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ÑÒNH LÍ ÑIEÅM BAÁT ÑOÄNG CHO AÙNH XAÏ HAÀU CO-( , )ψ ϕ  TOÅNG QUAÙT 
TRONG KHOÂNG GIAN b -MEÂTRIC SAÉP THÖÙ TÖÏ 

 ThS. Nguyeãn Thaønh Nghóa(*), ThS. Nguyeãn Trung Hieáu(**) 

Toùm taét 
Trong baøi baùo, chuùng toâi giôùi thieäu khaùi nieäm aùnh xaï haàu co-( , )ψ ϕ  toång quaùt trong khoâng gian b -

meâtric saép thöù töï baèng caùch boå sung theâm boán soá haïng 2( , ),d f x fx 2( , ),d f x y 2( , ),d f x fy  
2 2( , ) ( , )

2

d f x x d f x fy

s

+
 vaø thieát laäp ñònh lí ñieåm baát ñoäng cho lôùp aùnh xaï co naøy. Ñoàng thôøi, chuùng toâi 

xaây döïng moät soá ví duï minh hoïa cho keát quaû ñaït ñöôïc.   
Töø khoùa: ñieåm baát ñoäng, khoâng gian b -meâtric, aùnh xaï haàu co-( , )ψ ϕ  toång quaùt. 
 
1. Giôùi thieäu 
Caùc meâtric suy roäng coù vai troø quan troïng 

trong vieäc thieát laäp nhöõng môû roäng cuûa 
Nguyeân lí aùnh xaï co Banach. Baèng caùch thay 
theá baát ñaúng thöùc tam giaùc trong khaùi nieäm 
meâtric bôûi moät baát ñaúng thöùc toång quaùt hôn, 
nhieàu khaùi nieäm meâtric suy roäng ñaõ ñöôïc giôùi 
thieäu nhö 2 -meâtric, G -meâtric, S -meâtric, 
meâtric chöõ nhaät. Vôùi kó thuaät töông töï, naêm 
1989, Bakhtin [2] ñaõ giôùi thieäu moät khaùi nieäm 
meâtric suy roäng laø b -meâtric. Khaùi nieäm naøy 
tieáp tuïc ñöôïc Czerwik [5], [6] nghieân cöùu vaø 
hoaøn chænh. Gaàn ñaây, vieäc thieát laäp nhöõng ñònh 
lí ñieåm baát ñoäng treân khoâng gian b -meâtric 
cuõng nhö vieäc môû roäng nhöõng ñònh lí ñieåm baát 
ñoäng trong khoâng gian meâtric sang khoâng gian 
b -meâtric ñöôïc nhieàu taùc giaû quan taâm nghieân 
cöùu. Khaùi nieäm b -meâtric ñaõ ñöôïc giôùi thieäu 
nhö sau. 

Ñònh nghóa 1.1 ([5]). Cho X  laø taäp hôïp 
khaùc roãng vaø aùnh xaï : [0, )d X X× → ∞  thoûa 
maõn caùc ñieàu kieän sau vôùi moïi , ,x y z X∈  vaø 
vôùi 1.s ≥  

(1) ( , ) 0d x y =  khi vaø chæ khi .x y=  
(2) ( , ) ( , ).d x y d y x=  
(3) ( , ) ( ( , ) ( , )).d x y s d x z d z y≤ +  
Khi ñoù, aùnh xaï d  ñöôïc goïi laø moät b -

meâtric treân X  vaø boä ( , , )X d s  ñöôïc goïi laø moät 
khoâng gian b -meâtric. 

 
 

Trong nhöõng naêm gaàn ñaây, vieäc môû roäng 
aùnh xaï co trong Nguyeân lí aùnh xaï co Banach 
thu huùt söï quan taâm cuûa nhieàu taùc giaû. Nhieàu 
daïng aùnh xaï co suy roäng ñaõ ñöôïc thieát laäp [4]. 
Naêm 2011, Ćirić vaø caùc coäng söï [3] ñaõ giôùi 
thieäu moät daïng aùnh xaï haàu co suy roäng treân 
khoâng gian meâtric saép thöù töï vaø thieát laäp ñònh lí 
ñieåm baát ñoäng cho loaïi aùnh xaï naøy. Naêm 2012, 
Shatanawi vaø coäng söï [10] ñaõ môû roäng khaùi 
nieäm aùnh xaï haàu co suy roäng thaønh aùnh xaï haàu 
co-( , )ψ ϕ  suy roäng treân khoâng gian meâtric saép 
thöù töï. Naêm 2013, Roshan vaø caùc coäng söï [9] 
ñaõ môû roäng khaùi nieäm aùnh xaï haàu co-( , )ψ ϕ  
suy roäng treân khoâng gian meâtric saép thöù töï 
trong baøi baùo [10] thaønh aùnh xaï haàu co-( , )

s
ψ ϕ  

suy roäng trong khoâng gian b -meâtric saép thöù töï, 
ñoàng thôøi thieát laäp moät soá keát quaû veà ñieåm baát 
ñoäng cho lôùp aùnh xaï naøy.  

