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PHUONG PHAP SU DUNG PUONG THANG TIEP TUYEN
CHUNG MINH BAT PANG THUC

e CN. Pham Trong Thu®”

Tém tit
Bai viét gidi thiéu phuong phdp sit dung dwong thdng tiép tuyén trong chitng minh bat ding

P N , , . . A R
thitc va cdc vi du minh hoa tiéu biéu.

Tir khéa: Duong thdng tiép tuyén, bat ding thiic.

1. Mé dau

Bit ding thic (BPT) 12 mot by phan cla
Todn hoc va ngay cang dudc chu trong nhd n6
bao ham nhiéu sing tao va suy luan. Trong cdc
dé thi tuyén sinh vao dai hoc ciing nhu dé thi
Olympic trong nudc va qudc t&€ clia nhitng nim
gan day thudng cé bai chitng minh BPT hay
cdc vin dé lién quan. Pay 1a loai todn khé cé
nhiéu dang va nhiéu phuong phdp gii, ching
han phuong phdp st dung cdc BDT quen thudc,
phuong phdp cuc tri,... P8i v6i cdc bai todn
BPT dua dugc vé dang tdng ham véi ham s&
c6 dao ham trén khodng K, viéc st dung céc
tri thitc vé€ ti€p tuyén d€ ching minh BPT la
mdt hudng thudn 1gi tim ra 15i gidi cua loai
todn ndy. Trong bai vi€t nay ching toi gibi
thi€u ndi dung cia phuong phap st dung dudng
thang ti€p tuyé&n chitng minh BPT @€ ban doc
tham khdo.

2. St dung dudng thing tiép tuyén trong
chitng minh bt ding thifc
DP6i v6i mdt dudng cong cho bdi ham s
y = f(X), ti€p tuyé&n tai mdt s6 di€m nao dé clia
dd thi ham s6 1udén nim trén hay nim dugi do
thi ham s6. Dya vao tinh chat nay, ngudi ta thi€t
1ap nén mot phuong phap thd vi d€ chiing minh
bit déng thifc, d6 12 phuong phap ti€p tuyén.
Cho ham sdy=f(x), xdc dinh trén
khoang K,lién tuc va c¢6 dao ham trén K. Khi
d6, néu ti€p tuyén tai mot di€m
M(X; F (X)), % € K cda dd thi ham so6
y = f(X) c6 phuong trinh
. y:f’(xo)(x—X02+f(X0) \ (1)
lu6én nam trén (hodc ludn nam dudi) do thi ham
s6 f thita luén c6
FO) < /(X)X =%) + F(X) (2)
hodc f(X)= f'(X))(X—%y)+ f(Xp). 3)
Tr nhin xét trén, ta thdy v6i moi
Xis Xg,. Xp € K thi

fFOx)+ T+ -+ F(Xy) < F/(X)(X] + Xg +++++ Xy —nXg) +nf (X)) 4)

hodc f(X)+ F(Xp)+--+ F(Xy) = F(X)(X| + Xg + -+ + Xy = nXg) +nf (Xy). (5)

Nhu viy, né€u mot bat ding thifc c6 dang
“t6ng ham” nhu v€ trdi (VT) cla bat ding thic
(4) (hoac (5), va cob thiét
X| + Xy +---+Xq =nX, vGi ddng thitc x4y ra khi

gid

X =Xy ==X, =X thi ta nghi ngay c6 thé
chitng minh (4) (hodc (5)) bing phuong phap
ti€p tuyé&n, ching han d€ chitng minh bat ding

thitc (2) thi viéc diu tién 13 ta ti€n hanh tim

® Trudng Trung hoc phd thong chuyén Nguy&n Quang Diéu,
DPong Thép.

phuong trinh ti€p tuyé&n (1) tai di€émx, € K clia
dd thi ham s6 y= f(x),roi sau dé ti€n hanh
thitc

luon ding

kiém ching bat dang
f () —(F'(X)(X=Xy)+ F(%))<0
trén mot mién K nao dé.

Sau day ching ta xét cdc bai todn qua cédc
vi du tiéu biéu.

Vi du 1. Cho a, b, ¢>0.Chitng minh ring
a_, b ¢ ]z 2 (1)

(b+c)® (c+a)’ (a+h)? ) 4

(a+b+c)£
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Loi gidi
Khong mat tinh tdng quidt nén bing ki
thuat chuan héa k&t hdp vdi phuong phap hé s&

bit dinh (tén ti€ng Anh 13 Undefined
Coefficient Technique) ta chuin héa a+b+c=3.
BDT (1) trd thanh
a b C

3
>
G-ay (-b’ (-0 4

hay f(a)+f(b)+f(c)2%(*)

trong d6 ham s& dic trung 1a

x e (0; 3).

f = s
(%) Gx)?

