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PA TAP CON f-CUC TIEU VA PINH LY KI£U BERNSTEIN
TRONG KHONG GIAN TICH G?xR"

e TS. Tran L& Nam®

Tém tit
Trong bai bdo nay, chiing t6i xdy dung cdc khdi niém f -vecto dé cong trung binh va da tap

con T -cuc tiéu. Tir d6, chiing téi chitng minh rang dé thi f -cuc tiéu toan phan ciia mot ham kha vi

dat cuc tri tai mot diém trong khong gian G*xR",n>1, phdi la mot mdt phdng.

Tir khéa: Bernstein, mdt do, do cong trung binh, dé thi toan phdn, Lagrange.

1. Giéi thiéu

Trong nhitng nim gin diy viéc nghién ctu
va sy quan tim dén da tap v6i mat do dudc gia
ting rat nhanh do cdc ng dung clia né trong
Todn hoc va Vatly. Pa tap v6i mat do 1a mot da
tap Riemann (l\/l , g) v6i mot ham tron, duong,
thudng dugc ky hiéu e ', dudc diing 1am trong
s6 cho thé tich k-chiéu, k=1,...,n (xem [1],
[2], [6]). Sau khi dugc gia thém mat d), métric
trén M thay ddi nhung ciu tric topd ctia M van
dudc giit nguyén. Do d6, né 1a mot cong cu rat
hitu hiéu khi gidi quyét cdc bai todn lién quan
dén topd trén da tap nhu gid thuyét Poincaré va
dinh ly tach da tap (xem [8]).

Trén da tap M v6i mat dd e ", Gromov
di dé xuit dinh nghia f -dd cong trung binh
clia siéu mit X (xem [2]) bdi ding thic:

df
\Hf—H+dN, (1.1)

d d6 H, N Ian lugt 1a d6 cong trung binh va
vectd phap don vi cia X. DPinh nghia trén da
dugc ki€m tra thda man bi€n phan thi nhat va
tht hai cia phi€ém ham f -dién tich. Tuy
nhién, do cidc nha nghién ctu thudc linh vuc
nay chi tip trung lam viéc trén cdc siéu mat
nén cdc khdi niém hinh hoc ciia mét da tap con
bat ki trong M chua dudc chuyén sang ngdn
nglt cia mat do. Trong bai bdo nay, ching toi
xdy dung cdc khdi niém f -vectd dd cong
trung binh, f -cuc ti€u cho mot da tap con. T
dé6, ching tdi ching minh mot dinh 1y ki€u
Bernstein cho mit 2-chiéu trong khong
gianG*xR", n>1,6 6 G® 1a mat phing R®

A —(x2+y?)2
véi mat do Gausse( ) .

© Khoa Su pham Todn-Tin, Trudng Pai hoc Pdng Thép.

Cho u:R"—>R", n>2 m>1,
ham kh3 vi sao cho dd thi £ cta né trén toan
bd R" 12 mdt mit cyc ti€u trong khong gian
R™™. Véi diéu kién nao clia ham U thi X
phdi 1a mot n-phing? Py 12 mot trong cic bai
todn dugc quan tAm nhiéu trong 1y thuy&t mit
cuc ti€u (xem [9]). Nim 1917, Bernstein da
chirng minh dinh 1y trong trudng hdp U 1la mot
ham kha vi cip 2 tir R* vao R. Pdng thdi,
ong dy dodn ring dinh 1y vAn ding trong
trudng hop m=1 vad N tdng quat. Sau do,
Giorgi, Almgren va Simons lan lugt chitng
minh dinh 1y ding cho cédc trudng hgp
n=3,4,5 6, 7. Tuy nhién, bai todn trong
trudng hgp m =1 dudc khép lai vao ndm 1969
khi Bombieri, Giorgi va Giusti chi ra dugc mot
dd thi cuc ti€u toan phin khdng phai 1a n-
phing khi n>8. Bit dau tir d6, cdc nha hinh
hoc quan tAm dén dinh ly Bernstein véi doi
chiéu cao. Nim 1969, Osserman di chiing
minh ring mot dudng cong gidi tich phitc c6 dod
thi toAn phan 13 mot mit cuc tiéu trong
R*xR*va x4y dung dugc mot db thi toan phin
cuc ti€u khong phai 1a dudng cong gidi tich
phitc. P6 12 dd thi cia ham u:R*> - R?* dugc
cho bdi:

u(x,y)= %(eX —3e‘x)(c05%,—sin%)

K&t qud mdi nhat clia bai todn la gid
thuy€t ham U kha vi cap hai va c6 Jacobian bi

la mot

chin ctia Hasanis, Halila va Vlachos (xem [3]).