Cuõng vôùi muïc ñích môû roäng Nguyeân lí aùnh 
xaï co Banach, naêm 2014, Kumam vaø caùc coäng 
söï [8] ñaõ suy roäng ñieàu kieän co kieåu Ćirić baèng 
caùch boå sung theâm boán soá haïng môùi 2( , ),d T x x  

2( , ),d T x Tx 2( , ),d T x y 2( , ),d T x Ty  ñoàng thôøi thieát 
laäp ñònh lí ñieåm baát ñoäng cho ñieàu kieän co suy 
roäng naøy.   

Trong baøi baùo naøy, baèng caùch boå sung 
theâm boán soá haïng 2( , ),d f x fx  

2( , ),d f x y  
2( , ),d f x fy  

2 2( , ) ( , )

2

d f x x d f x fy

s

+
 vaøo ñieàu kieän co, chuùng 
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toâi giôùi thieäu khaùi nieäm aùnh xaï haàu co-( , )ψ ϕ  
toång quaùt trong khoâng gian b -meâtric saép thöù töï 
vaø thieát laäp ñònh lí ñieåm baát ñoäng cho kieåu aùnh 
xaï co naøy. Ñoàng thôøi, chuùng toâi cuõng xaây döïng 
ví duï minh hoïa cho keát quaû ñaït ñöôïc. 

Tröôùc heát, chuùng toâi giôùi thieäu moät soá khaùi 
nieäm vaø keát quaû cô baûn ñöôïc söû duïng trong baøi 
baùo naøy. 

Ñònh nghóa 1.2 ([5]). Cho ( , , )X d s  laø moät 
khoâng gian b -meâtric. Khi ñoù 

(1) Daõy { }
n
x  ñöôïc goïi laø hoäi tuï ñeán x  neáu 

lim ( , ) 0,
nn

d x x
→∞

=  kí hieäu laø lim .
nn
x x

→∞
=  

(2) Daõy { }
n
x  ñöôïc goïi laø daõy Cauchy  neáu 

,
lim ( , ) 0.

n mn m
d x x

→∞
=  

(3) Khoâng gian ( , , )X d s  ñöôïc goïi laø ñaày ñuû 
neáu moãi daõy Cauchy trong ( , , )X d s  laø moät daõy 
hoäi tuï trong ( , , ).X d s    

Boå ñeà 1.3 ([1], Lemma 1). Cho ( , , )X d s  laø 
moät khoâng gian b -meâtric vaø hai daõy { },{ }

n n
x y  

laàn löôït hoäi tuï ñeán , .x y  Khi ñoù 
2

2

1
( , ) lim inf ( , ) lim sup ( , ) ( , ).

n n n nn n
d x y d x y d x y s d x y

s →∞ →∞
≤ ≤ ≤  

Ñaëc bieät, neáu x y=  thì lim ( , ) 0
n nn

d x y
→∞

= . 

Hôn nöõa, vôùi moïi z X∈ , ta coù 
1

( , ) lim inf ( , ) lim sup ( , ) ( , ).
n nn n

d x z d x z d x z sd x z
s →∞ →∞

≤ ≤ ≤  

Ñònh nghóa 1.4 ([7]). Haøm : [0, ) [0, )ϕ ∞ → ∞  
ñöôïc goïi laø haøm bieán thieân khoaûng caùch neáu ϕ  
thoûa maõn caùc ñieàu kieän sau. 

 (1) ϕ  laø haøm lieân tuïc khoâng giaûm; 
 (2) ( ) 0tϕ =  neáu vaø chæ neáu 0.t =  
2. Caùc keát quaû chính 
Tröôùc heát, chuùng toâi giôùi thieäu khaùi nieäm 

aùnh xaï haàu co-( , )ψ ϕ  toång quaùt treân khoâng gian 
b -meâtric saép thöù töï.  

Ñònh nghóa 2.1. Cho ( , , , )X d s  laø moät 
khoâng gian b -meâtric saép thöù töï vaø aùnh xaï 

: .f X X→  Khi ñoù, aùnh xaï f  ñöôïc goïi laø aùnh 
xaï haàu co-( , )ψ ϕ  toång quaùt neáu toàn taïi haèng soá 

0L ≥  vaø hai haøm bieán thieân khoaûng caùch ,ψ ϕ   
sao cho 

2 (( ( , )) ( ( , )) ( , )) ( ( , ))
s s

s d fx fy K x y K x y L N x yϕψ ψ ψ≤ − +   (2.1) 

vôùi moïi ,x y X∈  maø ,x y  trong ñoù    
( , ) ( , )

( , ), ( , ), ( , ), ,
2

( , ) max{
s

d x fy d y fx
d x y d x fx d y fy

s
K x y

+=  

2 2
2 2 2( , ) ( , )

, ( , ), ( , ), ( , )},
2

d f x x d f x fy
d f x fx d f x y d f x fy

s
+  

( , ) min{ ( , ), ( , ), ( , )}.N x y d x fx d x fy d y fx=  
Tieáp theo, chuùng toâi thieát laäp ñieàu kieän ñuû 

cho söï toàn taïi ñieåm baát ñoäng cuûa aùnh xaï haàu 
co-( , )ψ ϕ  toång quaùt treân khoâng gian b -meâtric 
saép thöù töï.  

