1) D(x,y)=0 khi va chi khi x=y;

(2) D(X,y)=D(Y,X) véimoi X,ye X ;

(3) D(x,2) < K(D(x,y)+ D(y, 2)).

) Khoa Su pham Todn-Tin, Trudng Pai hoc Dong Thdp.

Khi d6 D dugc goi la mot b -métric trén X
va (X,D,K) dudc goi la mot khong gian b -métric.

R6 rang, (X,D,1) 1a khong gian métric.

Pinh nghia 1.2 ([3]). Cho (X,D,K) 1la
khong gian b-métric va {X } 1a mot day trong
X. Khi d6

(1) Day {x,} dugc goi 1a hoi tu dén X,
vit  1a X, =X, néu

limx, =X hodc

limD(x,,x)=0. Khi d6 x dugc goila diém gidi
n—oo
han ca day {X }.
(2) Day {x.} dugc goi la day Cauchy néu
lim D(x,,X,)=0.

m,N—»o0

(3) Khong gian (X,D,K) dudc goi 1a ddy
dii néu mdi diy Cauchy trong (X,D,K) 1a day
hoi tu.

Nhan xét 1.3 ([8]). Trong khdng gian b-
métric (X,D,K) topd6 dugc hi€u 1a topd cidm
sinh bdi su hoi tu theo diy trong X. Piéu nay cé
nghia 1a tip G md trong khong gian b-métric
(X, D, K) khi va chi khi v6i mdi x € G, moi diy
{Xx,} =X ma limx, =X thi ton tai N, €N sao

n—oo

cho X, €G v6i moi n>n,. Khi d6 b-métric
D: X xX —[0,+0) lién tuc tai (X,y) n€u va chi
néu rH?O D(X,,Y,)=D(X,y) v6i moi day {X,},
{y,} trong X ma %i_{?ox” =X va r111_r>£1O y, =Y.

Pinh nghia 14 ([9]). Phin t&
(X,y) e X x X dugc goi la by déi diém tring clia
hai 4nh xa F:XxX > X va g:X — X néu
F(X,y)=0x F(y,X) = 0y.

DPinh nghia 1.5 ([9]). Cho (X ,<) 1a tAp sip
thit tw b0 phan va F: X x X — X 1a dnh xa.
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Khi d6 F dugc goi la don diéu hén hop néu F

1a khong gidm d6i v6i bién thit nhat va khong
ting d6i vdi bi€n thit hai, nghia 13, v6i mdi
X,y e X

X <X = FX,Y) SF(X%,Y) va y <y, = Fxy)2F(XxY,)

véimoi X, X,,Y,,Y, € X.

Pinh nghia 1.6 ([9]). Cho (X,<) 1a tap sip
tht ty bd phidn, F: XxX > Xva g: X > X
1a hai dnh xa. Khi d6 F dugc goi la ¢ -don diéu
hén hop néu F 1a g -khong gidm d6i v6i bién
tht nhat va g -khong ting ddi véi bi€n thit hai,
nghia 13, v6i mdi X,y e X

9x, < g%, = F(X,Y) < F(X,,y) va
gy, <9y, = F(X.y) 2 F(X,Y,)
v6i moi X, X,,Y,,Y, € X.

Pinh nghia 1.7 ([9]). Cho X la tap khac
rong, F: XxX - X va g: X — X Ia hai 4nh
xa. Khi d6 F va g dugc goi la giao hodn néu
g(F(x,y))=F(gx,gy) véimoi X,y € X.

Ménh dé 1.8 ([6]). Cho X la tdp khdc
réng va f:X — X la dnh xa. Khi dé ton tai
f(E)=f(X) va

(1.1)

tdgp con Ec X sao cho
f:E — X ladon dnh.

Goi @ la tip hgp tAt cd cdc ham
¢ :[0,00) —[0,0) théa man cdc diéu kién sau

(1) )<t v6it>0 va ¢(0)=0,

(2) lim p(r) <t v6i t>0.

1. K&t qua chinh

K&t qud sau 1a sy md rong cia [9,
Theorem 2.1] sang khong gian b -métric.

Ménh dé 2.1. Cho (X,D,K,<) la khéng
gian b-métric tht tw bd phdn day
di, F: XxX > Xva g:X > X [a hai dnh xa
théa man cdc diéu kién sau

(1) Fla dnh xa g-don diéu hén hop va
F(XxX)cgX.