N€u chiing ta gia thém mat do vao céc
khong gian trong dinh ly Bernstein thi né
khong con ding d6i v6i mot s6 mat do. Vi du
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(xem [4]) mit tinh ti€n dudc cho bdi tham sd
X (u,v)=(u,v,g(u)+h(v)), &d6

g(u)=u,

h(v) :—2Iog‘cos(v/\/§)‘, u,veR,
1a f -cyc ti€u trong khong gian R® véi mat do
e’. Tuy nhién, dinh Iy Bernstein vin con ding
trong mot s6 mat do. Ching han khong gian
Gauss (xem [10]) hay khong gian tich G" xR
(xem [5]). Trong muc 3, ching t6i chitng minh
raing néu modt ham khd vi cip 2
u:G* ->R",n>1, c6 cuc tri dia phuong tai 1
di€m va dd thila f -cuc ti€u thi U phdila mot
ham hing.

2. Patap con f -cyc tiéu

2.1. f -vecto do cong trung binh cua da
tap con

Cho X 1a mot da tap con k-chiéu dinh
huéng c6 bién hodc khong c6 bién trong da tap
Riemann (M",g) v6i mat do e va lién
thong Levi-Civita V.

V6i mdi trudng vectd X trén X, chiing ta
ky hiéu X' va X" 1an lugt 1a thanh phin ti€p
xtic va thanh phan phdp clia né.

f -vecto dp cong trung binh, ky hiéuH,
tai X cia X dudc dinh nghia bdi:
- K N -
A, :=%§(in E,) (Vi)' =H +(vi)",
& d6 {E;} 1a mot co s8 truc chudn cda khong
gian ti€p xic TX cia T tai x va Vf 1a
gradient cia ham f tai X.

Pa tap con T dudc goila f -cuc tiéu néu
H. clia n6 bing vectd 0 tai moi diém.

Nhin xét.

- PBinh nghia H, la doc 1ap vdi viéc chon
cd s& tryc chuén {E }.

- Néu dimZ =n-1 thi dai lugng H, =H. N
G d6 N la vectd phdp don vi cua X, chinh la
f-d6 cong trung binh theo dinh nghia cta
Gromoyv.
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2.2. f -vecto d§ cong trung binh ciia mit
tham so trong khong gian véi mat do

Khi ¥ 12 mot mit tham s chinh qui trong
khong gian Oclit R" thi chiing ta c6 thé xay
dung dinh nghia f -vectd do cong trung binh
cia £ ma né tuong dudng véi dinh nghia trong
muc 2.1. Hon nita, dinh nghia nay cho ching ta
cdc phuong trinh x4dc dinh diéu kién f -cuc
ti€u cia mit X .

Cho X 1a mot mit tham s chinh qui trong
khong gian R" véi mat do e . V6i mdi vecto
phdp don vi N cta X, f -dj cong trung binh
cia X tuong ung v6i N, ky hiéu H, (N) ,
dugc dinh nghia bdi:

H;(N)=H(N)+(Vf,N), (2.1

trong d6 H(N) 1a do cong trung binh cia X
tuong Ung v4i vectd phdp N.
Theo (2.1), chiing ta c6
H, (N) = 921 (N) + 91405, (N) — 293,b, (N) +<Vf , N>,
det(g;)

2.2)
trong d6 (gij) va (bij) 1an lugt 12 ma tran cla
dang co ban th¢ nhat va thd hai cia X. Tu
phuong trinh (2.2), ching ta thdy ringH, (N)
12 tuyé&n tinh theo N. Tir d6 suy ra ton tai duy
nhit mot vectd H, e (TpZ)L sao cho

H, (N) =<Hf ,N>, v Ne(T,2)"

Chiing ta dé y ring néu goi H 1a vecto do
cong trung binh ctia £ va (Vf )l 12 thanh phin
truc giao cia Vf thi ching ta c6

(H+(V6)" N} =H, (N),
véi phdp N. Do a6,
H; =H +(Vf )l. Ching ta van goi mit tham s6

moi  vecto

3 c6 vecto H, =0 1a mit f -cuc riéu.

Vi du. Cho a, d, 1a 2 vecto don vi, truc
giao v6i nhau trong khong gian R", n>3. Khi
d6, mit phing (X): X (u,v)=ug +va,, (u,v) eR?,

12 mot mit f -cuc ti€u trong G".
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That vay, goi 4a,,...,4d,
khong gian R" sao cho {é:i}i:l,,.,,
tryc chudn. V6i mdi di€ém M(x) e X, ching ta
cé W.ﬁk =0, véimoi k=3,...,n va

VE(x)=V(Ix[F 12)=(x).