Ñònh lí 2.2. Cho ( , , , )X d s  laø moät khoâng 
gian b -meâtric saép thöù töï, ñaày ñuû vaø aùnh xaï khoâng 
giaûm :f X X→  thoûa maõn caùc ñieàu kieän sau.  

(1) f  laø moät aùnh xaï haàu co-( , )ψ ϕ  toång quaùt.  
(2) f  laø moät aùnh xaï lieân tuïc hoaëc X  thoûa 

maõn giaû thieát (H): Neáu { }
n
x  laø moät daõy khoâng 

giaûm trong X  vaø hoäi tuï veà x  thì 
n
x x  vôùi 

moïi 0.n ≥  
(3) Toàn taïi 

0
x X∈  sao cho 

0 0
.x fx  

Khi ñoù, f  coù ñieåm baát ñoäng trong .X  
Chöùng minh. Vôùi 

0
x X∈  thoûa maõn giaû 

thieát (3), ta xeùt daõy { }
n
x  trong X  xaùc ñònh bôûi 

1n n
x fx+ =  vôùi moïi 0.n ≥  Vì 

0 0
x fx  vaø f  

laø aùnh xaï khoâng giaûm neân baèng qui naïp ta 
chöùng minh ñöôïc 

1n n
x x

+
 vôùi  moïi 0.n ≥  

Neáu toàn taïi 0k ≥  sao cho 
1k k

x x+ =  hay 

k k
fx x=  thì 

k
x  laø ñieåm baát ñoäng cuûa .f  Giaû 

söû raèng 
1n n

xx +≠  vôùi moïi 0.n ≥  Ta chöùng 

minh raèng 

1
lim ( , ) 0.

n nn
d x x

+→∞
=                       (2.2) 

Thaät vaäy, vì f  laø aùnh xaï haàu co-( , )ψ ϕ  
toång quaùt neân 

2 2
1 1 1

( ( , )) ( ( , )) ( ( , ))
n n n n n n

d x x s d x x s d fx fxψ ψ ψ+ + −≤ =   

1 1 1
( ( , )) ( ( , )) ( ( , )),
s n n s n n n n
K x x K x x L N x xψ ϕ ψ

− − −
≤ − +   (2.3) 
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trong ñoù 
1 1

1 1 1 1

( , ) ( , )
( , ) max{ ( , ), ( , ), ( , ), ,

2
n n n n

s n n n n n n n n

d x fx d x fx
K x x d x x d x fx d x fx

s
− −

− − − −

+
=  

2 2
2 2 21 1 1

1 1 1 1

( , ) ( , )
, ( , ), ( , ), ( , )}

2
n n n n

n n n n n n

d f x x d f x fx
d f x fx d f x x d f x fx

s
− − −

− − − −

+

1 1
1 1 1

( , ) ( , )
max{ ( , ), ( , ), ( , ), ,

2
n n n n

n n n n n n

d x x d x x
d x x d x x d x x

s
− +

− − +

+
=

1 1 1 1
1 1 1 1

( , ) ( , )
, ( , ), ( , ), ( , )}

2

n n n n
n n n n n n

d x x d x x
d x x d x x d x x

s
+ − + +

+ + + +

+

1 1
1 1

( , )
max{ ( , ), ( , ), }

2
n n

n n n n

d x x
d x x d x x

s
− +

− +=

1 1
1 1

( , ) ( , )
max{ ( , ), ( , ), }

2
n n n n

n n n n

d x x d x x
d x x d x x − +

− +

+
=  

1 1
max{ ( , ), ( , )},

n n n n
d x x d x x

− +
=

 
  

1 1 1 1 1
( , ) min{ ( , ), ( , ), ( , )}
n n n n n n n n

N x x d x fx d x fx d x fx
− − − − −

=     

1 1 1
min{ ( , ), ( , ), 0} 0.

n n n n
d x x d x x

− − +
= =  

Giaû söû toàn taïi 1n ≥  sao cho 
{ }1 1 1 1

( , ) max ( , ), ( , ) ( , ).
s n n n n n n n n
K x x d x x d x x d x x

− − + +
= =  

Khi ñoù (2.3) trôû thaønh 
1 1 1

( ( , )) ( ( , )) ( ( , ))
n n n n n n

d x x d x x d x xψ ψ ϕ+ + +≤ −  

1
( ( , )).

n n
d x xψ

+
<  Ñieàu naøy laø voâ lí. Do ñoù, 

1 1
( , ) ( , )
s n n n n
K x x d x x− −=  vôùi moïi 1.n ≥  Khi 
ñoù, (2.3) trôû thaønh 

1 1 1 1
( ( , )) ( ( , )) ( ( , )) ( ( , ))

n n n n n n n n
d x x d x x d x x d x xψ ψ ϕ ψ

+ − − −
≤ − <  (2.4) 

vôùi moïi 1n ≥ .  Vì ψ  laø haøm khoâng giaûm neân 

1 1
( , ) ( , )
n n n n

d x x d x x+ −≤ vôùi moïi 1n ≥  hay daõy 

{ }1
( ),
n n

d x x +  laø daõy khoâng taêng cuûa caùc soá 

thöïc khoâng aâm. Do ñoù, toàn taïi 0r ≥  sao cho 

1
lim ( , ) .

n nn
d x x r+→∞

=  Khi ñoù, cho n → ∞  trong 

(2.4), ta ñöôïc ( ) ( ) ( ).r r rψ ψ ϕ≤ −  Suy ra 
( ) 0rϕ =  hay 0r = . Vì vaäy 

1
lim ( , ) 0

n nn
d x x

+→∞
= . 