(2) Ton tai ¢ € ® sao cho

D(F(x,y),F(u,v))< q)( D(gx, gu) + D(gy, gv)j 2.1)

2K*
vdi moi X, Y,u,ve X va gx<gu,gy = gv.
(3) g lién tuc va giao hodn vdi F.
(4) F lién tuc hodic X c6 tinh chdt sau
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(@) Néu day khong giam x, — x thi X, <X
voi moi n;

(b) Néu cé day khong ting y, >y thi
y, =Y vdi moi n.

(5) Ton tai x,,y, e X sao cho gx, <F(X,,Y,)
va 9y, = F(Y,. %))

Khidoé F va g cé bo déi diém tring.

Chiing minh. Khi K =1, Ménh dé 2.1 tr8
thanh [9, Theorem 2.1] nén trong phép ching
minh nay, ta chi xét trudng hgp K > 1.

Tu F(XxX)cgX, tachon X,Yy, € X sao
cho gx =F(X,,Y,) va gy, =F(yX%) Vi
F(XxX)cgX, ta chon X,,y, € X sao cho
gx, =F(x,y,)) va gy, =F(y,,X). Cd ti€p tuc
qud trinh nhu vy, ta xay dung dugc day {gx,}
va day {gy,} trong X sao cho

%o = F (X, ¥0) va gy, =F(Y,.X,) Vi
moi N>0. (2.2)

Bing phuong phdp quy nap, ta sé ching to
gX, <0X,,, va gy, =gy, védimoi n=0. (2.3)

Véi n=0, ta c6 gx, <F(X,,Y,)=0% va
gy, = F(Y,,X%,) =0y,. Vay (2.3) ding v6i n=0.

Gia st (2.3) ding v6i n>0. Khi d6
OX, <0xX,, va gy,=0gy,,. Tur (22) va F la
g -don diéu hdn hgp, ta c6
P = F (%0 ¥a) SF OG0 V) S F G Vo) = .o
va
Wi = F V%) 2 F (Yoo %) 2 F (Yoo Xai) = B

Do d6 (2.3) ding v6i n+1.Vay (2.3) ding
véimoi n>0.

bat o, = D(9x,, 9%,.,) + D(9Y,, 9Y,..,)- Ta

chiing té
e
S, <2¢| —L |,
" ¢{2K4j
Tv ox,,<gx, va gy, , =gy, k&t hgp
(2.1)va (2.2)tacé
D(9%,, 9%,,;) = D(F (X, Yo 1) F (X, ¥,))  (2.5)
. (p( D(9%,, 6%,)+ D(%y. gyn)j _ (p( 5n:j
2K 2K

(2.4)

va

D(9Yp.159Yn) = D(F (Yy: %), F (Y5 X,1)) (2.6)
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D(ay,,,9y,)+D(gx, ,,9X, o,
340( (9Y1-9Y ;K4 (9%,1,9 )]:w(zKi‘)
T (2.5) va (2.6) ta c6 (2.4).
Tu (2.4) va dinh nghia ham ¢ ta suy ra

0, 0, -
S, < 2(p(ﬁj < K41 <6,, hay day {o,}
gidm. Do d6 ton tai >0 sao cho lim 5, = 6.

Ta ching t6 0=0. Gid s&¢ ngudc lai
0 >0, qua gi6i han 2 v€ clia (2.4) va st dung
tinh chit lim (r) <t véi moi t >0, ta c6
r—t*
8,0 PR

i, o{ S <25 =g <o
Diéu nay 12 mau thuin. Vay & =0, nghia 1a

lim (D(gX,» 9%,,1) + D(QYy O¥p.)) = lim 5, = 0. (2.7)
Bay gi¢ ta ching minh {gXx } va {gy,} la

hai ddy Cauchy trong (X,D,K). Gia st ngugc

lai {gx,} hodc {gy,} khong la day Cauchy

trong (X,D,K). Khi d6 ton tai £>0 va hai

diy s6 nguyén {I(k)}, {m(k)}

m(k) >1(k) >k >1 va

e = D(9X4)> PXniey) + DYy > WYimer)) 2 € (2.8)
Vé6i mdi k>1, chon m(k) nhd nhat thda

man (2.8). Khi dé ta co

D(9% k> PXinky-1) + D(DY14)> Wmy1) <& (2.9)
Tu (2.8) va (2.9), ta c6

e<r <K (D(gxl(k)’gxm(k)—l)+ D(9Xink)-1» ng(k)))