Ping thic (*¥) x4y ra khi va chi khi
a=b=c=1.
—x*+9
(3-%? 3-x*
Nhu vay phuong trinh ti€p tuyén ctia dd
thi y= f(x)tai diém M(L; f(1)1a

y=f'(x-1)+ f(l):%(x—l)+% hay y=

Ham sd f(x)= c6 f'(x)=

2x—1.
4

ta

Ta co:
f(x)_(2x—1J:—2x3+13x2—20x+9
4 43 -x)*
_(x=1*0 — 2950, vxe (0; 3)
4(3-X)
Suyra fx)>2=L vxe(0; 3).

Tir d6 voi moi a, b, ce(0; 3) thi
f(a)+ f(b)+ f(c)> 2(a+bzc)_3'l =%.

Vay BPT (1) dudc chitng minh. Ping thitc
G (1) x4y ra khi va chi khi a=b=c.
Luu 5.
« Tai sao trong Vi du 1 ta chudn héa dugc
a+b+c=3.
+ Ta chi c6 thé chudn hod khi hai v€& cla
BDPT cin chiing minh 13 déng bac va thuin
nhat nhim d€ triét tiéu di s6 “t =0 .
+ Trong Vi du 1 ta thdy hai v€ cia BDT
(1) 1a doéng bac 0 va thuin nhit, cho nén khi ta
thay bo (a, b, ¢) bing bd (ta, tb, tc) thi BDT
cAn chitng minh vin khong d6i.
That vay khi d6

VT(l)=(ta+th+ tc)[

ta

N th N tc
(tb+tc)’> (tc+ta)’> (ta+th)?

:t(a+b+c)[

a

N tb . tc
t?(b+c)® t’(c+a)’ t*(a+h)?

:(a+b+c)(

Vay n€u BPT ding véi bd (ta, th, tc) thi
ding v6i bd (a, b, ¢). Nén ta c6 quyén chon
1

a+b+c
a b c

a+b+c’ a+b+c’ a+b+c
(a, b, ¢) mang tinh chat a+b+c=3.
« Dé hiéu ré hon vén dé chudn héa trudc
hét ta can nhd lai
+ Pba thic f(a, b,c) doi
< f(a, b, c)=1(b, c, a)=f(c, a, b).
+ Pa thitc f(a, b, ¢) thuan nhat trén mién
D < f(ta, th, tc)=t"f(a, b, ¢)
Vt, a, b, ceD, t =0, n=const.

t=

khi d6 ching minh BPT vdi bo

J hay 1a bd

xung
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(b+c)?

+ b P
(c+a)’> (a+b)?

Hiéu mot cich don gidn do tinh chat cla
ham thuin nhit ta c6 thé chuidn héa diéu kién
clia bi€n @€ don gidn héa viéc chiing minh. Ta
c6 thé chuin héa mot da thic thuidn nhit doi
xtng ba bi€n bing cdch dit

abc=r, ab+bc+ca=s, a" +b" +c" =t...

Vi du 2. [4, tr. 119]
Cho a, b, ¢ 1a cdc s6 thuc duong. Chitng

minh ring
a(b+c) b(c+a) c(a+b) 6
2, .2 2, 12 > 255 @
(b+c)*+a” (c+a)”+b° (a+b)y*+c 5
Loi giai

Khong mat tinh tdng qudt chuin hda
a+b+c=3.
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BDT (2) trG thanh
a3-a) b(3-b) c(3-0¢)

3-a)+a’> (B-b?+b> (B-c)+c?
hay f(a)+ f(b)+ f(C)Sg (*)
trong d6 ham sd dic trung 1a

f(x):%, x e (0; 3).
(B=X) +x
Pang thtc trong (*) xdy ra khi va chi khi

a=b=c=1.

Ham s6 f(x)=

<5
5

X(3—X) .
————5 ¢
B—-X)"+x
—18x+27
(2x% —6x+9)?
Nhu viy phuong trinh ti€p tuyén clia db
thi y= f(x)tai diém M(1; f(1)1a

f'(x)=

9 2 9x+1
=f'MH(x-D+f(1)=—(x-1)+= ha = .
y=T1'D(x-1) ()25( )5 y ¥="73

Khi d6 Vxe(0; 3) taco:
(9x+1j —18%% +27%x%2 =9
f(x)- =
25 25((3—x)2+x2)
_—(x—1)2(18x+9)<0
25((3— x)2 + x2)
Suyra f(x)< 9’;1, vx e (0; 3).

Tu dé Va, b, ce(0; 3) thi
f(a)+ f(b)+ f(c) < 9(a+b+c)+3.1 :2
25 5

Vay BPT (2) dudc chitng minh. Ping thitc
G (2) x4y ra khi va chi khi a=b=c.

Vidu 3. Cho a, b, c>0 théa mian a+b+c=3.