Tieáp theo, ta chöùng minh raèng { }
n
x  laø moät 

daõy Cauchy. Giaû söû { }
n
x  khoâng laø moät daõy 

Cauchy. Khi ñoù, toàn taïi 0ε >  vaø hai daõy con 

( )
{ }
m k
x  vaø 

( )
{ }
n k
x  cuûa daõy { }

n
x  sao cho ( )n k  

laø soá nguyeân döông nhoû nhaát thoûa maõn 
( ) ( )n k m k k> ≥  vaø      

( ) ( )
( , ) .
m k n k

d x x ε≥                      (2.5) 

Do ñoù 

                      ( ) ( ) 1
( , ) .
m k n k

d x x ε− <          (2.6) 
Töø (2.5), ta coù 

( ) ( ) ( ) ( ) 1 ( ) 1 ( )
( , ) ( , ) ( , )
m k n k m k m k m k n k

d x x sd x x sd x xε − −≤ ≤ +  
2 2

( ) ( ) 1 ( ) 1 ( ) 1 ( ) 1 ( )( , ) ( , ) ( , ).m k m k m k n k n k n ksd x x s d x x s d x x− − − −≤ + + (2.7) 
Cho k →∞  trong (2.7) vaø söû duïng (2.2), 

ta ñöôïc  

             
( ) 1 ( ) 12

lim sup ( , ).
m k n k

k
d x x

s

ε
− −

→∞
≤        (2.8)              

Ta laïi coù  
( ) 1 ( ) 1 ( ) 1 ( ) ( ) ( ) 1

( , ) ( , ) ( , ).
m k n k m k m k m k n k

d x x sd x x sd x x
− − − −

≤ +  
(2.9)  

Cho k → ∞  trong (2.9) vaø söû duïng (2.2), 
ta ñöôïc 

             ( ) 1 ( ) 1
lim sup ( , ) .

m k n k
k

d x x sε− −
→∞

≤       (2.10) 

Töø (2.8) vaø (2.10), ta ñöôïc 

      
( ) 1 ( ) 12

lim sup ( , ) .
m k n k

k
d x x s

s

ε
ε− −

→∞
≤ ≤    (2.11) 

Töông töï, töø (2.5), ta coù     

( ) ( ) ( ) ( ) 1 ( ) 1 ( )
( , ) ( , ) ( , )
m k n k m k m k m k n k

d x x sd x x sd x xε − −≤ ≤ +           
2 2

( ) ( ) 1 ( ) 1 ( ) 1 ( ) 1 ( )
( , ) ( , ) ( , ).
mk mk mk n k n k n k

sd x x s d x x s d x x
− − − −

≤ + +  (2.12)     

Cho k → ∞  trong (2.12) vaø söû duïng (2.2), 
(2.11), ta ñöôïc 

         2
( ) 1 ( )

lim sup ( , ) .
m k n k

k
d x x s

s

ε
ε−

→∞
≤ ≤    (2.13)  

Ta laïi coù  

( ) ( )
( , )
m k n k

d x xε≤  

( ) ( ) 1 ( ) 1 ( )
( , ) ( , ).
m k n k n k n k

sd x x sd x x− −≤ +        (2.14)  
Cho k → ∞  trong (2.14) vaø söû suïng (2.2), 

(2.6), ta ñöôïc 

          
( ) ( ) 1

lim sup ( , ) .
m k n k

k
d x x

s

ε
ε−

→∞
≤ ≤      (2.15)  

Laäp luaän töông töï nhö treân, ta chöùng 
minh ñöôïc 

        
2

( ) 1 ( )
lim sup ( , ) ,

m k n k
k

d x x s
s

ε
ε+

→∞
≤ ≤

    
(2.16)         

       
( ) 1 ( ) 12

lim sup ( , ) .
m k n k

k
d x x s

s

ε
ε+ −

→∞
≤ ≤   (2.17) 

Vì f  laø aùnh xaï haàu co-( , )ψ ϕ  toång quaùt vaø 

( ) 1 ( ) 1m k n k
x x− −   neân 

2 2
( ) ( ) ( ) 1 ( ) 1

( ( , )) ( ( , ))
m k n k m k n k

s d x x s d f fxxψ ψ − −=  
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( ) 1 ( ) 1 ( ) 1 ( ) 1
( ( , )) ( ( , ))
s m k n k s m k n k
K x x K x xψ ϕ− − − −≤ −  

( ) 1 ( ) 1
( ( , ))

m k n k
L N x xψ − −+                             (2.18)    

vôùi  
( ) 1 ( ) 1

( , )
s m k n k
K x x− −

  