+K (D(QY1 6> Wincro-1) + Dot W) ) (2-10)

=K ( D(9X k> PXiniey-1) + D(BY; 1y » ng(k)—l)) + K600
<Ke+Kby k-

Cho k — oo trong (2.10) va st dung (2.7), ta cé
& <lmsupr, <Ke. (2.11)

k—o0

Mit khéc
he = D(9% 46> PXingiy) + DCOYik)> W meiy)
= KD(9X (4> Wi k1) + KzD(gXuk)m PXeneyer) + KZD(ngmm PXingiy)
+KD(8Y; 100 W) + KDY 001> Wmciorer) + KDYt 1> Wiy

=K [D(gxuk)a PXikys1) + DAY k)5 gyl(k)+l):|
+K2 I:D(gxm(k)’ gxm(k)H) + D(gym(k)’ gym(k)+l):|
+KZ [ D(@X 411> Pgiyn) + DDty st W) |

§=1limd, <2 lim

sao cho

Do d6
2 2
he < K6y, + K04 + KT(D(9X )15 Plinicy 1)

+D(9Y131)41> WYimeroy+1)) (2.12)
Tu (2.3), ta co X = ng(k)Vé i) = Wiy »

k&t hop vé6i (2.1) va (2.2) ta c6

D(G¥1y11> i) = D(F (Xl<k>’ yl(k))’ F (Xm(k)’ Yy )) (2.13)

S w[ D(gx|(k)7 ng(k)) + D(gy|(k)a gym(k))j _ w[ rk J

2K* 2K* )
va
D(Y mekys1> W) = D(F (ym(k)’Xm(k))’ F (yl(k)’xl(k))) (2 14)
<o D(9%ky> Pnir) + DYy Winy) =¢( r j

- 2K* 2K*
Tir (2.12), (2.13) va (2.14), ta ¢6
2 2 rk
e S K8y + K 6, +2K (D(ZK‘J
I
<K&y + K26, +K—k2. (2.15)

Cho k — oo trong (2.15) va st dung (2.7)
va (2.11),ta co

. . ¢
g <limsupf, <limsup—5 <—<e.
k—o0 koo K K

Di€u nay 12 mau thudn. Do d6 {gx,} va
{9y, } 1a hai day Cauchy trong (X, D, K).

Vi (X,D,K) day di nén ton tai X,y e X
sao cho

%Ln; gX, =X va r{gl; ay, =Y.

Twr (2.16) va tinh lién tuc cia g, ta cé
lim g(gx,) = ox VA limg(gy,)=gy.  (2.17)

Tir (2.2) va tinh giao hoan cia F va g, taco

9(9%) = 9F (X, ¥a ) = F (9%, 9, )
9(9Ynn) = 9F (Voo Xy ) =F (0Y,,0%,).  (2.18)

Ta ching t6 gx=F(X,y) va gy =F(y,X).

Gia st F lién tuc. Khi d6 cho n — o trong
(2.18) va st dung (2.16) va (2.17), ta cb
gx = lim g(gx,,,) = lim F (9gx,.qy, )

(2.16)

=F (lim gx., lim gyn): F(xY),
gy = lim g(9y,..,) = lim F (gy,., 9, )

= F(lim ay,, lim gxn): F(y.x).
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Gid st X c¢6 tinh chat (a), (b). Do {gx,}
la ddy khong gidm, {gy,} la ddy khong ting
va tinh chat giao hodn cia F vd g nén ta c6
9(9%,.,) = F (9%, 9y,) < F(9X..;, 9Y,)

< F(9Xy505 0Ynir) = 9(9X,,),
9(9Yn.1) = F(9Y,, 9%,) = F(gY,.,,, 9X,)
2 F(9Yp.1> 9%ni1) = 9(QYn12)s

Suy ra {g(gx,)} 1a didy khong gidm,
{g(gy,)} la day khong ting. Khi d6 k&t hgp
véi  (2.17) ta g(gx,)<gx va
g(gy,)>gy. Do d6 tir (2.1) va (2.18) ta c6
D(gx, F(x,)) < K(D(g%, 9(9%,,)) + D(9(9%,.,), F (X, ¥)))

= K(D(gX7 g(gxn+1))+ D(F(gxnﬂ gyn)’ F(Xa y))) (2 19)
B K[D(ng Gax. )+ Q[D(g(gxnx gx; D(9(en). gy)n'

Cho n — o trong (2.19) va st dung (2.17)
tacé D(g(x),F(X,y))=0. Do dé gx=F(X,Y).