Chttng minh ring
L+L+L2+2(ab+bc+ca) > (a+b+c)2 3)

az b? ¢

Loi gidi
Ta co

1 5 1 1

(3)<:>(——a ]+(——b j+(—

a’ b? c?
«Doa, b, c>0nén

a’ +b? +c? <(@+b+c)> =9. T d6 néu c¢6 mot

—czjzo (*)

trong ba s6 a, b, cnhd hon %

Gia st a<l thi iJri+i>9>a2+b2+c2
3 a b
nén BDT (*) dd dugc chirtng minh.

. Xét a, b, CZ% va k&t hop véi

a+b+c=3tasuyra a, b, CGB; ﬂ

s A Ax 1 A
« Xét ham so ddc trung f(X) =—- x% trén
X

l; 7 , cO f’(x):—i—zx
33 3
Nhu vay phuong trinh ti€p tuyén ctia dd
thi y= f(x)tai diém M(l; f (1) 1a

y=f'D(x-D+f(1)=—4(x-1)+0 hay y=—4x+4-
Khi d6 VXGF; Z} ta co:
33
—xtraxd —ax? +1

X2

:(x—1)2(2—(x—1)2)>0

X2

Suy ra f(x)>-4x+4, VX€|:%; %}

f(X)—(—4x+4) =

Tu d6 ta co
f(a)+ f(b)+ f(c)>-4(a+b+c)+12=0.

Vay BPT (3) dudc chitng minh. Ping thic
G (3) xay ra khi va chikhi a=b=c=1.

Vi du 4. [2, tr. 829] Gid st a, b, c,d la
céc s6 thuc duong sao cho a+b+c+d =1.

Chitng minh ring
6(a3 +b+c? +d3)2a2 +b% +c? +d? +é 4)

Loi giai

@ef@+f)+fE)+ f(d)z%, Va, b, c,de(0; 1)

trong d6 ham so dac trung [a f(x) =6X° —xz, xe(0; 1.
Ping thifc trong (4) x4y ra khi va chi khi

azb:c:d:l-
4

Ham s6 f(X)=6x"—Xx> ¢6 f'(x)=18x> —2x
Nhu vay phuong trinh ti€p tuyén ctia dd

thi y= f(x)tai diém M G; f&jjla

y-;(%}(x-i)+f@-§(x-

hay
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Khi d6 vxe(0; 1) ta co

f(x)—(5X8_1]=%(48x3 —8x2 —5x+1)

:%(4x—1)2(3x+1)20.

Suy ra f(x)> X1

, VXe(0; 1).

Tir d6 Va, b, ¢, d e(0; 1) thi

f(a)+ f(b)+ f(c)+ f(d)zs(a+b+;+d)_4=é.

Vay BDPT (4) dudc chitng minh. Ping thitc
G (4) xay ra khi va chi khi a=b=c=d =i«
Vidu 5. [1, tr. 207] Cho a, b, c>0.
Ching minh ring
(@a+b- c)2 3

(b+c—a)2 N (c+a—b)2 >3 (5
(b+c) +a% (c+a)+b> (a+b?+c® 5

Loi giai

< a b c
bit m=a+b+c,a=—;b=—;¢=—=a,+b +¢ =1
m m m

5o Bra-a)r ©ra-b)’ @<+b-c) 3

(bI+Cl)2+a12 (C1+<5‘1)2"'bl2 (‘311"‘b1)2"'(312_5

a2 A2 YRV
a 2;"1) . d 2;’1) . d 251) . >3 hay f(a)+ fbo)+F(c)2> (%)
(I-a)”+a  (I-b)~+b" (d-c) +¢ 3 >
a2
trong d6 ham s& dic trung 12 f(X) :%, X € (0; 1).
1-x)"+x
DPing thic (¥) xdy ra khi va chi khi Tir d6 Va,, by, ¢, € (0; 1) thi
o] 69 —54(a, +b +¢;) 3
al—bl—cl—; f(a)+ f(b)+f(c)= 215 17 ™ =<
_ 2 A . . 2 .
Ham s5 f(x)= (1-2x) 6 ? V%y BDT '(52 du’(;ic chu’ng minh. Pang thuc
(1-x)% +x° G (5) xdy ra khi va chi khi a=b=c.
4x -2 Vi du 6. Gid st a, b, ¢ 12 cdc sd thuc sao

f'(x)=

2
(2x2 —2X+ 1)
Nhu vay phuong trinh ti€p tuyén clia dd

thi y= f(x)tai diém M G fGDla

(sls ) G533

y=f'|= || x—=|+f|=|=——=| x—=|[+=

3 3 3) 2500 3) 5

23—54x_

25

Khi d6 vxe(0; 1) ta co:

23-54x) 23x—1)*(6x+1)

f(x)— = >
25 25((1—x) +X )

23 -54x

>0.