( ) 1 ( ) 1 ( ) 1 ( ) 1
max{ ( , ), ( , ),

m k n k m k m k
d x x d x fx− − − −=                   

( ) 1 ( ) 1 ( ) 1 ( ) 1

( ) 1 ( ) 1

( , ) ( , )
( , ), ,

2
m k n k m k n k

n k n k

d x fx d fx x
d x fx

s
− − − −

− −

+

2 2
( ) 1 ( ) 1 ( ) 1 ( ) 1

( , ) ( , )
,

2
m k m k m k n k

d f x x d f x fx

s
− − − −+

 

2 2 2
( ) 1 ( ) 1 ( ) 1 ( ) 1 ( ) 1 ( ) 1

( , ), ( , ), ( , )}
mk m k m k n k m k n k

d f x fx d f x x d f x fx
− − − − − −

 
  

( ) 1 ( ) 1 ( ) 1 ( ) ( ) 1 ( )
max{ ( , ), ( , ), ( , ),

m k n k m k m k n k n k
d x x d x x d x x− − − −=

        
( ) 1 ( ) ( ) ( ) 1 ( ) 1 ( ) 1 ( ) 1 ( )

( , ) ( , ) ( , ) ( , )
, ,

2 2
mk nk mk nk mk mk mk nk
dx x dx x dx x dx x

s s
− − + − +

+ +

( ) 1 ( ) ( ) 1 ( ) 1 ( ) 1 ( )
( , ), ( , ), ( , )}
m k m k m k n k m k n k

d x x d x x d x x+ + − + (2.19)
 vaø  

 ( ) 1 ( ) 1 ( ) 1 ( ) 1 ( ) 1 ( ) 1
( , ) min{ ( , ), ( , ),
m k n k m k m k m k n k

N x x d x fx d x fx− − − − − −=  
( ) 1 ( ) 1 ( ) 1 ( ) ( ) 1 ( )

( , )}=min{ ( , ), ( , ),
m k n k m k m k m k n k

d fx x d x x d x x− − − −         
( ) ( ) 1

( , )}.
m k n k

d x x −
                                             (2.20) 

Cho k → ∞  trong (2.19), (2.20) vaø söû 
duïng (2.2), (2.11), (2.13), (2.15), (2.16), (2.17),  
ta ñöôïc 

( ) 1 ( ) 12 2

1
min{ , ( )} limsup ( , )

2 s m k n k
k

K x x
s s ss s

ε ε ε ε
− −

→∞
= + ≤  

2
2 2=max{ ,0,0, , ,0, , }=

2 2

s s
s s s s

s

ε ε ε
ε ε ε ε

+       (2.21)          

vaø 
( ) 1 ( ) 1

lim sup ( , ) 0.
m k n k

k
N x x− −

→∞
=               (2.22)          

Laäp luaän töông töï, ta cuõng chöùng minh ñöôïc  
2

( ) 1 ( ) 12
lim inf ( , ) .

s m k n kk
K x x s

s

ε
ε

− −→∞
≤ ≤       (2.23) 

Cho k → ∞  trong (2.18) vaø söû duïng 
(2.21), (2.22), (2.23), ta ñöôïc 

2 2
( ) ( )

( ) ( lim sup ( , ))
m k n k

k
s s d x xψ ε ψ

→∞
≤  

( ) 1 ( ) 1 ( ) 1 ( ) 1
(limsup ( , )) (liminf ( , ) (0)

s m k n k s m k n kkk
K x x K x x Lψ ϕ ψ− − − −→∞→∞

≤ − +

2 2
( ) 1 ( ) 1

( ) (lim inf ( , )) ( ).
s m k n kk

s K x x sψ ε ϕ ψ ε− −→∞
≤ − <  

Ñieàu naøy laø voâ lí.  Do ñoù, { }
n
x  laø moät daõy 

Cauchy. Do X  laø khoâng gian b -meâtric ñaày ñuû 
neân toàn taïi u X∈  ñeå lim .

nn
x u

→∞
=   

Giaû söû f  laø moät aùnh xaï lieân tuïc. Khi ñoù, 

1
lim lim (lim ) .

n n nn n n
u x fx f x fu

+→∞ →∞ →∞
= = = =

 
Do 

ñoù, u  laø ñieåm baát ñoäng cuûa aùnh xaï .f   
Giaû söû giaû thieát (H) ñöôïc thoûa maõn. Khi 

ñoù, 
n
x u  vôùi moïi 0.n ≥  Do f  laø moät aùnh 

xaï haàu co-( , )ψ ϕ  toång quaùt neân  
2 2

1
( ( , )) ( ( , ))

n n
s d x fu s d fx fuψ ψ+ =   

( ( , )) ( ( , )) ( ( , )),
s n s n n
K x u K x u L N x uψ ϕ ψ≤ − +       (2.24) 

trong ñoù 
( , ) ( ,

( , ) max{ ( , ), ( , ), ( , ), ,
2

)
n n

s n n n n

d x fu d u fx
K x u d x u d x fx d u fu

s

+
=   

2 2
2 2 2( , ) ( , )