Tuong tu ta cling ching minh dudc
gy=F(y,X). Viy F vd g c6 bo ddi di€m
trung. O

Trong Ménh dé 2.1, cho g la 4nh xa dong
nhat, ta c6 hé qua sau

Hé qua 2.2. Cho (X,D,K,<) la khong
gian b-métric thit tw bo phdn day dii va
F:XxX —> X la dnh xa théa man cdc diéu
kién sau .

(1) Fc6 tinh chdt don diéu hon hop.

(2) Ton tai @ € @ sao cho

D(F(x.y).F(u.v)) < go( D(X’“”P(y’v)J (2.20)

suy ra

2K
vdi moi X,Y,u,Vve X va Xx<u,y>V.

(3) F lién tuc hodic X c6 tinh chdt sau

(a) Néu cé day khong gidm X, — X thi
X, < X vdi moi n;

(b) Néu c6 day khong tang Yy, —>Y thi
Y, =Y vdi moi n.

(4) Ton tai Xy, Y, € X sao cho X, <F(X,,Y,)
va Yo, = F(Y,, %)

Khi dé F va g cé bé déi diém bdt dong.

Ti€p theo, ching toi thi€t 1ap dinh li bo
ddi diém trung cho cip 4nh xa khong giao
hodn trong khong gian b-métric, k&t qui nay
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l1a sy m& rong cia [7, Theorem 2.9] sang khong
gian b -métric.

DPinh li 2.3. Cho (X,D,K,<) la khong gian
b-métric thit tw b phdn, F:XxX —> X va
g:X = X [a hai dnh xa théa mdan cdc diéu
kién sau 3

(1) Fla dnh xa q-don diéu hon hop,
F(XxX)cgX va gX day di.

(2) Ton tai ¢ € ® sao cho

D(F(x,y), F(u,v)) < (p[ D(gx, gu) + D(gy, gv)j (2.21)

2K*
vdi moi X, Y,u,ve X va gx<gu,gy > gv.
(3) Néu gx, — gx thi X, —> X.
(4)F lién tuc hodc X ¢6 tinh chdt sau
(a) Néu cé day khong gidm X, —> X thi
X, <X vdi moi n;
(b) Néu cé day khong tang y,—>Yy thi
Y, =Y vdi moi n.
(5) Ton tai

9%, < F (X5 Yo) va 9y, 2 F(Yg, %))
Khidé F va g cé by déi diém tring.
Chitng minh. Theo Ménh d¢é 1.8, ton tai
Ec X saocho gE=¢gX va g:E— X 1a don
dnh. Ta xay dung dnh xa G:gX xgX — X xdc
dinh nhu sau
G(gx,gy) =F(x,y) véimoi gx,gy € gX. (2.22)
Vi g la don 4nh trén E nén 4nh xa G
dudgc xdc dinh. Tu (2.21) va (2.22), suy ra
D(G(9x, 9y),G(gu, gv)) = D(F (X, y), F(u,v))

. (p( D(gx, gu) + D(gu, gV)j

X, Yo €X  sao cho

2K*

véi moi gx,gy,gu,gve gX, gx<gu va gy =>gv.
Do @6 G théa min diéu kién (2.20).

Do F la ham g -don di€u hon hgp nén véi
moi gX,gy € gX, taco
9%, 9%, € X, 09X < gX, suy ra F(x,y) <F(X,,Y)
hay G(gx,,9y) <G(9x,,9y)
va
9y,, 9y, € 9X, 9y, < gy, suy ra F(X,y,) 2 F(X,Y,)
hay G(gx, gy,) > G(gX, 9y, ).
Do dé G c6 tinh chat don diéu hdn hdp.



TRUONG DAI HOC PONG THAP

Tap chi Khoa hoc s6 13 (6-2015)

Gid st ton tai X,Y,€X sao cho
9%, < F(X,,Y,) va gy, = F(Y,,X,)- Khi dé ta cé
9%, <G(9%,,9Y,) va gy, =G(gy,,9%,).