Do d6, ching ta dugc:

la cdc vectd trong
la mot co sG

2 n
VE(M)=>(&,vH)a + > (&.Vf)a,
i=1 k=3

3. Pinh Iy kiéu Bernstein trong khong
gian G°xR"

Trong [9], Osserman da x4y dung phuong
trinh Lagrange cho mit cyc ti€u trong khong
gian R". Thyc hién tinh todn hoan todn tuong
ty, ching ta dugc dinh 1y sau.

3.1. Pinh Iy. Cho u:DcR?> 5> R",n>1,
la mdt ham kha vi duogc xdc dinh bdi
U (X, X ) = (Ug (X, X ),y Upyp (X4, X5) ), V(X %) € D.

2
- _;<ai'OM LA Khi dé, dd thi S ciia ham U trén D la mot
Tir d6, ching ta suy ra (Vf )l =0. mdt f -cuc tiéu trong khong gian R" véi mat
Mait khac, ching ta lai c6 H=0. Do d6 do e " khi va chi khi
H, =0. '
2 2 2
0 e 1 gy, TH o, Ok +det(gu)( M M A }=o, G.1)
OX; X, 0X,0X, OX, OX O% OX, OX,

vdi moi K=3,..,.n+2. 0 d6, g la cdc hé s6

cia dang co bdn thit nhdt duoc xdc dinh bdi:

g i) g _awaw o Jauf
H ox | T ox ox, X X,
ou, o%u, ou
+ -2 k
92 P 911 o 012 XX,
vdimoi K=3,...,n+2.
2 2
X + X
Chitng minh. Chon f :172 thay vao

dang thitc (3.1).
3.3. Hé qua. Mt tham s6’ X la T -cuc tiéu
trong R*xG" khi va chi khi

ou,

22 2
OXq

o°u,

11 2
OX;

2
0°Uy

12 5)(1 8X2

g

véimoi K=3,...,n+2.

2
n+2

X2+ X0+ X e+ X
2

Chitng minh. Chon f =

thay vao ding thitc (3.1).

3.5. Pinh Iy (Pinh ly ki€u Bernstein trong
G? xR"). Trong khéng gian G*xR", cho X la
mét mdt t -cuc tiéu, duoc xdc dinh béi tham s&

— det(g, )(aix1 + e

eret(gij)(uk mr X,
1

Xét cac trudng hop dic biét cia ham f,
ching ta dugc 3 hé qua sau.

3.2. Hé qua. Mt tham s6’ 2 la T -cuc tiéu
trong R*xG" khi va chi khi

@]=Q

0% 0X,

g o%u, ou, ou
22 axlz

véimoi K=3,...,n+2.

X2 A+eeet X

Chitng minh. Chon f = 5 n+2

thay vao ding thitc (3.1).
3.4. H¢ qua. Mt tham s6’ X la T -cuc tiéu
trong G"™? khi va chi khi

QJ:Q

X(XI’XZ):(XI’ X, Us(Xl,XZ),...,Un+2(X1,X2)), (X1'X2) eR.
Khi dé, néu ton tai bo (Xlo, Xg) trén R? sao

X,

cho u, dat cuc tri tai (xf,x‘z’) vOi moi
k=3,....,n+2, thi £ la mot mdt phdng song

song hodc tring vdi mdt phdng X =0,
k=3,...,n+2.
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Chiing minh. Chiing ta xét todn t& L
dudc xdc dinh béi:

2 i+] o? 2 0
L=>(-1)"g; o —det(gij)gxi&.

i,j=1 i

Khi do, theo Hé qua 3.2,
L(uk):0,k23,...,n+2. Mit khic, do ma
trén [ Ju _glzjla xdc dinh duong nén L 1a

0 O»

déu elliptic trén R?.

V6i moi diém (x,,X,)eR?, ching ta dit
r=d ((Xl, XZ),(Xlo, XS))+1. Ap dung nguyén Iy
cuc dai cho todn tir L d6i véi cdc ham uy trong
hinh cau tam (X, X;) ban kinh r, chiing ta dugdc
u (X, %) =u, (X, x7), v6i moi k=3,...,n+2.

Do d6, cdc ham u, 1a hing.
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THE f -MINIMAL SUBMANIFOLDS AND A BERNSTEIN TYPE THEOREM

IN THE PRODUCT SPACE G’ xR"
Summary
In this paper, we construct definitions of f -mean curvature vector and f -minimal

submanifolds. Accordingly, we prove that a f -minimal entire graph of a differential function

reaching a critical point in the product space G*xR", n>1, must be a plane.

Keywords: Bernstein, density, mean curvature, entire graph, Lagrange.
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