, ( , ), ( , ), ( , )}
2

n n n
n n n n

d f x x d f x fu
d f x fx d f x u d f x fu

s

+  

1
1

( , ) ( , )
max{ ( , ), ( , ), ( , ), ,

2
n n

n n n

d x fu d u x
d x u d x x d u fu

s
+

+

+
=   

2 2
2 1 2 2

( , ) ( , )
, ( , ), ( , ), ( , )},

2
n n n

n n n n

d x x d x fu
d x x d x u d x fu

s
+ +

+ + + +

+

 
(2.25) 

( , ) min{ ( , ), ( , ), ( , )}
n n n n n

N x u d x fx d x fu d u fx=  

1 1
min{ ( , ), ( , ), ( , )}.

n n n n
d x x d x fu d u x+ +=      (2.26) 

Cho n → ∞  trong (2.25), (2.26) vaø söû 
duïng (2.2), lim ,

nn
x u

→∞
=  Boå ñeà 1.3,  ta ñöôïc  

2 2

( , ) ( , ) ( , )
min{ , } limsup ( , )

2 2 s n
n

d u fu d u fu d u fu
K x u

ss s →∞
= ≤

 
( , )

max{ ( , ), } ( , )
2

d u fu
sd u fu sd u fu≤ =

    
(2.27) 

vaø limsup ( , ) 0.
n

n
N x u

→∞
=                             (2.28) 

Laäp luaän töông töï, ta cuõng chöùng minh ñöôïc  

2

( , )
liminf ( , ) ( , )

2 s nn

d u fu
K x u sd u fu

s →∞
≤ ≤      (2.29)    

Cho n → ∞  trong (2.24) vaø söû duïng 
(2.28), (2.29), Boå ñeà 1.3, ta ñöôïc 

2 ( , )
( ( , )) ( )

d u fu
sd u fu s

s
ψ ψ=

2
1

( limsup ( , ))
n

n
s d x fuψ +

→∞
≤  
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(limsup ( , )) (liminf ( , ))
s n s nnn
K x u K x uψ ϕ

→∞→∞
≤ −  

( ( , )) (liminf ( , )).
s nn

sd u fu K x uψ ϕ
→∞

≤ −  
Ñieàu naøy daãn ñeán (liminf ( , )) 0

s nn
K x uϕ

→∞
=  

vaø do ñoù lim inf ( ( , )) 0.
s nn
K x uϕ

→∞
=  Khi ñoù, töø 

(2.29), ta suy ra fu u=  hay u  laø ñieåm baát 
ñoäng cuûa aùnh xaï .f  

Baèng caùch choïn ( )t tψ =  vaø ( ) (1 )t tϕ λ= −  
vôùi [0,1)λ ∈  vaø vôùi moïi 0,t ≥  töø Ñònh lí 2.2, 
ta nhaän ñöôïc heä quaû sau laø moät söï toång quaùt 
cuûa [3, Theorem 2.1] sang khoâng gian b -
meâtric.  

Heä quaû 2.3. Cho ( , , , )X d s  laø moät khoâng 
gian b -meâtric saép thöù töï, ñaày ñuû vaø aùnh xaï khoâng 
giaûm :f X X→  thoaû maõn caùc ñieàu kieän sau.   

(1) Toàn taïi [0,1)λ ∈  vaø 0L ≥  sao cho 
2 ( , ) ( , ) ( , )

s
s d fx fy K x y LN x yλ≤ +  vôùi moïi 

,x y X∈  maø .x y   
(2) f  laø moät aùnh xaï lieân tuïc hoaëc X  thoûa 

maõn giaû thieát (H): Neáu { }
n
x  laø moät daõy khoâng 

giaûm trong X  vaø hoäi tuï veà x  thì 
n
x x  vôùi 

moïi 0.n ≥  
(3) Toàn taïi 

0
x X∈  sao cho 

0 0
.x fx  

Khi ñoù, f  coù ñieåm baát ñoäng trong .X  
Vì moãi khoâng gian meâtric ( , )X d  laø moät 

khoâng gian b -meâtric ( , ,1)X d  neân töø Ñònh lí 2.2 
vaø Heä quaû 2.3, ta nhaän ñöôïc hai heä quaû sau. 
Trong ñoù, Heä quaû 2.5 laø moät söï toång quaùt cuûa 
[3, Theorem 2.1].  

Heä quaû 2.4. Cho ( , , )X d  laø moät khoâng 
gian meâtric saép thöù töï, ñaày ñuû vaø aùnh xaï khoâng 
giaûm  :f X X→  thoaû maõn caùc ñieàu kieän sau.  