Gid st F lién tuc. Ta ching té ring G

lien tyc. V6i mdi {x },{y,} =X sao cho
(9%,,9Y,) = (gx,gy). Ta can ching 6
G(9%,,09y,) > G(gx.gy). ~ That vay, tir

(9%,,0Yy,) — (g, 0y), theo Gid thiét (3), ta c6
(X,,¥,)—=>(X,y). Vi F
F(X, o) > F(Xy). Do d6 G(gx,,gy,) — F(gx, gy).
Vay G lién tuc.

Gia sit X c6 tinh chat (a), (b). Vi gX < X
nén gX c6 tinh chit (a), (b).

Nhu vay cédc gid thi€t cia Hé qud 2.2 dudc
thda mian. Do @6 G c6 bd ddi di€m bat dong.

Cudi cung, ta chitng minh F va g c6 bo
doi diém trung. Gid st (U,V)egX xgX 1a bod
ddi di€m bat dong cla G, ta cé

u=G(u,v) va v=G(v,u). (2.23)

Tr (U,v)egX xgX, ton tai mot di€m
(Uy,Vy) € X x X sao cho

lién tuc nén

u=gu, va v=gv,. (2.24)
Tu (2.23) va (2.24) suy ra

gu, =G(qu,,9v,) va gv, =G(gv,,qu,). (2.25)

K& hgp (2.22) va (2.25) ta c6
gu, = F(u,,v,) va gv,=F(,u,). Do do
(Ug,V,) 12 bo doi diém tring cda F va g. O

Dinh i 2.4. Cho (X,D,K,<) la khéng gian
b-métric thir tw bo phin, F:XxX > X va
g: X = X la hai dnh xa sao cho cdc gid thiét
ciia Pinh li 2.3 théa man triv diéu kién day di
ciia Q(X). Khi dé, néu X day dii va g la toan

dnhthi F va g cé mot bo doi diém tring.

Chiing minh. Theo Ménh dé
Ec< X sao cho g(E)=0g(X). Vi
anh nén X =¢(X). Vay theo Pinh 1i 2.3 ta ¢6
diéu phai chitng minh. 0

Cudi cung, ching t06i dua ra vi du minh
hoa cho Binh 1i 2.4.

Vi du 2.5. Cho X =R védi thd ty thong
thudng va dnh xa D: X x X — X xdc dinh bdi
D(X,¥)=(x—Yy)* v6i moi (X,y)e XxX. Khi
dé véimoi X,y,z2€ X, tacd

(1) D(x,y)=0, D(x,y)=0 khi va chi khi x=y;

(2) D(x,y) =D(y,x);

(3)D(x,y)=(x-y) =(x-y+y-2)’

<2(x-y)* +(y-2)"1=2[D(x, y) + D(y,2)].

Viay (X,D,<) la khong gian b-métric thi
ty véi K =2.

Xétdnhxa F: XxX 5> Xva g: X > X
xdc dinh bdi F(X,y)=1 véi moi (X,y)e X x X
va g(X)=x-1 Xxe X. Khi @6
g(F(x.y)=9()=0=1=F(gx,gy) vdi
X,ye X. Do d6 F va g khong thda man tinh
chat giao hoan. Khi @6 Ménh dé 2.1 khong thé
ap dung cho hai 4nh xa nay.

R6 rang ta ¢c6 F(XxX)cgX, g la toan
4nh, gX = X la day dd, F 1a g -don diéu.
Chon Yo =3

g()=0<1=F(1,3) va gB3)=2>1=F(1,3).

Gid st gx, > gx ta c6 X, —1—> Xx—1. Suy

1.8, ton tai
g la toan

v6i moi

moi

x,=1 v v6i

ra X, — X. Hon nita, (2.21) thda man. Do do6, cac
diéu kién cta Dinh 1 2.4 dugc thda man. Khi do,
F vad g c6 bd do6i diém tring trong X x X . Cu
thé, bo doi diém trung clia F va g 1a (2,2).
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COUPLED COINCIDENCE POINT RESULTS WITHOUT COMMUTATIVITY OF MAPS
IN PARTIALLY ORDERED b -METRIC SPACES

Summary
In this paper, we establish and prove some coupled coincidence point theorems without
commutativity of maps in partially ordered b -metric spaces. Also, we give some examples to
illustrate the results.

Keywords: coupled coincidence point, b -metric spaces, without commutativity of maps.
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