Suyra f(x)>

, VX e (0; 1).
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cho a+b+c=1.
Chitng minh ring
L YO
1+(-b=c)® 1+(1-c-a)® 1+(-a-b)? 10
Loi gidi
(6) = a2+ b2+ c2S9
1+a~ 1+b~ 1+c¢~ 10

hay f(a)+f(b)+f(c)£%

trong d6 ham s& dic trung 12 f(x)= 5
I1+X

Ham so f(x)= 5 V6i xeR, c6
I1+X

XZ

f'(x):l_—z, f'(X)=0< x==I.
(l+x2)
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Bang 1. Bang bién thién ctia ham so f (x) trén R

X —0 -3 -1 —% 1 2 +00
f'(x) - -0 +| +0 - |-
0 1
2
_3 _3 2
f(x) 10 10 5
_1 0
2
Truong hgp 1. Gid st tdn tai mot sO Tit d6 Va. b Ce(_l_ +°°j i
2 b 3,

ae(—oo; —3]=b+c>4 nén trong hai s6 b, ¢

nay chic chin c6 mot sd 16n hon biing 2, ching F(a)+ f(b)+ (o) <E(a+b+c)+3-i=2~
han b>2. Tir d6 suy ra 25 50 10
fa)+ f (b)+ f(c)<0+g+l:2. C4 ba trudng hfjp ta suy ra BPT (6) da
5 210 dugc chiing minh. Pang thdc xdy ra khi va chi
Truong hop 2. Gia s\ ton tai mot s6 1
1 khi a=b=c=—-
ae(—3; ——}. Khi d6 3
3 Bai tap tuong tu
f(a)+f(b)+f(c)£—i+l+l:l 2. 1. Cho a, b, ¢>0. Chi'ng minh ring
10 2 2 10 10
1 a + b + ¢ >§-
Truong hgp 3. Cac so a, b,CE(—E; +ooj~ b+c c+a a+b 2

Ta thdy dang thic trong (6) x4y ra khi va 2. Cho a,\b, G d>0 thoa miin a+b+c+d=4.
1 Chdng minh rdng
chikhi a=b=c=—-
3 1 1 1 1
Tttt — >2.
a+1 b“+1 c“+1 d-+1
3.Cho a, b, c>0 thdaman a+b+c=3.

Nhu vay phuong trinh ti€p tuyén clia db
1

thi y=f(x)tai diém M (1; f(—jj 1a .
3 3 Ching minh rdng

(1 1 1 18 1 3 1 1 1
y=f'|=|| Xx—=|+f|=|=—| Xx—= |[+— hay + + <I.
3 3 3) 250 3) 10 a’?+b+c b*+c+a c*+a+b
y=Byi . 4.Cho a, b, ¢>0 théa min a+b+c=3.
2550 . Chitng minh ring
Khi d6 VXE(——; +ooj ta co: 1 1 1 )
3 3 —+t5+t3 +2(a+b+c)” >15+4(ab+bc+ca).
18 3Y)  (Bx=1)>2(4x+3) as bt e
f(x) - EYRaTY i 500+ 1) <0. 5.[2, tr. 830] Cho a, b, ¢>0. Chting minh
2 2 2
183 1 An (2a+b+c)”  (2b+c+a) (2c+a+b) <3
Suy raf(x)325x+50, VXE( 3’ +°Oj’ 2a2+(b+c)2 2b2+(c+a)2 202+(a+b)2
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6. Cho a, b, ¢ >0. Chitng minh riang
(b+c—3a)’ . (@a+c-3b)°  (a+b-3¢)* 1
282 +(b+c)> 2% +(@+c)? 2c2+(b+a)’ 2

7.Cho a, b, c>0 thdoa man
(a2 +b% + c2)2 =3+ 2(&12b2 +b%c? + czaz).

1 1
4—ab+4—bc+4—caS

Chirng minh ring 1.

3. Két luan
Pé€ chitng minh bat ddng thitc c6 rat nhiéu
phuong phdp. Viéc st dung phucdng phép

dudng ti€p tuyén 1a mot hudng ti€p can kha
mdi. Bai vi€t nay, ching t6i mudn thdong qua
mot s6 vi du tiéu bi€u d€ cac ban doc c6 diéu
kién tim hi€u vé phuong phdp. TAt nhién mdi
bai tAp khdc nhau déu can cdc thd thuat khic
nhau truéc khi st dung dugc phuong phdp. Ban
doc c6 thé thit stiic vdi 7 bai tip trong bai viét
dé tim ra nhitng ¢ng dung thd vi clia phuong
phédp dudng ti€p tuyén.
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THE METHOD OF USING THE TANGENT LINE IN PROVING THE INEQUALITIES
Summary

This paper is to introduce the method of using the tangent line in proving the inequalities and

some typical examples illustrating.

Keywords: the tangent line, the inequalities.
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