(1) Toàn taïi haèng soá 0L ≥  vaø hai haøm bieán 
thieân khoaûng caùch  ,ϕ ψ   sao cho 

1 1
( ( , )) ( ( , )) ( ( , )) ( ( , ))d fx fy K x y K x y L N x yψ ψ ϕ ψ≤ − +   

vôùi moïi ,x y X∈  maø ,x y  trong ñoù    

1

( , ) ( , )
( , ) max{ ( , ), ( , ), ( , ), ,

2

d x fy d y fx
K x y d x y d x fx d y fy

+
=  

2 2
2 2 2( , ) ( , )

, ( , ), ( , ), ( , )},
2

d f x x d f x fy
d f x fx d f x y d f x fy

+  

( , ) min{ ( , ), ( , ), ( , )}.N x y d x fx d x fx d y fx=  
 (2) f  laø moät aùnh xaï lieân tuïc hoaëc X  thoûa 

maõn giaû thieát (H): Neáu { }
n
x  laø moät daõy khoâng 

giaûm trong X  vaø hoäi tuï veà x  thì 
n
x x  vôùi 

moïi 0.n ≥  
(3) Toàn taïi 

0
x X∈  sao cho 

0 0
.x fx  

Khi ñoù, f  coù ñieåm baát ñoäng trong .X  
Heä quaû 2.5. Cho ( , , )X d  laø moät khoâng 

gian meâtric saép thöù töï, ñaày ñuû vaø aùnh xaï khoâng 
giaûm  :f X X→  thoaû maõn caùc ñieàu kieän sau.  

(1) Toàn taïi [0,1)λ ∈  vaø 0L ≥  sao cho 

1
( , ) ( , ) ( , )d fx fy K x y LN x yλ≤ +        (2.30) 

vôùi moïi ,x y X∈  maø .x y   
(2) f  laø moät aùnh xaï lieân tuïc hoaëc X  thoûa 

maõn giaû thieát (H): Neáu { }
n
x  laø moät daõy khoâng 

giaûm trong X  vaø hoäi tuï veà x  thì 
n
x x  vôùi 

moïi 0.n ≥  
(3) Toàn taïi 

0
x X∈  sao cho 

0 0
.x fx  

Khi ñoù, f  coù ñieåm baát ñoäng trong .X  
Cuoái cuøng, chuùng toâi xaây döïng ví duï minh 

hoïa cho keát quaû ñaït ñöôïc. Ví duï sau laø moät 
minh hoïa cho söï toàn taïi ñieåm baát ñoäng cuûa 
Ñònh lí 2.2. 

Ví duï 2.6. Cho {1,2,3,4,5}X =  vôùi thöù töï 
thoâng thöôøng vaø aùnh xaï : [0, )d X X× → ∞  
xaùc ñònh bôûi 

=

∈

= ∈

∈

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

0  neáu 
1  neáu ( , ) {(1,2);(2,1);(2,3);(3,2)}

( , ) 2  neáu ( , ) {(1,3);(3,1)}
12 neáu ( , ) {(1,5);(5,1);(4,1);(1,4)}
5  tröôøng hôïp coøn laïi.

x y
x y

d x y x y
x y

 

Khi ñoù, ( , ,2)X d  laø khoâng gian b -meâtric 
ñaày ñuû. Xeùt aùnh xaï :f X X→  xaùc ñònh bôûi 
1 2 3 1, 4 2, 5 3.f f f f f= = = = =  Khi ñoù, f  laø 

aùnh xaï khoâng giaûm. Xeùt hai haøm bieán thieân 
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khoaûng caùch xaùc ñònh bôûi: ( )t tψ =  vaø 

( )
5

t
tϕ =   vôùi moïi 0.t ≥   Khi ñoù, vôùi ,x y X∈  

maø ,x y  ta xeùt caùc tröôøng hôïp sau.  
Tröôøng hôïp 1. x y X= ∈  hoaëc 1,x =  
{2, 3}y ∈  hoaëc 2,x =  3.y =  Khi ñoù,  

( , ) 0d fx fy =  vaø do ñoù ñieàu kieän (2.1) thoûa maõn. 
Tröôøng hôïp 2. {1,2, 3},x ∈  4y =  hoaëc 
4, 5.x y= =  Khi ñoù, ( , ) (1,2) (2,3) 1d fx fy d d= = =  

vaø 
2
( , ) 5.K x y ≥  Do ñoù, vôùi moïi 0,L ≥  ta coù  

2
2 2

(2 ( , )) 4 ( ( , )) ( ( , ))d fx fy K x y K x yψ ψ ϕ= ≤ −  

2 2
( ( , )) ( ( , )) ( ( , )).K x y K x y L N x yψ ϕ ψ≤ − +  
Tröôøng hôïp 3. {1,2, 3}, 5.x y∈ =  Khi ñoù, 

( , ) (1, 3) 2d fx fy d= =  vaø 
2
( , ) 12.K x y =   

Do ñoù, vôùi moïi 0,L ≥  ta coù  

2
2 2

48
(2 ( , )) 8 ( ( , )) ( ( , ))

5
d fx fy K x y K x yψ ψ ϕ= ≤ = −  

2 2
( ( , )) ( ( , )) ( ( , )).K x y K x y L N x yψ ϕ ψ≤ − +  

Nhö vaäy, töø caùc tröôøng hôïp treân, ta suy ra 
ñieàu kieän (2.1) thoûa maõn vaø do ñoù f  laø moät 
aùnh xaï haàu co-( , )ψ ϕ  toång quaùt treân khoâng gian 
b -meâtric. Hôn nöõa, caùc giaû thieát coøn laïi cuûa 
Ñònh lí 2.2 cuõng thoûa maõn. Do ñoù, Ñònh lí 2.2 
aùp duïng ñöôïc cho aùnh xaï ,f  khoâng gian b -
meâtric ( , ,2)X d  vaø hai haøm bieán thieân khoaûng 
caùch ,ψ ϕ  ñaõ cho.  

Ví duï sau chöùng toû raèng Heä quaû 2.5 toång 
quaùt hôn [3, Theorem 2.1].  

Ví duï 2.7. Cho {1,2,3,4,5}X =  vôùi thöù töï 
thoâng thöôøng vaø aùnh xaï : [0, )d X X× → ∞  
xaùc ñònh bôûi 

=

∈
=

∈

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0  neáu 
1  neáu ( , ) {(1,2);(2,1);(2,3);(3,2)}

( , )
3 neáu ( , ) {(1,5);(5,1);(4,1);(1,4)}
2  tröôøng hôïp coøn laïi.

x y
x y

d x y
x y

 

Ta coù ( , )X d  laø khoâng gian meâtric ñaày ñuû. 
Xeùt aùnh xaï :f X X→  xaùc ñònh bôûi 

1 2 3 1, 4 2, 5 3.f f f f f= = = = =  Ta thaáy, f  
laø aùnh xaï khoâng giaûm. Giaû söû f  thoûa maõn ñieàu 
kieän cuûa moät aùnh xaï haàu co suy roäng trong [3, 
Theorem 2.1]. Khi ñoù, toàn taïi [0,1)λ ∈  vaø 

0L ≥  sao cho  
( , ) ( , ) ( , )d fx fy M x y LN x yλ≤ +        (2.31) 

vôùi moïi ,x y X∈  maø ,x y  trong ñoù 
( , ) ( , )

( , ) max{ ( , ), ( , ), ( , ), },
2

d x fy d y fx
M x y d x y d x fx d y fy

+
=

( , ) min{ ( , ), ( , ), ( , ), ( , )}.N x y d x fx d x fx d x fy d y fx=  
Baèng caùch choïn 3x =  vaø 5,y =  ta coù 

( 3, 5) (1, 3) 2,d f f d= = (3,5)=0N  vaø (3,5) 2.M =  
Do ñoù, ñieàu kieän (2.31) trôû thaønh 
( 3, 5) 2 2 (0) 2 .d f f Lλ ϕ λ= ≤ + =  Ñieàu naøy 

maâu thuaãn vôùi giaû thieát [0,1).λ ∈  Do ñoù, f  
khoâng laø moät aùnh xaï haàu co suy roäng treân .X  
Vì vaäy, [3, Theorem 2.1] khoâng aùp duïng ñöôïc 
cho haøm ,f  khoâng gian meâtric ( , )X d  ñaõ cho.  

Baây giôø, choïn 
2

.
3

λ =  Khi ñoù, vôùi ,x y X∈  maø 

,x y  ta xeùt caùc tröôøng hôïp sau. 
Tröôøng hôïp 1. x y X= ∈  hoaëc 1,x=  {2,3}y∈  

hoaëc 2,x =  3.y =  Khi ñoù, ( , ) 0d fx fy =  vaø 
do ñoù ñieàu kieän (2.30) thoûa maõn. 

Tröôøng hôïp 2. {1,2, 3}, 4x y∈ =  hoaëc 
4, 5.x y= =  Khi ñoù, ( , ) (1,2) (2,3) 1d fx fy d d= = =  vaø 

1
( , ) 2.K x y ≥  Do ñoù, vôùi moïi 0,L ≥  ta coù  

1 1

4
( , ) 1 ( , ) ( , ) ( , )

3
d fx fy K x y K x y LN x yλ λ= < ≤ ≤ +  

Tröôøng hôïp 3. {1,2, 3}, 5.x y∈ =  Khi ñoù, 
( , ) (1, 3) 2d fx fy d= =  vaø 

1
( , ) 3.K x y =  Do ñoù, 

vôùi moïi 0,L ≥  ta coù 

1 1
( ( , )) 2 ( , ) ( , ) ( , ).d fx fy K x y K x y LN x yψ λ λ= = ≤ +  

Nhö vaäy, töø caùc tröôøng hôïp treân, ta suy ra 
ñieàu kieän (2.30) thoûa maõn. Hôn nöõa, caùc giaû 
thieát coøn laïi cuûa Heä quaû 2.5 cuõng thoûa maõn. Do 
ñoù, Heä quaû 2.5 aùp duïng ñöôïc cho aùnh xaï ,f  
khoâng gian meâtric ( , )X d  vaø hai haøm bieán 
thieân khoaûng caùch ,ψ ϕ  ñaõ cho. 
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THE FIXED POINT THEOREM FOR ALMOST GENERALIZED ( , )ψ ϕ - CONTRACTIVE 
MAPPINGS IN ORDERED b -METRIC SPACES 

Summary 
The purpose of this paper is to introduce the notion of almost generalized ( , )ψ ϕ -contractive 

mappings in ordered b -metric spaces by adding four items of 2( , ),d f x fx 2( , ),d f x y 2( , ),d f x fy  
2 2( , ) ( , )

2
d f x x d f x fy

s
+

, and establish the fixed point theorem for this kind of mappings. In 

addition, some examples are provided to illustrate the obtained results.  
Keywords: fixed point, b -metric space, almost generalized ( , )ψ ϕ -contractive mapping. 


